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FOREWORD 


Under  Contract  No.  N00014-67-0181-0012  with  the 
Office  of  Naval  Research*  the  Systems  Research  Laboratory 
(SRL)  has  been  conducting  a  research  program  to  develop 
analytic  models  of  defense  processes*  principally  the  com¬ 
bat  process.  A  detailed  description  of  all  the  research 
performed  on  this  program  through  June  1970  was  reported 
in  SRL  2147  TR  70-2  (U)  "Development  of  Models  for  Defense 
Systems  Planning”  dated  September  1970.  Additional  work 
related  to  the  combat  allocation  process  was  reported  in 
SRL  2147  TR  7.1-1  (U)  "Development  of  Optimal  Strategies  in 
Heterogeneous  Lanchester-Type  Processes"  dated  June  1971. 

The  work  in  descriptive  modeling  of  combat  processes 
and  the  development  of  optimal  weapon  allocation  strategies 
assumed  perfect  intelligence  gathering  capabilities  of  the 
forces.  For  this  reason  some  of  the  research  effort  has 
been  directed  to  the  study  of  intelligence  and  recon- 
aissance  processes.  A  literature  review  of  this  area 
(reported  in  SRL  2147  TR  70-1  "A  Review  of  Search  and 
Reconnaissance  Theory  Literature",  dated  January  1970)  in¬ 
dicated  the  need  to  consider  more  realistically  both  en¬ 
vironmental  effects  and  search  objectives  (interaction 
with  the  combat  process)  in  developing  descriptive  struc¬ 
tures  of  the  search  process  and  analysis  of  optimal  search 


X 


strategies.  Some  initial  ideas  in  these  directions  were 
presented  in  SRL  2147  TR  70-2  (U).  Initial  research  on 
incorporating  the  effects  of  search  objectives  (called 
the  response  process)  has  been  performed  and  is  described 
in  the  report  SRL  2147  TR  71-2  (U)  "Effects  of  the  Re¬ 
sponse  Process  in  Search  Models  with  False  Detections." 

*  The  work  described  in  thi-s  report  considers  an  im¬ 
portant  environmental  effect  --  the  visibility  pi'ocess. 

The  research  explores  the  development  of  mathematical 
structures  which  link  the  detection  and  visibility  pro¬ 
cesses,  examines  the  effect  that  the  visibility  process 
has  on  classical  search  strategies,  and  provides  guide¬ 
lines  regarding  search  situations  which  require  explicit 
consideration  of  the  visibility  process  in  the  development 
of  optimal  search  policies.  , 
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Chapter  1 

INTRODUCTION  AND  LITERATURE  REVIEW 

The  topic  of  this  report  arose  out  of  research 
performed  by  the  Systems  Research  Laboratory  (SRL)  under  con¬ 
tract  number  N00014-F 7-A-Q181-Q012  with  the  Office  of  Naval 
Research.  The  overall  research  program  is  concerned  with  the 
development  of  more  generalized  mathematical  structures  of 
military  processes,  although  as  will  soon  become  evident, 
the  results  are  applicable  to  nonmilitary  processes  as  well. 
Emphasis  has  been  directed  to  descriptive  modeling  of  com¬ 
bat  processes  and  has  assumed  perfect  intelligence-gathering 
capabilities  of  the  units  involved.  It  was  thought  that 
many  of  the  existing  search  and  reconnaissance  theories  would 
be  useful  for  predicting  the  amount  of  intelligence-gathering 
capability  processed  by  a  tactical  unit.  However,  a  thorough 
literature  review  indicated  that  most  search  and  reconnais¬ 
sance  modeling  efforts  have  been  devoted  to  the  development 
of  strategies  for  the  optimal  allocation  of  search  effort 
and  little  to  the  development  of  realistic  descriptive  mod¬ 
els  of  intelligence-gatnering  process.  The  literature  re¬ 
view  and  preliminary  modeling  efforts  (Moore,  1970) 
indicated  the  need  to  consider  more  realistically  both 

environmental  effects  and  search  objectives  in  developing 
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descriptive  structures  of  the  search  process  and  analysis 
of  optimal  search  strategies.  This  report  adresses 
one  dimension  of  the  environmental  effects — the  "visibility 
process."  The  main  thrust  of  the  work  is  th  ^elopment  of 
descriptive  search  models  which  include  the  visibility  pro¬ 
cess,  and  the  analysis  of  these  models  to  gain  physical  in¬ 
sight  into  the  intelligence-gathering  process,  and  to  deter¬ 
mine  strategies  for  optimal  allocation  of  search  effort. 

In  this  chapter,  some  fundamental  terms  are  defined  and 
a  taxonomy  of  possible  classifications  of  search  problems 
is  introduced  in  order  to  establish  a  common  vocabulary.  A 
classification  of  search  problems  is  then  introduced  to  fam¬ 
iliarize  the  reader  with  the  general  structure  of  search 
problems.  Next  the  results  of  an  extensive  literature  review 
are  summarized  to  provide  the  reader  with  background  in  the 
area  as  well  as  a  ready  source  of  those  results  which  are 
referred  to  in  the  body  of  the  thesis.  Finally,  the  specific 
area  of  research  is  outlined  and  the  broad  applicability  of 
the  visibility  models  discussed. 

1.1  Charaateri zation  of  the  Elements  of  Search  Problems 

1.1.1  Definitions 

This  section  contains  some  basic  definitions  and  no¬ 
tations  used  throughout  the  paper.  Any  additional  notation 
and  exceptions  to  those  specified  herein  will  be  specifically 
noted  in  the  text. 


Detection  -  The  act  of  gathering  information  pertaining  to 
the  object  being  sought,  the  sifting  out  of 
what  is  important  information  and  the  relaying 
of  that  information  in  some  efficient  form  to 
the  decision  maker. 

Discrete  Detection  Model  -  Let  (1  -  q . )  be  the  instantan- 
eous  probability  of  detection  of  the  i  n  scan 
of  an  area.  Given  n  such  scans  ,  the  probabili¬ 
ty  of  detection  is 

n 

P(D)  =  1  -  n  q  . 

i*l  1 

The  q^  are  referred  to  as  "overlook"  probabili¬ 
ties  . 


Continuous  Detection  Model  -  The  probability  of  detecting 
the  target  in  the  interval  (t,  t  +  dt),  given 
no  detection  up  to  t,  is  given  by  y(t)dt. 
Given  continuous  observance  ever  an  interval 
( 0  ,  t )  i  the  probability  of  detection  is 


P(  t  ) 


1 


y(t)dt 


Search  Strategy  -  The  decision  made  on  the  basis  of  infor¬ 
mation  obtained  from  the  detection  process.  A 
"search  strategy"  will  be  that  set  of  rules 
which  associates  a  decision  with  every  conceivable 
result  of  the  detection  process,  e.g.,  the  next 
region  to  be  searched  and  how  much  effort  to 
expend  tht-re. 


Target  -  The  object  of  the  search:  a  military  target, 
a  mineral  deposit,  or  any  other  object  about 
which  information  is  desired. 

Search  Space  -  The  region  containing  the  target  or  tar¬ 
gets.  It  can  be  discrete  consisting  of  boxes 
or  subregions,  or  it  may  be  continuous .  It  need 
not  be  considered  in  a  strictly  geometrical  sense, 
e.g.,  the  search  space  may  consist  of  the  pos¬ 
sible  frequencies  of  an  unknown  signal. 

Cumulative  Detector  -  A  detection  device  having  either  of 
the  following  characteristics: 

(a)  No  loss  of  information  -  Given  that  x  units 
of  effort  have  been  continuously  applied, 
all  the  information  thus  gained  is  retained, 
when  at  some  later  time,  additional  effort 
is  placed  in  the  same  region. 

(b)  Partial  loss  of  information  -  Given  that  x 
units  of  effort  have  been  continuously  ap¬ 
plied,  only  certain  portions  of  the  infor¬ 
mation  thus  gained  are  retained  when  at 
some  later  time,  additional  effort  is  placed 
in  the  region.  The  portion  retained  could 
be  a  function  of: 

(1)  the  length  of  time  since  the  first 
trial 

(2)  for  moving  targets,  the  motion  struc¬ 
ture  . 

Non-Cumulative  Detector  -  A  detection  device  having  the  prop¬ 
erty  that  all  the  information  gained  from  a  pre¬ 
vious  search  is  lost,  when  a*  some  later  time 
additional  effort  is  placed  in  the  same  region. 


Visibility  -  That  condition  under  which  the  sensor  (detec¬ 
tor)  signals  can  reach  the  target  and  be  re¬ 
ceived. 

Search  Objectives  -  The  two  common  search  objectives  are: 

(a)  Given  a  constraint  on  the  available  search 
effort ,  maximize  the  probability  of  detect¬ 
ing  the  target. 

(b)  Given  unlimited  search  effort,  minimize 
the  expected  effort  required  until  detec¬ 
tion  occurs. 

The  first  is  an  effectiveness  measure,  while  the 
second  is  a  cost  measure. 


1.1.2  Claeaifioation  of  Deteotora  and,  Targets 
Models  of  search  and  reconnaissance  processes  treat 
detectors  and  targets  with  varied  combinations  of  properties 
or  assumptions  regarding  their  behavior.  This  section  pre¬ 
sents  a  classification  of  analytic  assumptions  that  can  be 
used  to  describe  the  behavior  of  detectors  and  targets. 

Deteotora 

1.  Single  Detector  with  a  Single  Scai.^ 

A)  Discrete  detection 

B)  Continuous  detection 

■^Aerial  photographic  reconnaissance  provides  an  example  of 
this  situation. 
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1)  Non-cumulative  probability  of  detection1 
(Complete  loss  of  information) 

2)  Cumulative  probability  of  detection 

a)  partial  loss  of  information 

b)  no  loss  of  information 

2.  Single  Detector  with  Multiple  Scan  Capability 

A)  Discrete  detection 

B)  Continuous  detection 

1)  Non-cumulative  probability  of  detection1 

2)  Cumulative  probability  of  detection 

a)  partial  loss  of  information 

b)  no  loss  of  information 

3.  Multiple  Detectors  with  Single  Scan  Capability 

A)  Discrete  detection 

1)  Detectors  act  statistically  independently 

2)  Detectors  act  dependently 

B)  Continuous  detection 

1)  Independent  action 

a)  non-cumulative  probability  of  detection1 

b)  cumulative  probability  of  detection 

(1)  partial  loss  of  information 

(2)  no  loss  of  information 

2)  Dependent  action 


1 


.  hese  conditions  can  also  hold  for  a  discrete  detector. 


a)  non-cumulative  probability  of  detection 

b)  cumulative  probability  of  dataotion 

(1)  partial  loss  of  information 

(2)  no  loss  of  information 

4.  Multiple  Detectors  with  Multiple  Scan  Capability 

A)  Discrete  detection 

1)  Independent  action 

2 )  Dependent  action 

B)  Continuous  detection 

1)  Independent  action 

a)  non-cumulative  probability  of  detection 

b)  cumulative  probability  of  detection 
(1)  partial  loss  of  information 
<2)  no  loss  of  information 

2 )  Dependent  action 

a)  non-cumulative  probability  of  detection 

b)  cumulative  probability  of  detection 

(1)  partial  loss  of  information 

(2)  no  loss  of  information 

Targets 

1.  Non-Conscious  Evasion 
A)  Single  target 
1)  Stationary 

a)  continuously  visible 

b)  not  continuously  visible 

^These  conditions  can  also  hold  for  a  discrete  detector. 


2 )  Moving 

a)  continuously  visible 

b)  not  continuously  visible 
B)  Multiple  Targets 

1)  Stationary 

a)  number 

b)  location 

(1)  independent  actions 

(a)  continuously  visible 

(b)  not  continuously  visible 

(2)  dependent  ac cions 

(a)  continuously  visible 

(b)  not  continuously  visible 

2)  Moving 

a)  number 

b)  initial  distribution;  description  of 
the  motion 

(1)  independent  actions 

(a)  continuously  visible 

(b)  not  continuously  visible 

(2)  dependent  actions 

(a)  continuously  visible 

(b)  not  continuously  visible 

Conscious  Evasion 


(Same  as  1  above) 


1,1,  t  Claeeifioation  of  Searoh  Probleme 
Many  variations  of  search  problems  appear  in  the  open 
literature.  The  following  decision  diagram1  presents ,  in 
flow  chart  format,  the  various  attributes  of  search  problems 
that  may  be  considered.  It  is  introduced  at  this  point  in 
the  paper  to  familiarise  the  reader  with  the  general  struc¬ 
ture  of  search  problems  and  to  provide  a  vehicle  for  the  lo¬ 
cation  of  the  proposed  research  topics  within  the  structure. 
Given  any  of  the  problems  discussed  in  the  literature,  one 
can  characterize  it  by  a  path  through  the  decision  diagram. 
For  example,  the  classic  search  problem  of  Koopman  (1946) 
which  involves  a  single  searcher  with  a  continuous  detec¬ 
tion  device  looking  for  a  stationary  target,  continuously 
visible,  located  on  the  real  line  is  characterized  by  the 
dotted  path. 

1.2  Literature  Review 

The  author  has  compiled  a  reasonably  complete  review 
of  the  open  literature  in  search  ;heory,  (Moore,  1970),  in 
an  effort  to  provide  a  base  for  the  research  performed  in 
this  study  and  to  indicate  fruitful  areas  of  research 
for  other  investigators.  This  section  summarizes  the  results 
of  the  review.  The  following  classification  scheme  will  be 

^The  chart  given  is  a  modification  of  one  originally  given 
by  H.  Beiman,  "An  Investigation  of  Sequential  Search  Algor¬ 
ithms,"  Oper.  Res.  Inc.,  Silver  Spring,  Maryland,  AD  657C50  , 
January,  1967. 


Incremental  Continuous 

Detection  Detection 
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(2)  Perfect  detector,  (i.e.,  no  false  elans). 

(3)  Includes  false  alsns  with  the  possibility  of  a  variable  false  alan  rate. 
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utilized  to  outline  the  historical  development  of  what  we 
shall  term  "classical  search  theory:" 

(A)  Non-Conscious  Evasion 

These  papers  deal  with  the  problem  of  determining 
the  optimal  allocation  of  effort  to  find  a  tar¬ 
get  when  the  probability  distribution  of  the  tar¬ 
get  location  is  known  to  the  searcher 

Two  sub-headings  are  considered  under  this  category 

(1)  Stationary  targets,  i.e.,  the  target  is  as¬ 
sumed  stationary  although  some  authors  consi¬ 
der  targets  that  suddenly  appear  and  remain 
visible . 

(2)  Moving  targets,  i.e.,  the  target  is  moving 
without  conscious  evasion  and  the  searcher 
knows,  or  is  willing  to  assume,  the  motion 
or  distribution  of  motion  of  the  target. 

(B)  Conscious  Evasion 

These  papers,  which  usually  include  game  theor¬ 
etic  concepts,  consider  the  search  problem  with 
a  conscious  evader.  Included  in  this  category 
are  the  search/evasion  problems  in  which  the  search 
er  and  evader  can  alter  their  motions  differential¬ 
ly  by  choices  of  continuously  varying  parameters. 

(C)  Search  and  the  Visibility  Process 

This  section  includes  papers  containing  important 
results,  utilized  in  our  work,  in  the  development 
of  search  and  detection  theory  and  methodology  or 
the  application  of  search  concepts  to  the  opera¬ 
tions  of  reconnaissance  and  surveillance. 
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l.S.l  Non-Coneoioua  Bvaaion 

Koopman  (1946)  laid  tha  foundation  for  the  antira  fiald 
of  optimal  search  and  detection.  In  a  series  of  fundamen¬ 
tal  papers  he  described  certain  basic  detection  processes 
and  the  procedure  for  the  optimum  allocation  of  effort  in  the 
search  for  a  stationary  target.  We  shall  define  this  prob¬ 
lem  and  its  solution  in  some  detail  in  order  to  better  un¬ 
derstand  the  later  developments  in  the  field,  and  to  make 
3ome  comparisons  with  our  results. 

Let  a  stationary  target  be  located  in  a  known  region  A 
with  known  complete  probability  density  function  p(x,y)  con¬ 
tinuous  over  A.  It  is  assumed  that  the  searcher  has  certain 
constraints  on  the  amount  of  effort,  ♦,  that  can  be  directed 
towards  the  search.  Let  $(x,y)  be  a  search  density  function 
defined  on  the  region  A,  with  the  properties  that 


//♦< 


x,y )dxdy 


♦  > 


*(x,y)  _>  0  on  A  . 

If  one  assumes  that  the  searcher  is  employing  a  continuous 
detector,  then  the  probability  of  detecting  the  target  with 
effort  P($),  is  given  by 

JJ  p(  x  ,y)^l  -  e_<^x,y^dxdy 

A 


P(<p)  = 


* 
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where  1  -  e~^x*^  represents  the  conditional  probability 
of  detecting  a  target  at  <x,y)  with  effort  $(x»y) ,  condi¬ 
tioned  on  the  target  being  present,  and  is  derived  as  a  con¬ 
sequence  of  Koopman’s  Law  of  Random  Search  (Koopman,  1946). 

The  fundamental  problem  is  to  determine  from  the  class 
of  functions  satisfying  the  constraints  that  searcn  density 
function  which  maximizes  the  objective  function.  Koopman 
obtained  the  result:1 


'log  p(x,y)  -  x  JJ  log  p(x,y)dxdy  ♦  (x,y)c;A 

a  a 


<J>(x,y) 


0  , 


(x,y)eA  -  A 


where 


A  =  |  (x,y):p(x,y)  >_  b  6  log  b 

-  4  ff  l°g  p(x,y)dxdy  +  |  =  0  J  . 

A  A  A  / 

By  considering  A  to  be  composed  of  subregions  A1,  ,  . ..,  A^ , 

one  can  obtain  the  solution  to  the  N-region  discrete  search 
space  problem.  Some  generalizations  suggested  by  Koopman 


1The  solution  gives  one  the  optimal  allocation  of  the  effor- . 
One  is  not  concerned  here  with  the  sequence  of  allocations. 
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include  the  case  of  visibility  varying  from  position  to  po¬ 
sition*  i.e.,  let  v(x)  denote  the  probability  that  a  tar¬ 
get  in  (x,x  +  dx)  is  visible*  weighting  the  probability  of 
detection  by  a  function  dependent  upon  where  the  target  is 
detected*  e.g.*  the  detection  of  saboteurs*  and  weighting 
the  search  density  function  by  a  cost  function  dependent  upon 
the  region  being  searched. 

Charnes  and  Cooper  (1958)  developed  an  algorithm  for  the 
solution  of  a  discrete  search  space/continuous  detector  ver¬ 
sion  of  Koopman's  problem,  i.e.,  the  search  region  is  divided 
into  n  subregions  with  an  a  priori  probability  vector  on 
the  target  position.  The  algorithm  is  obtained  from  the  ap¬ 
plication  of  the  Kuhn-Tucker  conditions  for  optimality  to 
the  resulting  convex  programming  problem. 

Blackman  (1959)  considered  the  following  discrete  search 
space  variation  on  the  Koopman  problem.  The  target  is  not 
present  at  the  beginning  of  the  search,  but  the  searcher  has 
a  prior  distribution  of  arrival  times,  and  the  objective 
is  not  the  maximization  of  the  probability  of  detection, 
but  minimization  of  the  expected  time  to  detect  the  target 
after  arrival.  If  the  time  of  appearance  of  the  target  is 
uniformly  distributed  over  a  long  interval  of  length  T,  the 
author  determines  the  order  in  which  the  various  possible 
locations  should  be  scanned  to  minimize  the  expected  time 
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between  the  appearance  of  the  target  and  its  detection^-. 
Blackman  and  Proschan  (1959)  studied  similar  problems  of 
objects  arriving  in  accordance  with  a  Poisson  process. 

Having  arrived,  the  objects  appear  (and  remain  until  de¬ 
tected)  in  region  i  with  probability  p^.  A  single  scar:  of 
the  ith  region  costs  c^,  takes  time  t^,  and,  if  the  object 
is  present  at  the  start  of  the  scan,  will  detect  it  with 
probability  (1-q^).  The  resultant  gain  g^(t)  is  a  non¬ 
increasing  function  of  t,  the  time  between  the  arrival  and 
the  beginning  of  the  detecting  look.  Considering  only 
cyclic  search  schedules,  i.e.,  tnose  which  repeat  after  D 
units  of  time,  where  D  is  arbitrary,  the  authors  derive 
the  optimum  search  schedule. 

Gilbert  (1959)  considers  a  two-region  search  problem, 

with  continuous  detection  and  including  nonzero  switching 
times,  with  the  objective  of  minimizing  the  expected  time 
until  detection.  His  results  are  summarized  in  two  theo¬ 
rems:  The  first  gives  necessary  conditions  on  the  optimum 

solution  (sequence  and  allocations )  ;  the  second,  upper  and 
lower  bounds  on  the  value  of  the  objective  function.  In  the 
special  case  in  which  the  detection  probabilities  satisfy 
the  Law  of  Random  Search  and  are  identical,  the  first  theorem 
will  in  fact  yield  the  optimal  solution. 

Hlere  the  objective  is  tc  determine  i,ie  optimal  sequence, 
i.e.,  a  sequential  rather  than  a  parallel  searcn  proliem. 
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MacQueen  and  Miller  (1960)  deal  with  the  problem  of 
whether  or  not  a  search  activity  should  be  started,  and,  if 
started,  whether  or  not  it  should  be  continued.  Their  mod¬ 
el  gives  rise  to  a  general  functional  equation  for  which 
existence  and  uniqueness  conditions  are  given. 

Pollock  (1960)  introduces  a  discrete  detection  model 
for  the  two-region  search  problem  and  determines  the  optimal 
sequential  strategies  for  this  model.  As  the  search  pro¬ 
gresses,  the  a  posteriori  probabilities  of  target  position 
are  obtained  using  Bayes’  Theorem.  Switching  rules  are  de¬ 
rived  for  the  search  sequence  which  minimizes  the  expected 
length  of  search.  The  author  makes  some  comparisons  of  the 
optimal  values  of  the  expected  length  of  the  search  for  dis¬ 
crete  and  continuous  detection  models,  deriving  the  conditions 
for  similarity.  He  also  makes  the  important  observation 
that,  for  the  models  under  consideration ,  the  criteria  of 
(a)  maximizing  the  probab:'  detection  by  the  end  of 

a  fixed  time  and  (b)  mini  he  expected  length  of  time 

until  detection;  both  lead  -j.e  same  results  in  terms  of 
the  allocation  of  effort. 

The  detection  processes  in  Koopman's  formulations  were 
restricted  to  those  which  satisfied  the  Law  of  Random  Search; 
de  Guenin  (1961)  generalized  these  processes.  He  made  the 
following  assumptions  regarding  P(4>),  the  probability  of 
detecting  the  target  with  an  effort  $(x)  when  the  target  is 


at  x : 
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(1)  P(0)  *  0 

(2)  *  F  *  <♦>  >  0 

(3)  P'($)  is  a  decreasing, continuous  function  of  $ 

<4)  P‘(0>  >  0t  P’<«)  *  0. 

From  the  above  properties,  P’($)  has  an  inverse  function 
4>  =  f(P'). 

The  basic  problem  becomes 


max 


p(x)  P[<f>(x)]dx 


9 


CO 

S.T.  j*  4»(x)dx  =  * 

—  00 

<j)(x)  _>  0 

where  p(x)  is  the  probability  density  function  for  the  target 
location,  de  Guenin's  major  result  is:  "whenever  the  distri¬ 
bution  of  effort  is  optimum,  the  marginal  effort  required 
to  increase  the  detection  probability  at  any  point  is  propor¬ 
tional  to  the  probability  density,  p(x),  of  the  location  of 
the  object." 

Zahl  (1963)  considered  the  following  general  class  of 


problems : 
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max 


S.T. 


/«*  ,y(x)]dx 
^*g[x,y(x)]dx  s 


constant 


a(x)  <  y(x)  <  b(x)  . 


He  gives  necessary  and  sufficient  conditions  for  a  maximiz¬ 
ing  function  y(x)  under  fairly  weak  conditions.  One  may 
readily  interpret  the  above  problem  in  the  search  theory 
context,  i.e.,  with  the  notation  used  for  de  Guenin,  take 


4>(x)  =  y(x)  , 
f[x,y(x)]  =  g(x)P[$(x)]  , 
g[x,y(x) ]  s  $(x>  . 

The  author  requires  only  that  the  conditional  detection  func¬ 
tion  P(<|>)  be  nondecreasing  in  4>(x). 

Dobbie  (1963)  develops  sufficient  conditions  for  Koop- 
man's  additive  property  to  hold.  This  property  states  that 
the  distribution  which  maximizes  the  detection  probability 
with  a  given  amount  of  effort,  $,  has  the  interesting  pro¬ 
perty  that  it  is  the  sum  of  the  optimal  distribution  of  ef¬ 
fort  4^  and  the  conditionally  optimal  distribution  of  effort 
$2,  (4>1  ♦  <}>2  =  <J>)  given  that  the  target  has  not  been  found 
with  the  previous  distribution  of  effort  The  sufficient 

condition  requires  that  the  conditional  detection  function 
be  an  increasing  concave  function  of  the  search  density 
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function.  The  author  also  points  out  that  ona  can  express 
the  expected  effort  required  to  detect  the  target  as 


00  00 


(1  -  P($))d$ 


where  P($)  is  the  probability  of  detecting  the  target  with 
effort  distributed  according  to  a  particular  effort  density 
function.  From  this  equation,  one  can  see  that  the  expect¬ 
ed  effort,  e.g.,  the  expected  time  to  detect  the  target,  is 
minimized  by  always  distributing  the  effort  to  maximize  the 
probability  of  detection  with  the  effort  expended  thus  far. 
This  suggests,  under  the  conditions  of  the  concave  objective 
function,  that  the  strategies  for  both  problems  are  identical. 

Pollock  (1964)  develops  search  strategies  to  minimize 
the  expected  cost  of  search.  The  search  process  is  represent¬ 
ed  in  terms  of  a  stochastic  dynamic  program.  The  optimal 
search  strategies  as  well  as  the  associated  minimum  costs 
are  given.  It  is  shown  that  the  optimal  solution  is  the  Wald 
sequential  probability  ratio  test. 

Matula  (1964)  derives  conditions  for  the  existence  of 
an  "ultimately  periodic"  search  program  in  the  following  con¬ 
text.  An  object  is  located  in  one  of  a  finite  number  of  pos¬ 
sible  locations  with  a  priori  probability  p^  .  Associated 
with  each  location  i  is  a  cost  for  searching  that  location, 
c^,  and  an  overlook  probability  q^ .  The  problem  is  to  de¬ 
termine  a  sequence  of  locations  to  be  searched  such  that  the 
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expect«d  cost  of  finding  the  object  is  minimized.  A  program 
is  called  ultimately  periodic  if  after  a  transient  period 
of  length  T,  the  sequence  of  locations  to  be  searched  is 
repeated  with  the  length  of  the  period  denoted  by  d»  The 
author  obtains  the  following  theorem. 

Periodio  Searoh  Theorem 

A  necessary  and  sufficient  condition  for  the 
existence  of  an  ultimately  periodic  optimal  program 
is  thac  the  ratios  [log  q^/log  q^3  all  be  rational. 

It  is  interesting  to  note  that  the  limiting  frequency  of 
search  of  a  location  for  any  optimal  program  depends  only 
on  the  overlook  probabilities,  not  on  the  initial  probability 
distribution  on  target  location  or  even  the  relative  costs. 

Kadane  (1968)  studies  the  problem  of  choosing  a  strategy 
to  maximize  the  probability  of  finding  a  stationary  object 
in  a  discrete  search  space  when  a  budget  ceiling  is  imposed. 
He  also  assumes  that  the  overlook  probability,  a  discrete 
detector  is  assumed,  may  depend  upon  the  region  and  the  num¬ 
ber  of  previous  looks.  The  major  result  in  this  paper  is 
the  following  extension  of  the  Neyman-Pearson  Lemma, 

Theorem 

Let  {P^}  and  {C^}  be  arbitrary  nonnegative  se¬ 
quences  such  that  I  P^  <  <*>.  Let  X  be  the  class  of 
sequences  ,  such  that  0  <_  X^  <_  3  ,  V^,  then  the 
maximum  of 
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S.T. 


EVi 

Exici  i c 


x.  e  X 

is  attained.  It  occurs  when  and  only  when 


Xi  s 


0,  Pi  <  rC± 


\1,  P.  >  rC. 
for  some  r,  0  <  r  <  *,  and  Z  X^C^  s  C. 


The  author  describes  an  integer  programming  algorithm  (branch 
and  bound  variety)  adapted  to  the  above  problem.  The  ra¬ 
tio  is  the  appropriate  decision  variable  in  the  sense 

that  searches  with  large  P./C.  should  be  included  and  those 
with  small  Pj/Ch  excluded.  P-j/C^  plays  the  role  of  a  cost- 
effectiveness  criterion.  Zahl  (1963)  gave  the  continuous 
analog  of  these  results.  Black  (1965)  presents  a  graphical 
argument  for  the  optimal  sequential  search  procedure  for 
the  minimum  cost  problem.  He  shows  that  the  policy  with  the 
minimum  expected  cost  is  generated  by  the  rule:  ’’Always  look 
in  the  region  for  which  the  posterior  probability  (given 
the  failure  of  earlier  looks)  of  finding  the  object  divided 
by  the  cost  is  maximum. "  Chew  (1967)  gives  the  following 
optimal  strategy:  to  maximize  the  probability  of  finding 
the  object  in  a  fixed  number,  N,  of  searches,  choose  those 
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N  ••arches  for  which  the  posterior  probability  (given  the 
failure  of  earlier  glimpses)  of  finding  the  object  is  largest* 

It  is  assumed  that  the  overlook  probability  does  not  depend 
upon  the  number  of  previous  searches. 

Koopman  (1946)  was  the  first  to  examine  situations  in 
which  a  search  is  to  be  conducted  for  a  moving  target.  Among 
these  are  the  barrier  patrol  search  procedures  for  a  target 
moving  through  a  straight  channel  with  the  vector  velocities 
at  all  points  parallel  and  equal.  Another  situation  studied 
is  that  in  which  an  initial  distribution  of  target  location 
is  given  at  the  time  of  fix,  but  with  the  target  moving  in 
a  random  direction  with  an  estimated  constant  speed.  The  ob¬ 
jective  is  the  construction  of  a  search  after  a  large  amount 
of  time  has  elapsed  from  the  time  the  target  is  fixed  to  the 
initiation  of  the  search.  It  is  shown  that  in  order  to  ob¬ 
tain  the  maximum  probability  of  detection  per  unit  time, 
the  ideal  track  for  a  "cookie  cutter"  detector  is  an  equiangular  or 
logarithmic  spiral  which  is  approximated  by  the  "retiring 
square  search  procedure." 

Klein  (1968)  considered  the  following  moving-target 
problem.  An  object  moves  about  within  a  finite  number  of 
regions,  one  per  time  unit,  according  to  the  transition  ma¬ 
trix 
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H  ■  jhi3j 

where  i  denotes  the  searcher's  current  location  and  j  the 
target's  next,  (obviously  the  target  discovers  the  search¬ 
er's  location  at  the  end  of  each  period).  A  single  searcher, 
using  a  continuous  detection  system  whose  effectiveness  is  a 
function  of  the  amount  of  effort  used  and  the  region  searched, 
checks  one  region  at  a  time  until  the  object  is  found,  his 
budget  exhausted,  or  he  decides  it  is  "uneconomical"  to 
continue.  The  problem  is  to  find  an  optimal  sequential  search 
policy,  i.e.,  one  which  tells  the  searcher,  at  each  point 
in  time,  whether  to  search,  where  to  search,  and  how  much 
effort  to  use,  for  the  following  problems: 

(a)  Minimize  the  expected  cost  subject  to  achieving 

a  specified  level  of  the  probability  of  detection. 

(b)  Minimize  the  expected  time  until  detection  subject 
to  achieving  a  specified  level  of  the  probability 
o.  detection,  and  an  upper  bound  on  the  budget. 

(c)  Maximize  the  probability  of  detection  subject^  to 

upper  bounds  on  the  expected  duration  of  the 
search  and  the  expected  cost.  \ 

The  author  doesn't  solve  these  problems,  but  suggests  that 
certain  of  these  formulations  can  be  transformed  into  linear 
programming  problems .  \ 

Pollock  (1970)  considers  a  target  moving  in  a  Marko-  \ 
vian  fashion  between  two  regions.  Dynamic  programs  for  the 
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standard  problems  of  minimizing  the  axpactad  tima  until  da- 
taction  end  maximizing  tha  probability  of  dataotion  under 
a  constraint  on  search  effort  are  solved.  For  certain  spe¬ 
cial  forms  of  tha  transition  matrix ,  decision  rules  are 
derived  for  tha  minimum  expected  time  problem  as  well  as 
upper  and  lower  bounds  for  tha  minimum  expected  time. 

Wagner  (1969)  develops  the  following  theorem  which  is 
applicable  to  either  continuous  or  discrete  search  space 
problems . 

Theorem 

Let  e  and  c  be  real- valued  functions  (of  two 
variables)  defined  on 


{(x,j)|a  <  x  <  b,  i(x)  <_  j  <  u(x),  j  an  integer}  . 


Let  4>  be  the  set  of  all  integer-valued  functions  f  on 
(a,b)  such  that  i(x)  <_  f(  )  <_  u(x)  for  a<  x  <  b  for 
which 


-»<  E(f) 


-®  <  C(f) 


e(x,f (x) )dx 


c(x ,f (x) )dx 


< 


< 


CD 


Suppose  that  g  e  has  the  following  property:  there 
exists  a  X  >  0  such  that  for  all  x  e  (a,b)  and  integers j 


e(x,j)  -  e(x,j-l)  <_  A[c(x,j)  -  c(x,j-l]  whenever 


e(x,j)  -  «  x,j-l)  >  Xtc(x,j)  -  c(x,j”l)}  whenever 

<£(x)  <  j  -  1  <  g(x) 


then 


E(g>  =  max  {E(  f )  |  f  e  $  and  C(f)  <_  C(g) 
C(g)  s  min  (C(f)  j  f  e.  ♦  and  E(f)  >_  E(g) 


y  Onaga  (1971)  studied  the  problem  of  the  minimization 
of  the  expected  time  until  detection  for  general  detection 
functions.  He  also  includes  penalty  or  switch  times  which 
occur  whenever  the  searcher  changes  regions.  The  major  re¬ 
sults  of  the  paper  are  summarized  in  two  theorems.  The  first 
is  a  necessary  condition  for  optimality  and  is  applicable 
to  either  a  continuous  or  discrete  detection  function,  P($). 
It  consists  of  two  characterizations:  the  first  regulates 
the  optimal  lengths  of  visit  times  and  the  second  determines 
the  optimal  search  order.  The  second  result  is  a  necessary 
and  sufficient  condition  stated  in  constructive  form  which 
is  applicable  to  unimodal  probability  density  functions  p(4>). 
Of  special  importance  to  the  results  of  our  work  is  the 
following  theorem. 

Theorem  7 

If  the  density  function,  p(<p),  is  unimodal,  one  can 
use  the  minimal  concave  majorant  of  p(<}))  for  obtaining 
the  optimal  policies. 


l.t.S  Coneoioua  Evasion 

Norris  (1962)  appears  to  hava  baan  among  tht  first  to 
consider  the  two-sided  search  problem.  The  searoh  is  conduc¬ 
ted  against  a  conscious  evader  who  is  able  to  observe  the 
searcher's  aotions  and  capitalize  on  any  errors  he  makes. 

The  evasion  device  of  moving  between  looks  is  treated.  The 
game  is  zero-sum  and  incorporates  a  fairly  general  reward 
structure  which  can  include  discounting.  The  reward  coefi- 
cients  associated  with  this  structure,  as  well  as  the  detec¬ 
tion  probabilities,  are  known  to  both  players.  Three  levels 
of  moving  costs  for  the  evader  are  considered  for  a  two-re¬ 
gion  search  problem.  In  the  case  of  an  infinite  moving  cost, 
the  author  derives  a  condition  which  is  a  special  case  of  the 
Periodic  Search  Theorem  of  Matula  (1964).  The  searcher's 
"good  strategy”  in  the  case  of  a  finite  moving  cost  is  gen¬ 
erated  by  a  finite  Markov  process.  Finally,  when  no  moving 
cos t  is  incurred  by  the  evader,  the  searcher  cannot  gain  any 
information  concerning  the  evader's  position  from  his  past 
sequence  of  unsuccessful  looks.  Therefore,  each  look  should 
be  made  according  to  the  same  probability  distribution.  In 
the  N-region  formulation  of  the  finite  moving  cost  game,  a 
"good  search”  strategy  cannot  be  generated  by  a  finite  Mar¬ 
kov  process. 

Koopman  (1968)  extended  his  original  work  to  the  two- 
sided  search  situation.  It  is  shown  that  a  uniform  distribution 
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of  search  effort  on  the  part  of  the  searcher  and  a  uniform 
position  density  on  the  part  of  the  target  form  the  optimal 
strategies  for  the  resulting  zero-sum  game. 

Neuts  (1963)  develops,  among  other  things,  stationary 
minimax  strategies  for  a  multistage  search  game.  The  ob¬ 
jective  is  the  minimization  of  the  expected  discounted  return 
to  the  target.  A  stationary  strategy  for  the  hunter  is  an 
n-tuple 

N 

Y  =  <Y1,  ....  VN)  ;  >  0,  £  ■  1  , 

i=l 

which  denotes  a  probability  distribution,  chosen  once,  and  by 
which  the  region  to  be  examined  at  each  stage  is  selected. 

It  is  shown  that  the  optimal  stationary  policy  for  the  search¬ 
er  is  independent  of  all  parameters  except  the  discrete  de¬ 
tection  probabilities,  a  result  which  also  holds  for  the  ob¬ 
jective  of  minimizing  tne  expected  duration  of  the  game. 

Such  stationary  minimax  strategies  correspond  to  the  fol¬ 
lowing  cases : 

(a)  a  memoryless  searcher, 

(b)  the  target  is  allowed  to  move  after  each  region 
is  searched. 

Charnes  and  Schroder  (1967)  develop  models  and  methods 


to  find  optimal  tactics  in  an  idealization  of  antisubmarine 
warfare,  viewed  as  a  game  of  pursuit  between  the  hunter  force 


and  a  submarine.  The  objective  function  of  minimising  the 
expected  duration  of  the  search  can  be  expressed  as  a  sto¬ 
chastic  game.  The  solution  of  this  game  is  accomplished  by 
solving  a  sequence  of  linear  programming  problems .  In  the 
event  the  hunter  knows  the  behavior  of  the  submarine,  the 
game  becomes  a  one-person  game  and  may  be  treated  as  a  dis¬ 
counted  Markovian  decision  process  of  the  type  studied  by 
Howard  (1960). 

1.2.3  Search  and  the  Visibility  Prooeee 

As  noted  earlier,  Koopman  (1946)  briefly  examined  the 
situation  in  which  the  probability  of  target  presence  is 
modified  by  the  inclusion  of  the  probability  that  the  target 
is  visible  given  that  it  is  present. 

Stollmack  (1968)  determined  by  both  field  and  laboratory 
experimentation  that  the  exponential  detection  function  with 
constant  rates  is  a  valid  model  of  visual  detection.  The 
study  centered  on  the  visual  detection  of  tanks  by  exper¬ 
ienced  personnel  in  the  terrain  surrounding  Fort  Knox, 
Kentucky.  The  detection  rates  obtained  by  Stollmack  were 
shown  to  be  statistically  dependent  upon  range  and  back¬ 
ground  (i.e.,  the  number  of  confusing  forms,  ruggedness  of 
the  terrain,  etc.).  The  empirical  relationships  indicated 
that  at  mid  to  high  ranges  the  detection  rate  is  as  sensi¬ 
tive  to  changes  in  the  background  as  it  is  to  changes  in 
range.  It  was  shewn  that  differing  detection  rates  and 
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' visibility  conditions  were  the  rule  rather  than  the  ex¬ 
ception  over  the  local  terrain. 

Bonder  (1970)  and  Disney  (1970)  formulated  descriptive 
models  of  the  situation  in  which  the  target  visibility  chang¬ 
es  over  time.  Bonder  considered  the  situation  in  which  the 
target  and  the  Bearcher  (detector)  may  not  be  continuously 
visible  during  the  period  of  time  in  which  the  searcher  is 
examining  the  subregion  containing  the  target.  The  searcher 
has  a  detection  capability  only  when  the  target  is  visible. 

The  author  considered  the  following  situations  within 
each  search  area: 

(a)  The  target  may  be  visible  to  the  searcher  for  the 
entire  search  interval  with  some  known  probability 
p  (this  is  the  Koopman  suggestion) , 

(b)  the  target  may  be  visible  at  the  start  of  the  search 
period,  the  length  of  the  visible  period  being  a 
random  variable  with  known  probability  density 
function,  and  not  reappear, 

(c)  a  single  period  of  visibility  may  be  exhibited 
starting  at  some  random  time  during  the  search 
interval  and  lasting  a  random  amount  of  time. 

In  each  of  these  cases  it  is  assumed  that  the  target  is 

stationary  in  the  sense  that  it  remains  in  a  given  region, 

although  its  motion  within  a  region  may  give  rise  to  the 

visibility  process.  These  models  are  the  first  to  interface 

the  visibility  and  detection  processes.  In  each  of  these 

cases,  the  probability  density  functions  for  ^he  time  until 

detection,  the  time  spent  searching  the  area  until  a  fixed 


number  of  detections  occur,  and  the  time  spent  searching  the 
total  area,  including  switching  times,  are  derived. 

Disney  described  the  visibility  process  in  which  the 
target  alternates  between  visible  and  invisible  states  as  an 
alternating  renewal  process.  He  did  not  consider  the  inter¬ 
face  between  the  visibility  and  the  detection  processes. 

The  transition  matrix  for  this  process  is 

Vis .  Masked 
Vis.  /  0  fl(t>\ 

Masked  \f2<t)  0  / 

where  is  the  probability  density  function  for  the  time 

in  the  visible  state  and  f2(t)  the  probability  density  func¬ 
tion  for  the  time  in  t he  masked  state. 

Employing  some  renewal  theory  arguments ,  the  author 
obtained  among  other  things: 

(a)  ir^t),  the  probability  that  ihe  target  is  visible 
in  (t ,t  +  dt) , 

(b)  for  a  fixed  time  interval  of  length  Td,  the  distri¬ 
bution  of: 

(1)  the  number  of  times  the  target  is  visible, 

(2)  the  total  time  of  visibility. 

1.2.4  Summary  and  Conclusions  from  the  Literature 
Review 

The  review  of  the  open  literature  on  search  and  reconnais¬ 
sance  theory  indicated  that  the  bulk  of  the  research  acti¬ 
vity  has  dealt  with  purely  mathematical  extensions  of  the 


work  of  Koopman.  In  nearly  every  case,  no  attempt  wae  made 
to  relate  the  mathematical  models  to  real  world  situations. 
It  seems  apparent  that  more  effort  should  be  directed  toward 
the  study  of  search  models  which  afford  more  realistic  de¬ 
scriptions  of  search  scenarios. 

A  recent  research  report  (Vector  (1970))  has  noted 
the  importance  of  modeling  the  effects  of  terrain  on  combat 
processes.  Since  the  reconnaissance  activity  is  a  prelude 
to  such  activities ,  one  should  also  be  concerned  with  the 
effects  of  terrain  on  the  search  activity,  i.e.,  how  does 
the  inclusion  of  the  visibility  process  effect  the  optimal 
search  strategies  and  returns? 

Realistically ,  the  optimization  criteria  should  depend 
upon  the  objective  of  the  operation.  Research  should  be 
devoted  to  the  structuring  of  the  total  activity,  which  in¬ 
cludes  search,  detection,  tracking,  and  ensuing  action,  be¬ 
fore  selecting  the  optimization  criteria.^- 

Research  is  required  to  understand  the  behavior  of  oper 
ationally  useful  devices,  e.g.,  the  effect  of  multiple  scans 
independence  between  successive  looks,  coupling  of  various 
types  of  detectors,  etc.  In  general,  a  study  of  the  struc¬ 
ture  and  capabilities  of  operational  detectors  is  required. 

"'‘The  relationship  between  searcn  and  ensuing  action  is  being 
studied  under  this  contract  and  is  being  published  as  a 
separate  report  (Kronz,  1971). 
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The  output  of  many  of  the  "classical"  search  studies 
has  been  a  fixed  amount  of  time  to  spend  searching  a  region. 

The  likelihood  that  searchers  will  not  (or  cannot)  follow 
optimal  search  procedures  suggests  research  be  devoted  to  the 
problem  of  converting  theoretical  results  into  practical 
rules  of  application. 

The  open  literature  on  search  and  reconnaissance  is  vir¬ 
tually  vacuous  in  the  important  areas  of  multiple  detectors 
and/or  multiple  targets  with  varying  degrees  of  dependency 
within  each  group.  Clearly  all  of  the  topics  outlined  in  the 
previous  paragraphs  are  of  interest  when  viewed  in  the  con¬ 
text  of  multiple  detectors  and/or  targets. 

1.3  Research  Area 

This  dissertation  addresses  the  problem  of  characteris¬ 
ing  the  interaction  between  the  detection  and  visibility 

processes.  The  work  of  Bonder  (1970)  and  Disney  (1970)  is 
extended  and  the  resultant  mouels  analyzed  to  determine  stra¬ 
tegies  for  the  optimal  allocation  of  search  effort.  Compar¬ 
isons  with  existing  search  theory  strategies  are  made  to  de¬ 
termine  conditions  under  which  different  strategies,  which 
consider  the  visiblity  process  effects,  are  required.  The  mod¬ 
els  are  further  analyzed  to  gain  insight  into  the  intelli¬ 
gence-gathering  process . 
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Specifically ,  the  problem  considered  is  that  of  search¬ 
ing  for  a  stationary  target  located  in  one  of  N  regions 
(discrete  search  space)  with  prior  probability  vector  P  * 

(p1,  ...»  pN).  Analogous  formulations  for  the  continuous 
search  space  are  discussed  in  an  appendix.  Although  the 
solution  procedures  and  (we  believe)  the  results  carry 
through  for  the  N  region  case,  explicit  policies  and  returns 
are  given  only  for  the  two -region  situation  to  facilitate 
both  the  analysis  and  interpretation  of  results.  We  prin¬ 
cipally  consider  the  case  of  a  continuous  detector.  Discrete 
detector  formulations  and  associated  optimal  policies  also 
are  contained  in  an  appendix.  Within  the  region  in  which 
the  target  is  located,  it  is  assumed  that  during  a  given 
period  of  time  in  which  a  search  for  the  target  is  underway, 
the  target  may  exhibit  one  of  the  following  types  of  be¬ 
havior  as  indicated  in  Bonder  (1970)  and  Disney  (1970). 

(a)  The  target  may  be  visible  to  the  searcher  for  the 
entire  interval  with  some  fixed  probability  v. 

This  case  is  also  referred  to  as  the  "binary"  inter¬ 
visibility  process  in  the  following  discussions. 

(b)  The  target  may  be  visible  at  the  start  of  the 
search  period,  the  length  of  the  visible  period 
being  a  random  variable  with  known  probability 
density  function. 

(c)  A  single  period  of  visibility  may  be  exhibited, 
starting  at  some  random  time  during  the  search 
interval  and  lasting  a  random  aiuount  of  timie . 
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(d)  During  the  searching  interval,  the  target  may 
exhibit  alternating  periods  of  visibility  and 
invisibility,  the  durations  of  each  being  ran¬ 
dom  variables. 

Physically,  these  visibility  structures  can  be  con¬ 
sidered  in  the  following  contexts: 

\ 

(1)  Search  for  a  target  assigned  to  one  region  in 
which  the  local  terrain,  foliage,  weather,  etc., 
contributes  to  masking  effect. 

(2)  Search  for  a  submarine  in  which  environmental 
conditions  between  the  surface  searching  vessel 
and  the  target  generate  the  visibility  periods, 
e.g.,  thermal  barriers  to  sonar  detection  devices. 

(3)  In  the  case  of  a  single  interval  of  visibility, 
the  random  length  of  this  period  could  be  con¬ 
sidered  the  length  of  time  until  the  target  dis¬ 
covers  the  presence  of  the  searcher  in  his  region. 

(4)  The  multiple  periods  of  visibility  could  also 
reflect  the  target’s  strategy  with  regard  to  ex¬ 
posing  himself  in  order  to  obtain  information, 
supplies,  etc. 

(5)  The  multiple  periods  of  visibility  might  correspond 
to  the  periods  a  raiding  party  of  guerillas,  oper¬ 
ating  from  a  neutral  or  safe  zone,  spends  in  a  re¬ 
gion  in  which  they  are  susceptible  to  detection. 

(6)  Searching  for  schools  of  fish  which  periodically 
submerge  to  depths  which  preclude  their  detection. 

(7)  The  situation  in  whicn  a  data  bank  is  simulta¬ 
neously  accessed  by  many  users.  When  one  user  has 
access  to  certain  information,  the  others  are 
temporarily  denied  access. 
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(8)  The  problem  of  detecting  a  disease,  the  symptoms 
of  which  exhibit  intermittent  remission,  may  be 
of  interest. 

(9)  The  time  until  a  crime,  e.g.,  a  robbery,  may  be 
considered  a  random  variable,  as  well  as  the 
length  of  time  required  to  carry  out  the  act. 

(10)  The  general  formulation  of  the  search  problem 
can  be  interpreted  readily  in  a  research  and 
development  context,  i.e.,  one  interprets  the 
probability  of  detection  as  the  probability  of 
"discovery.”  However,  the  single  interval  of 
visibility  with  a  random  start  time  lends  itself 
to  some  interesting  interpretations  in  the  re¬ 
search  and  development  context.  In  many  research 
situations,  one  may  have  some  random  period  of 
time,  effort,  etc.,  in  which  the  probability  of 
discovery  is  essentially  2ero.  Of  course,  there 
may  be  some  alternatives  for  which  this  "settling 
in"  period  is  unnecessary.  Given  that  one  attains 
the  end  of  the  "settling  in"  period,  one  may  then 
estimate,  based  perhaps  on  current  market  condi¬ 
tions,  the  probability  density  function  for  the 
time  required  to  complete  the  job  in  order  that 
the  er.d  product  will  be  competive,  timely,  etc. 

Although  (d)  essentially  includes  structures  (a)-(c)  of 
the  visibility  process,  the  descriptive  models,  associated 
allocation  strategies,  and  analyses  of  the  models  are  pre¬ 
sented  in  order  of  increasing  complexity  for  pedagogical 
reasons  at  the  expense  of  increasing  the  quantity  of 


\ 


i 
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information,  since  the  research  was  performed  in  this 
fashion.^  Because  of  this  writing  approach,  the  principal 
new  results  in  search  theory  are  not  encountered  until  the 
latter  part  of  Chapter  3  and  thereafter. 

Although  the  current  research  was  motivated  by  the  de¬ 
sire  to  learn  more  about  the  effects  of  the  visibility  pro¬ 
cesses  on  reconnaissance  in  the  military  context,  a  number 
of  non-military  interpretations  of  the  visibility  processes 
may  be  made  as  well. 


Morris  (1967),  Bonder  (1971),  and  Wagner  (1971)  have  in¬ 
dicated  that  a  principal  capability  needed,  but  usually  not 
developed,  in  new  analysts  is  the  process  of  model  develop¬ 
ment.  Writing  the  paper  in  this  fashion  will  indicate  "how" 
it  is  done,  in  contrast  to  presentation  of  just  the  end 
product  which  typically  appears  in  journal  articles. 


Chapter  2 

THE  BINARY  VISIBILITY  MODEL 


The  Binary  Visibility  model  is  described  and  analyzed 
in  this  chapter.  It  assumes  that,  upon  the  entry  of  the 
searcher  into  a  region  containing  the  target,  the  target  is 
visible  to  the  searcher  for  the  duration  of  the  search  with 
some  fixed  probability  which  may  be  regionally  dependent. 

The  problem  of  maximizing  the  probability  of  detection  under 
a  constraint  on  the  available  search  time  is  studied  in 
detail.  Optimal  solutions  to  this  problem  are  obtained  for 
the  situation  in  which  the  searcher  utilizes  a  continuous 
detection  device.  Comparisons  are  then  made  between  these 
optimal  policies  and  those  for  which  the  Binary  process  is 
ignored  (the  "Koopman"  models).  A  sensitivity  analysis  of 
both  the  optimal  policy  and  its  return  is  carried  out .  The 
objective  of  minimizing  the  expected  time  until  detection 
is  also  examined. 

2 . 1  Description 

We  consider  only  the  discrete  search  space  version  of 
this  problem  throughout  this  research.  The  discrete 
search  space  version  of  the  problem  of  maximizing  the  prob¬ 
ability  of  detecting  the  target  is 
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a**  ]C  pivipi(ti) 

i=l 


N 

.T*  t^  <  T  , 
i*l 


(1) 


and 


ti  >  0  » 


where 


.« th 


=  probability  that  the  target  is  in  the  i  region, 

v.  *  probability  that,  in  the  ith  region,  the  target  and 
the  searcher  are  intervisible  for  the  entire  period, 

P. (t)  =  the  conditional  probability  of  detecting  a  target 

A 

in  the  i  region  at  or  before  time  t. 

As  noted  in  Chapter  1,  Koopman  (1946)  gave  a  matneiuat- 
i6al  justification  (The  Law  of  Random  Search)  for  a  detection 
function  of  the  form 


"kit 

P.(t)  =  1  -  e 


(2) 


where  k  is  the  conditional  detection  rate. 

More  recently,  Stollmack  (1968),  studying  visual,  detection, 
established  the  validity  of  the  above  expression  via  experi¬ 
mental  data.  Therefore,  (2)  is  used  as  the  standard  form 
for  a  continuous  detection  device.  Observe  that  (2)  is  a 
concave  function  of  search  time  t.  Hence,  upon  substitu¬ 
tion  of  (2)  into  (1),  one  obtains  a  concave  maximization 
problem. 


HO- 


S.S  Allocation  of  Effort  to  Maaimite  the  Probability 

of  Deteotion 

S.A.l  Model  Solution 

In  this  section,  we  shall  develop  the  optimal  policy 
for  allocating  search  time  for  the  Binary  model  given  by  (1) 
and  (2)  of  2.1.  The  reader  is  referred  to  Appendix  A 
for  the  proof  of  the  modified  Charner-Cooper  Algorithm  which 
can  be  used  to  determine  the  optimal  allocation  (t^»  ...»  t^) 
for  the  N-region  problem.  We  shall  discuss  only  the  attributes 
of  the  2-region  situation  for  the  purposes  of  economy  of  no¬ 
tation  and  the  inherent  symmetry  of  the  situation. 

In  Appendix  A,  we  develop  the  rule  for  determining  the 
order  in  which  regions  begin  to  receive  search  effort  (First 
Allocation  Rule  [FAR]).  Tor  this  model  the  FAR  may  be  stated: 

Choose  the  region  j  for  which 


p.k.v.  s  max  {  pJCjV.} 
-1  3  J  1<  i<N  1 


Equation  8  of  Appendix  A  suggests  that  all  effort  be  placed 
in  region  1  (assuming  >  P2k2v2*  w^en  T  <  T**»  where 

T  is  the  total  available  search  time  and 


( 


PlklVl\ 

P2k2v2'  * 


(3) 


For  T  T**,  and  using  an  analog  of  (9)  in  Appendix  A,  one 
obtains  the  following  for  the  optimal  allocations  to  the  two 


regions , 


(4) 
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The  optimal  value  for  the  probability  of  detection  is  then  giv- 


2.2.2  Comparison  with  the  Koopman  Model 
In  this  section,  we  examine  the  situation  in  which  a 
searcher,  being  aware  of  the  earlier  results  of  Koopman 
(which  assume  continuously  visible  targets),  applies  them 
to  situations  in  which  the  target  is  not  continuously  visible 
because  he  is  (a)  aware  of  the  visibility  process  but  unwil¬ 
ling  or  unable  to  obtain  estimates  of  the  visibility  param¬ 
eters,  or  (b)  unaware  of  the  visibility  process.  We  utilize 
the  classical  Koopman  model  since  most  efforts  in  search 

^Formulations  and  results  for  discrete  detections  are  given 
in  Appendix  B.  Continuous  search  space  versions  of  the 
model  are  discussed  in  Appendix  C. 
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theory  have  been  essentially  embellishments  of  it  and 
such  comparisons  will  provide  landmarks  regarding  the  ro¬ 
bustness  of  the  classical  models  as  guides  for  search  de¬ 
cision  makers.  The  following  paragraphs,  which  form  a 
conceptual  summarization  of  the  searcher’s  position  in  this 
respect  as  well  as  the  options  available  to  him,  are  in¬ 
troduced  only  for  illustrative  purposes. 

First  we  assume  that  the  searcher  can  obtain  estimates 
of  the  visibility  parameters  at  some  additional  cost  (e.e., 
weather  studies,  terrain  analysis,  etc.).  In  this  situa¬ 
tion,  the  searcher  may  take  the  following  actions: 

(a)  Allocate  the  search  effort  according  to  the 
Koopman  scheme  (without  obtaining  any  estimates 
on  the  visibility  parameters). 

(b)  Spend  additional  funds  to  obtain  the  required 

*1 

estimates  on  the  visibility  parameters).* 

(c)  Expend  additional  search  effort  under  the  Koopman 

policy  in  an  attempt  to  make  up  for  the  defects 

2 

resulting  from  using  the  "Koopman"  policy. 


^One  might  assume  that  various  levels  of  spending . yield 
varying  degrees  of  accuracy  in  the  parameter  estimates. 

In  this  situation,  it  is  of  interest  to  determine  the  sen¬ 
sitivity  of  the  optimal  allocations  and  returns  to  changes 
in  the  visibility  parameters. 

This  will  be  shown  to  be  a  meaningful  alternative. 
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The  outcomes  of  such  actions  are*  respectively: 

(a)  A  difference  in  the  probability  of  detecting  the 
target  under  a  constraint  on  the  total  search  time 
resulting  from  the  use  of  the  nonoptimal  policy, 
denoted  as  AP. 

(b)  By  obtaining  the  estimates  of  the  visibility  param¬ 
eters,  he  can  apply  the  optimal  policy.  A  measure 
of  the  effectiveness  of  this  option  is  given  by 
AP/C^,  where  C^.  is  the  cost  of  obtaining  the  esti¬ 
mates  of  the  visibility  parameters. 

(c)  The  additional  search  effort  needed  to  achieve  the 
optimal  return  has  an  associated  cost  C,p.  The  gain 
from  such  an  action  is  computed  from  the  function 
which  expresses  the  difference  in  the  optimal  re¬ 
turn  under  the  two  policies,  E(T),  as  a  function 

of  the  total  available  search  effort,  T.  Note  the 
gain  from  this  action  will  be  computed  from  the 
changes  in  return  under  the  additional  effort  al¬ 
located  via  the  Koopman  policy  (we  label  this  gain 
AP(T));  however,  the  costs,  CT,  may  be  less  than 
C^.  A  measure  of  the  effectiveness  of  this  action 
is  given  by  AP(T)/C^. 

In  the  situation  in  which  the  searcher  is  unable  to  ob¬ 
tain  estimates  of  the  visibility  parameters  or  is  unaware  of 
the  visibility  process,  the  searcher  may  take  the  following 
actions : 

(a)  (Unaware)  Allocate  the  search  effort  according  to 
the  Koopman  scheme. 

(b)  (Unable)  Lxpend  additional  search  effort. 
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The  consequences  of  such  actions  are  described  by  outcomes 
(a)  and  (c),  respectively,  of  the  first  case. 

The  solution  for  the  Koopman  problem  is  given  by  (4), 
with  v^  -  1,  for  every  i.  One  also  observes  that  in  these 
equations  if  v^  *  Vj  i  1*  then  the  optimal  allocation  for 
the  Binary  model  is  identical  to  that  of  the  Standard  Koop¬ 
man  Allocation  (SKA);  hence,  no  error  results  from  the  use 
of  the  SKA  in  the  Binary  model.  (The  result  is  also  true 
in  the  n-region  situation,  see  Appendix  A.) 

Since  we  have  closed-form  expressions  for  both  alloca¬ 
tion  procedures,  they  can  be  substituted  into  the  objective 
function,  to  form  the  difference  function 


E(T)  =  Pg(T)  -  P$KA( T).  (6) 


E(T)  =  e 


klk2 

'kl+k2 


kl+k2 


k,  +  k. 
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We  note  that  lim  CP(T)  -  *  °*  Equation  6  only  holds 

T-*-» 

where,  under  both  policies,  both  regions  are  receiving  posi¬ 
tive  allocations  of  search  effort.  In  the  event  this  situation 
doesn't  hold,  one  has  four  cases  to  consider. 

The  switch  points  (the  values  of  total  available  search 
effort,  T,  at  which  the  second  region  begins  to  receive  some 
effort)  are  given  by: 


(a)  for  SICA 


T* 


Piki 

P?2 


(b)  for  the  Binary  model 


£7) 


T*S  s 


In 


pi*i 

pjq 


*  ~  In  ~ 


If  it  is  assumed  that  Region  1  is  selected  first  by  both  poli¬ 


cies,  the  following  situations  can  arise  as  a  result  of  the 
difference  in  switch  points  : 

(a)  T  <  T*£  T?*the  error  is  zero,  since  under  both 
policies  all  the  effort  is  placed  in  Region  1. 

(b)  T*<  T  <  T**under  SKA  the  effort  is  divided  accord¬ 
ing  to  equation  4,  wnile  under  the  Binary  alloca¬ 
tion  all  effort  is  still  placed  in  Region  1,  re¬ 
sulting  a  nonzero  error. 

(c)  One  could  have  v^  <  ,  in  which  case  T*<  T  <  T? 

and  the  reverse  of  (a)  and  (b)  would  occur,  again 
the  error  term  is  nonzero. 

*  **  „ 

(d)  T  <  T  <  T,  one  obtains  equation  6  as  the  error  ex¬ 


pression  . 
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Suppose  p^k^  >  P2k2*  but  pl^lvl  <  p2k2v2*  i,e,»  the 
infinitesimal  detection  rate  is  largest  in  the  first  region; 
however,  the  probability  that  the  target  is  visible  is  much 
higher  in  the  second  region.  In  this  situation  the  SKA  se¬ 
lects  Region  1  and  allocates  all  effort  to  that  region  until 
T  >  T*,  while  the  optimal  policy  for  the  Binary  model  se¬ 
lects  Region  2  and  allocates  all  effort  (T)  to  that  region 
until  T  >  T**.  In  Figures  1  and  2  we  illustrate  the  above 
points,  by  plotting  the  percent  relative  error,  E(T)/Pg(T), 
in  the  probability  of  detection  using  the  Koopman  policy 
versus  the  total  available  search  time.  Figure  1  contains 
examples  where  both  policies  begin  searching  the  same  region. 
One  may  note  that  ti.e  peak  percent  relative  error  appears  to 
occur  at  the  switch  point  for  the  Koopman  model,  T*.  The 
peak  error  functions  and  their  times  of  occurrence  will  be 
discussed  later  in  this  section. 

Figure  2  contains  examples  in  which  the  Koopman  policy 
results  in  the  wrong  region  being  searched.  These  are  situa¬ 
tions  in  which  the  total  available  search  is  highly  con¬ 
strained.  This  suggests  that,  in  such  situations,  the  deci¬ 
sion  maker  must  be  aware  of  the  visibility  probabilities  for 
the  search  space  in  order  to  conduct  an  effective  search. 

An  analysis  of  the  error  function,  E(T),  was  uncerxaken 
to  determine: 

(a)  At  what  levels  of  total  available  time  (T)  the 
peak  differences  occur. 


Figure  1  -  Percent  Relative  Error  Versus  Search  Time 
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(b)  What  determines  their  shape,  i.e.,  height,  rate  of 
decay,  etc. 

For  the  two-region  Binary  Search  Model,  there  are  essential¬ 
ly  four  sets  of  parametric  relationships,  since  one  need  only 
interchange  the  labels  to  obtain  the  others.  These  relation¬ 
ships  are  outlined  below. 

For  the  SKA  we  assume  that 


1 


Case  I:  p^^  >  P2k2v2,  (v^v^  >  l,  and  T**  >  T* 

Case  II:  p^k^  >  p2k2v2,  (v^Vg)  <  1,  and,  T*  >  T** 

Caselll :  p^k^  <_  p2k2v2 ,  (v^Vj)  <  1,  and  T*  <_  T** 

Case  IV:  Pjk^  <_  P2k2v2,  (v^v^  <  1,  and  T*  >  T**  . 

Expressions  for  the  peak  error  functions  and  the  level  of 

search  time  at  which  the  peaks  occur  are  developed  and  analyzed 
below. 


Case  I 

In  the  first  situation,  the  peak  difference  occurs  at 


T  =  T* 
P 


(ki  +  k2> 


in 


*i  1 

iq-T-xrJ. 
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substituting  this  expression  into  the  error  function  gives 

“v  ■  [*  ■  *  (*r) 

•  ©  [>  • 

v“]- 

Case  II  and  IV  yield  the  following  results 


T  =  T* 
P 


.  1  in 

Ri  v2  2  / 


and  substitution  into  the  error  function  gives 


*1  _____ 
r  kL*k2  -i  r  ~kl+k2 

ft)  [  '  ft)  ]+p*v*[l'6) 


E(T  )=  pjVl 


The  peak  error  is  identical  for  Cases  II  and  IV;  nowever, 
the  shapes  of  the  error  functions  are  different  since  in 
Case  IV  the  Koopman  policy  starts  in  the  wrong  region,  while 
in  Case  II  both  policies  start  in  the  same  region. 
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Case  III 

In  the  third  case,  some  subcases  must  be  examined: 
for 


In  the  event  this  condition  doesn't  hold, 


and 
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It  can  also  be  shown  that  the  peak  error*  at  least  in 
the  two-region  case,  will  always  occur  at  or  before  the  larger 
of  (T*,T**)  as  follows.  One  need  only  observe  that  for 
T  >  max  (T*,T**)  the  error  function  given  by  equation  6,  is 
a  decreasing  function  of  the  total  available  effort  T.  This 
implies  that  in  general  the  maximum  error  appears  in  situa¬ 
tions  in  which  the  search  effort  is  highly  constrained. 

Having  closed-form  expressions  for  the  peak  error  func¬ 
tions  ,  one  can  conceptually  take  partial  derivatives  to  deter¬ 
mine  the  sensitivity  of  these  functions  to  changes  in  (p..v.  k 

o  *■  i ”  £  *  i 

However,  this  is  algebraically  messy.  A  straightforward 
numerical  search  for  extrema  over  the  entire  search  parame¬ 
ter  space  was  undertaken  and  produced  the  results  summarized 
in  Table  1.  From  Table  1,  it  is  apparent  that  the  critical 
factor  is  the  ratio  of  vj/v2>  e*g*»  for  areas  having  homo- 
geneous  visibility  (equal  visibility  parameter  values)  the 
peak  differences  are  small,  suggesting  the  adequacy  of  the 
Koopman  policy.  Note  that,  in  general,  one  obtains  greater 
errors  whenever  the  ratios  of  the  prior  probabilities  and  the 
visibility  probabilities  are  opposite  in  magnitude,  suggesting, 
in  the  case  k^  =  kj,  that  tne  peak  error  results  from  an  er¬ 
roneous  selection  of  the  initial  region  searched. 

A  secondary  analysis  pi’oduced  differences  in  the  proba¬ 
bility  of  detection  in  the  range  (.12,  .17)  for  the  following 
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values  of  th«  search  parameters 

1  <_  P1^P2  <.  3»  ‘01  i  vi/v2  i.  ,1*  *s  1  —  **s  * 

Finally i  w«  note  that  tha  above  analysis  deals  only  with  the 
peak  differences  and  yields  no  information  about  the  rate  of 
decay  of  the  error  function  with  increasing  available  effort. 

Table  2  presents  some  additional  measures  of  the  ade¬ 
quacy  of  using  the  Koopman  policy  when  in  fact  the  target  is 
not  continuously  visible.  The  measures  presented  in  Table 
2  consist  of: 

(a)  The  expected  time  to  detect  using  the  Koopman  stra¬ 
tegy  and  model  to  allocate  an  unlimited  amount  of 
effort,  labeled  KET  (Appendix  A).  It  is  conjec¬ 
tured  that  a  searcher  unaware  of  the  visibility 
process  may  use  such  a  measure  tc  characterize  a 
given  search  situation. 

(b)  Since  in  the  Binary  Model  the  .ultimate  probability  of 
detection  is  less  than  unity,  one  can  only  make  com¬ 
parisons  on  the  basis  of  the  aonditicnal  expected 
times  to  detect,  conditioned  on  detection  occurring. 
Table  1  contains  the  ratio  of  tnese  conditional  ex¬ 
pected  times  until  detection.  The  numerator  is  com¬ 
puted  using  the  Koopman  strategy  in  the  Binary 
model  situation  while  the  denominator  is  computed 
from  the  optimal  policy  for  the  Binary  Model. 

(See  2.3.) 

(c)  Given  that  one  is  using  the  Koopman  strategy  in  the 
context  of  a  Binary  search  situation,  it  is  of  in¬ 
terest  to  determine  how  much  search  time  must  be 
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Table  2 


Binary  Model  Sensitivity 


2.  E(T)/P(T):  Value  of  E(T)/P(T)  and  time  at  which  E(T)/P(T)  <  .05. 


3.  Ratio  of  the  conditional  expected  times  until  detection  under  the 
respective  policies. 
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available  in  order  that  the  ratio  of  the  differ¬ 
ence  function  to  the  probability  of  detection 
under  the  optimal  policy  be  less  than  some  speci¬ 
fied  value.  Assuming  a  level  of  0.05,  the  table 
gives  the  total  search  time  required  to  reach 
that  level  using  the  Koopman  scheme. 

Thus,  it  would  appear,  from  Table  2,  that  for  situations 
in  which  t’  searcher  (decision  maker)  has  large  quantities 
of  search  time,  (T  >  2  KET) ,  he  need  not  be  concerned  with 
having  good  estimates  of  the  visibility  parameters.  Quali¬ 
tatively,  equation  6  enables  one  to  answer  such  questions 
over  a  range  of  possbile  values  for  the  visibility  param¬ 
eters.  For  example,  assume  one  wishes  to  determine  that 
value  of  T,  the  total  available  time  for  which  the  percent 
relative  error  is  below  some  preassigned  level,  say  PQ .  By 
equating  the  error  function,  equation  6,  to  this  value  and 
solving  for  T,  one  obtains  the  required  level  of  time.  Table 
2  contains  some  numerical  analyses  of  this  nature.  For  ex¬ 
ample,  in  the  situation  in  which  p^/?2  •"  2  and  k-^/kj  =  1,  if 
the  decision  maker  estimates  the  ratio  of  v^/v2  at  0.1  and 
assigns  6  units  of  search  time,  such  an  assignment  will  yield 
a  relative  error  of  less  than  0.05  even  if  v]/v2  turned  out 
to  be  as  low  as  0.05.  Of  course,  if  the  ratio  turned  out  to 
in  the  interval  C.1,1},  the  actual  percent  relative  error 
will  be  even  less.  Note  also  from  Table  2  that  the  6  units 
of  search  time  are  approximately  three  times  the  Koopman 
expected  time  until  detection.  The  searcher  has  the  choice 
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of  obtaining  estimates  of  v1  and  V2  at  some  cost  (e.g., 
weather  information) ,  or  expending  extra  effort  by  disre¬ 
garding  the  visibility  process  and  following  the  Koopman 
scheme.  If  the  decision  maker  has  means  of  obtaining  esti¬ 
mates  of  v^  and  v2,  the  above  analysis  provides  a  sensitiv¬ 
ity  study  of  the  cost  to  him  of  using  the  Koopman  scheme, 
i.e.,  failing  to  obtain  them. 


2.2.3  Model  Sensitivity 

In  the  following  paragraphs,  we  present  the  results  of 
a  sensitivity  analysis  with  respect  to  the  model  visibility 
parameters  for  both  the  optimal  policy  and  its  associated 
return.  In  order  that  the  following  results  hold,  it  is  ne¬ 
cessary  to  assume  that  the  available  search  time  is  larger 
than  T**. 

Consider  first,  the  sensitivity  of  the  optimal  policy. 
The  relevant  partial  derivatives  are  listed  below.  For  the 

optimal  allocation  to  region  1,  one  has  _ _ _ 

3tl  _  1  (l  \  3tl  -i  (l_\ 

'5'7I  '  kl  +  k2  Vl/  ”  *T+  ’k2  \V2/  ‘ 

For  region  2 ,  we  have 

3t2  1  (l\  .  -  -1  /l\ 

Sv2  kl  +  k2  \  2/  3vl  kl  +  k2  \l) 

First,  some  general  observations.  Note  that  the  larger 
vi  ^  <  vi  i  1),  the  less  sensitive  the  optimal  allocation 
to  changes  in  v^.  Also,  tne  optimal  policy  is  fairly  robust 


with  respect  to  changes  in  the  visibility  parameters  whenever 
the  detection  rates  k^,k2  are  large.  Finally,  we  note  that 
the  above  partials  are  independent  of  the  level  of  available 
search  effort.  This  suggests  that  the  optimal  policy  will  be 
much  more  sems'itive  to  changes  in  the  visibility  parameters 
whenever  the  total  search  effort  is  limited.  We  note  in 
advance  that  such  independence  will  not  be  the  case  for  the 
models  of  Chapters  3  and  4.  These  results  imply  that: 

(a)  the  decision  maker  need  not  be  concerned  about  small 
errors  in  his  estimates  of  the  v.  in  the  situation  in  which 
the  detection  rates  are  high,  and 

(b)  as  the  estimates  of  tend  toward  unity,  small  er¬ 
rors  in  them  will  have  little  effect  on  the  optimal  policy 
unless  the  detection  rates  are  very  small. 

Next  we  examine  the  sensitivity  of  the  optimal  return 
function  to  changes  in  the  visibility  parameters.  In  order 
that  results  remain  valid,  the  available  search  time  must  be 
larger  than  T**.  The  partial  derivatives  are  listed  below 
with  comments  whenever  appropriate: 
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Here  we  note  that  the  sensitivity  of  the  optimal  return  increas¬ 
es  with  increasing  search  time,  T.  However,  the  maximum  sen¬ 
sitivity  is  determined  by  the  prior  probabilities  on  target 
presence.  The  greater  the  prior  probability  of  target  presence 
in  a  region,  the  more  sensitive  the  optimal  return  to  changes 
(errors)  in  the  estimates  of  the  visibility  parameters.  The 
above  interpretation  doesn't  imply  that  the  optimal  policy 
is  robust  for  small  values  of  total  available  search  time, 
since,  on  a  relative  basis,  relative  to  the  optimal  return, 
the  sensitivity  is  higher  for  small  values  of  search  time. 

We  can  summarize  our  analysis  of  the  Binary  process  by 
noting  that  the  important  effects  of  this  type  of  process 
occur  under  nonhomogeneous  visibility  conditions  and  for 
search  situations  with  limited  total  available  search  time. 

2.3  Minimization  of  the  Expected  Time  Until  Detection 

2.2.1  Model  Solution 

Recall  the  arguments  giv<r:n  in  Appendix  A  for  the  value 
of  the  objective  function  in  problem  of  minimizing  the  ex¬ 
pected  time  to  detect.  These  will  b^Id  here  also  with  the 
following  important  difference.  The  optimal  value  of  the 
probability  of  detection  for  the  Binary  model,  unfar  a  con¬ 
straint  on  the  total  search  time,  is  in  the  limit  as  T  ■+  00 . 
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f(«°)  *  p^v^  +  P2V2  <  1 »  ^or  0  <  vl  »  V2  <  ^  * 

Then  with  probability  (1  -  P(«))  the  search  is  unsuccessful, 
and  the  expected  time  to  detect  increases  without  limit. 

In  order  to  see  this  more  clearly,  consider  the  following  ex 
pression  for  the  expected  time  to  detect: 

E  =  lim 

T-*«> 

For  the  Binary  model 


1/ 


tdP(t)  +  T( 1  -  p(T) ) 


lim  (1  -  P(T) )  -►  e  >  0  , 


hence,  the  unbounded  expected  time  to  detect. 

One  can,  however,  consider  the  conditional  expected 
time  to  detect,  given  that  detection  ultimately  occurs,  i.e. 


E 


tdP(t) 
~P(oo)  ‘ 


Proceeding  as  in  Appendix  A  under  the  assumption  that 
the  searcher  starts  in  region  1  ,  we  obtain  for  the  optimal 
value  of  this  objective  function. 
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where  T**  is  given  by  (3). 

For  the  case  in  which  the  infinitesimal  detection  rates 
are  identical,  i.e.,  =  P2V2*2*  one  ^as  that 


E 


k^  ♦  k 
k1^2 


2 


» 


which  is  identical  to  the  unconditional  expected  time  to  de¬ 
tect  for  the  standard  model.  Of  course,  E  is  the  conditional 
expected  time  to  detect;  with  probability  (1  -  P(°°))  the 
target  is  not  detected. 


2.3.2  Comparison  with  the  Koopman  Model 
In  this  section  we  shall  again  consider  the  case  of  the 
partially  informed  searcher;  however,  the  objective  of  the 
search  will  be  the  minimization  of  the  conditional  expected 
time  until  detection.  Recall  that  our  mode  of  comparison 
is  that  of  a  searcher  who  is  aware  of  the  Koopman  (1946) 
results  but  is  not  aware  of  the  target  behavior  and/or  visi¬ 
bility  conditions.  In  such  a  situation,  he  would  make  use  of 
Dobbie's  (1962)  results  for  the  expected  time  problem,  i.e., 
the  policy  that  maximizes  the  probability  of  detection  is  also 
the  one  which  minimizes  the  expected  time  until  detection, 
if  the  conditional  detection  functions  are  concave.  Proceed¬ 
ing  as  in  Appendix  A,  using  the  Koopman  allocation  policy  in 
the  Binary  model,  one  obtains  for  the  optimal  value  of  the 


conditional  expected  time  until  detection  for  a  2-region 
search  situation, 


E*(pivi  +  p2v2) 


I 


k  +  k 

♦  He1  V  e 

12 


k  k  T* 
K1K2 

■nr 
K1  *2 


» 


where  T* 


If  region  2  is  searched  first,  then  T*  is  defined  accord¬ 
ingly  and  one  makes  the  obvious  changes  in  the  first  term  of 
the  above  expression. 

In  order  to  complete  our  comparison  with  the  Koopman 
model,  we  form  the  ratio  of  the  measure  just  obtained  to  that 
resulting  from  using  the  optimal  policy  for  the  Binary  model 
in  the  computation  of  the  expected  time  until  detection. 

Table  2  (repeated  here  for  convenience)  contains  the  results 
of  several  such  comparison.  It  is  interesting  to  note  that: 

(a)  Although  in  certain  cases  the  Koopman  policy  yields 
a  small  maximum  difference  in  ti  o  probability  of 
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detaction,  the  sane  policy  yields  an  increase  in 
excess  of  50  percent  in  the  conditional  expected 
time  until  detection.  For  the  Binary  model,  the 
long-term  allocation  rates  are  identical  to  those 
resulting  from  the  Koopman  policy.  The  larger 
ratios  of  the  expected  time  in  Table  2  occur, 
for  the  most  part,  as  a  result  of  the  Koopman 
policy  selecting  the  wrong  initial  region. 

(b)  The  allocation  of  search  time  on  the  ordet'  of 
^3  KET,  reduces  the  error  function  to  less  than 
0.05;  however,  cost-wise,  in  terms  of  the  minimum 
cost  of  searching,  the  Koopman  policy  is  extremely 
inefficient  for  the  ranges  of  Table  2. 

(c)  For  the  parameter  ranges  of  Table  2,  and  a  con¬ 
stant  value  of  P1/p2 >  the  ratio  of  the  conditional 
expected  times  until  detection  tends  to  increase 
with  increasing  k 2/k^.  The  effect  of  increasing 
k2/k1  is  greater  than  that  of  increasing  the  ratio 
of  prior  probabilities. 


Chapter  3 


A  RANDOM  INTERVAL  OF  VISIBILITY:  INITIALLY  VISIBLE 

The  "single-interval-of-visibility"  model  is  described 
and  analyzed  in  this  chapter.  It  is  assumed  that  the 
target  is  visible  upon  the  searcher's  entry  into  the  appro¬ 
priate  region;  however,  the  length  of  time  it  remains  visi¬ 
ble  is  a  random  variable,  the  distribution  of  which  is  pos¬ 
sibly  regionally  dependent.  This  model  might  describe  a 
situation  in  which  a  target,  operating  in  the  area  about 
to  be  searched,  possesses  detection  gear.  The  length  of  the 
"visible"  period  is  analogous  to  the  length  of  time  required 
for  the  target  to  become  aware  of  the  searcher's  presence 
in  his  region. 

The  problem  of  maximizing  the  probability  of  detection 
under  a  constraint  on  the  available  search  time  is  examined 
in  detail.  A  comparison  of  both  optimal  policies  and  asso¬ 
ciated  returns  for  the  standard  Koopman  and  random  interval 
models  is  made.  First-order  sensitivity  analyses  on  the 
optimal  policy  and  return  for  this  model  are  then  described. 
The  minimization  of  the  conditional  expected  time  to  detect, 
given  unlimited  search  effort,  is  also  considered. 
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3.1  Daaoription 

As  Bonder  (1970)  points  out,  the  probability  of  detec¬ 
tion  in  a  given  region  under  this  model,  in  an  infinitesimal 
interval  dt,  is  given  by 


P(t)dt  =  Pr{  t  <_  t  ♦  dt  |  target  presence  6 

tv  >  t }Pr{ ty  >  t)  , 


=  p(t)dt 


h(t)dt 


» 


where 


-  time  until  detection, 
p(t)  =  probability  density  function  for  td* 

ty  =  time  that  the  target  remains  visible,  and 
h(t)dt  =  Pr(t  <_  ty  <•  t  +  dx} 

Then  the  probability  of  detection  in  the  itl1  region  given  t, 
the  time  spent  searching,  is 


Pi(t) 


P^p( T )H( T ) d  T 


* 


(8) 


where 


h(t)dt  . 


The  problem  of  maximizing  the  probability  of  detection  over 
a  discrete  search  space  is  then  given  by 


3.2  Allocation  of  Search  Time  to  Maximize  the  Proba¬ 
bility  of  Detection 

3.2.1  Model  Solution 

Recall  the  comments  made  in  Chapter  2  concerning  the 
theoretical  and  empirical  relevance  of  the  form  of  the  con¬ 
ditional  detection  function  we  have  assumed,  i.e., 

-k.T 

p^(  t  )  =  k^e  ,  x  _>  0 . 

In  view  of  the  interpretation  of  the  visible  period  as  the 
length  of  time  required  for  the  target  to  detect  the  searcher, 
it  is  reasonable  to  assume  that  tne  target  has  similar  ca¬ 
pabilities1,  i.e., 

1 Additionally ,  personal  correspondence  between  Professor  Bonder 
and  the  staff  of  the  Defense  Operations  Analysis  Establishment 
indicate  that  visibility  periods  in  terrain  examined  by 
the  British  do  follow  an  exponential  law. 
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^^(t)  s  X^o 


“XiT 


»  T  >  0  . 


Substitution  into  equation  8  yields 

k.  -(X,+k. )T 

pi<T>  s  r-Hr  ^  : 

Ai  i 


and  the  maximization  problem  of  (9)  becomes 


-(X.+k.)t 
(1  -  e  1  1  1) 


H 


(13) 


"ii0  ’ 


which  is  a  concave  maximization  problem.  The  modified  Charnes- 
Cooper  algorithm  given  in  Appendix  A  is  again  applicable. 

We  again  restrict  our  discussions  to  two  regions  for 

the  reasons  already  noteu.  The  solution  to  the  N-region 
problem  is  obtained  by  following  the  procedure  given  in  Ap¬ 
pendix  A. 

The  condition  on  available  search  time  which  places 
all  the  search  time  in  region  1  is  T  <  T**, 


where  T**  = 


ki  *  h 


Piki 


(11) 


We  have  assumed  that  region  1  is  selectee  by  tne  First 


Allocation  Rule  (Appendix  A),  i.e.,  p^k^  >_  P2k2*  The  First 
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Allocation  Rule  for  this  model  is  identical  to  that 
of  the  Koopman  model. 

Choose  that  region  j  for  which  p4k.  *  max  p.k. . 

3  3  l<i<N  1  x 
-  re¬ 
using  an  analog  of  equation  9,  Appendix  A,  for  the 

case  T  £  T**,  one  obtains,  for  the  optimal  allocations, 


=  XA  ♦  kj,  i  A2  nc"  {ln^7)  *  U2  *  k2)T|  > 

and  (12) 

t2  ■  xi  >"kl-  +  *  ki)T}  • 


Note  that  in  the  limit  as  ^  5  +  0  (the  mean  length  of 

the  visible  period  increases  without  limit)  one  obtains  the 
Koopman  model.  The  probability  of  detection  under  the 


optimal  policy  is  then  given  by 


P(T)  = 


Piki 
ki  *  h 


p?k 


.r^l 


(A^k^ 

*l+kl+*2+k2 


2  2 


k2  +  A2 


.  rp2k2- 

lplkl- 


(A^k^ 


(A1+k1)(A2+k2) 

X1+k^+X2^k2 


(X1<-k1)(X2*k2  ) 
Xi+ki  +  X2+lc^ 


(13) 


^Formulations  and  results  for  discrete  detectors  are  given 
in  Appendix  b.  Continuous  search  space  (continuous  de¬ 
tector)  versions  of  the  model  are  discussed  in  Appendix  C. 


-70- 


3.2.2  Comparison  with  the  Koopman  Model 

In  this  section  we  examine  the  situation  in  which  a  par¬ 
tially  informed  searcher  being  aware  of  the  earlier  results 
of  Koopman  (which  assume  continuously  visible  targets)*  applies 
them  to  situations  in  which  the  target  behavior  is  actually 
characterized  by  the  random  interval  of  visibility  process.^ 
The  consequences  (in  terms  of  the  probability  of  detecting 
the  target  under  a  constraint  on  the  total  available  search 
time)  of  this  erroneous  application  of  the  Koopman  results 
will  be  compared  to  those  obtained  from  the  optimal  alloca¬ 
tions  for  these  models. 

First,  we  note  that  in  equations  12  as  X^ ,  X2  0  ,  the  op¬ 
timal  allocation  policy  becomes  equivalent  to  the  stardard 
Koopman  allocation  (SKA).  Consider  the  following  comparisons 
between  the  optimal  allocations  of  (12)  and  che  SKA:  for 

^lkl  =  ^2^2’  an<*  kl  =  ^2  =  *  ’  *1  =  *2  =  *  ’  t*ie  °P'ti,nal  allo¬ 
cations  are  identical  and  no  ei'ror  results  from  using  the 

SKA.  When  p^k^  =  p~k2 ,  and  k^  =  k2  =  \ ^  =  -y ,  the  same 

conclusion  holds.  These  results  also  hold  for  n-regions 


xThe  reader  is  referred  to  Section  2.2.3  for  a  detailed 
discussion  of  the  implications  of  such  an  analysis  to  the 
decision  maker  ( searcher ) . 
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(See  Appendix  A) . ^  As  shown  earlier,  the  switch  points  are 
given  by  (assuming  <  PjJ^^ 

(a)  for  SKA 


(b)  for  the  single  interval  model 
T**  =  —L. ln(^^i)  . 

ki  *  X1  \P?V 

We  observe  that  T**  <_  T*  for  >  0 .  Intuitively,  this  is 

reasonable  since  the  target  will  not  remain  visible  forever 

in  the  first  region,  hence  one  must  switch  earlier. 

The  following  situations  can  arise  as  a  result  of  the 

difference  in  switch  points  (both  policies  will  always  select 

identical  starting  regions,  i.e.,  the  FAR  for  this  model  is 

identical  to  the  Koopman  FAR) . 

(a)  T  <  T**  <  T*,  no  error,  both  policies  allocate 
all  effort  to  Region  1. 


^Under  the  interpretation  of  searching  for  a  target  with  de¬ 
tection  capabilities,  this  result  implies  that,  for  identical 
detectors  for  both  the  target  and  searcher,  not  necessarily 
equal,  the  Koopr.an  policy  is  optimal.  Hence  if  the  decision 
maker  (searcher)  is  willing  to  make  this  assumption,  he  may 
proceed  as  though  he  were  searching  for  a  continuously  visi¬ 
ble  target.  This  also  implies  that  for  an  identical  visi¬ 
bility  prooess,  the  Koopman  policy  is  optimal  only  if  p-  = 
and  k^  =  k^ .  Recall  that  in  the  binary  process,  the‘L 

Koopman  policy  was  oprimal  whenever  • 
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(b)  T**  <  T  <  T*,  the  SKA  concentrates  all  effort  in 
Region  1,  while  the  single  interval  optimal  solu¬ 
tion  follows  (12). 

(c)  T**  <  T*  <  T,  both  policies  split  the  available 
effort.  The  error  term  in  this  situation  also 
tends  to  zero  as  the  available  search  effort  in¬ 
creases  without  limit,  as  in  Chapter  2. 

Figure  3  illustrates  some  of  the  above  situations.  The 
ordinate  again  represents  the  percent  relative  error,  while 
the  abscissa  gives  the  total  available  search  effort .  The 
results  of  a  parametric  analysis  on  the  effects  of  the  rela¬ 
tive  values  of  the  prior  probabili-  s  on  the  error  function 
are  given.  Note  that  as  the  ratio  tends  toward  unity 

the  error  function  decreases.1  Also  note  that  in  each  case 
the  peak  error  occurs  at  T  =  T* ,  the  Koopman  switch  point. 
The  peaks  will  be  analyzed  later  in  this  section.  It  is 
also  interesting  to  observe  the  reduction  in  vhe  error  as 
1»  as  was  noted  earlier.  Thus,  a  decision  maker 
(searcher) ,  operating  in  this  scenario  with  an  amount  of 
search  effort  X*,  will  be  required  to: 

(a)  obtain  estimates  of  A1  and  A2  in  order  to  conduct 
an  effective  search,  or 


This  suggests  that  the  effect  of  nonhomogeneous  visibility 
may  be  lessened  in  the  situation  in  which  the  searcner  has 
no  prior  knowledge  on  target  location.  For  example,  a  high 
likelihood  on  target  position  could  be  offset  by  a  low 
visibility  likelihood. 


Figure  )  -  Error  Function  Sensitivity 
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(b)  increase  the  available  effort  far  beyond  T*. 

An  analysis  of  the  error  function  was  undertaken  to  de¬ 
termine: 

Ca)  At  what  levels  of  total  available  effort  the 
peak  differences  occur? 

(b)  What  influences  their  shape,  i.e.,  height,  rate  of 
decay,  etc.? 

For  the  random -interval ,  2-region,  initially  visible  model, 
one  has  only  two  cases  to  consider,  since  both  policies  always 
select  the  same  initial  region  and  the  optimal  policy  for  this 
model  starts  splitting  the  effort  before  the  Koopman  policy. 
These  cases  are 


3E(T) 

Case  (1)  — <  0  for  T  >  T*,  and 

SECT) 

Case  (2)  — —  >  0  for  T  >  T*. 


where  E(T)  denotes  the  difference  in  th.»  probability  of  de¬ 
tection  under  the  two  policies.  In  the  first  case,  we  ob¬ 
serve  that  the  peak  always  occurs  at  T* ,  since  the  error  will 
.increase  until  the  Koopman  policy  begins  to  allocate  in 
Region  2  (recall  T**  <  T*).  While  in  the  second  case,  one 
must  utilize  numerical  techniques  to  solve  for  the  time  at 
which  the  peak  difference  occurs.^  The  following  are 


The  unimodality  of  the  error  function  is  established  by 
noting  that  it  can  be  expressed  as  the  difference  of  two 
exponential  functions. 


sufficient  conditions  for  each  of  the  above  cases: 


Case  (1) 


Case  (2)  P-^  =  P,,^  -  T*  =  T**  r  0. 

This  implies  that  the  relationship  between  the  detection  and 
visibility  processes  is  homogeneous  across  regions.  Physically, 
one  might  view  this  as  representative  of  the  situation  in 
which  whenever  the  searcher's  detection  gear  is  affected  by 
regional  conditions,  the  target's  gear  is  also  affected  in  the 
same  degree.  The  error  function  evaluated  at  the  peak  for 
Case  (1)  is 


A 

where  k^  =  ♦  k^  . 

Given  two  search  scenarios  witn  the  following  properties, 
wnere  the  first  subscript  denotes  the  region.,  the  second  the 

search  situation,  =  p12  =  p21  =  p22« 
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kll  =  k21* 


l12 


=  k 


22 


and 


*11  .  *12  '  *21  _  *22 


kll 


Ic  * 
*12 


c — 
*21 


C — 
K  22 


then  the  peak  error  functions  for  both  cases  are  identical 
even  though  the  times  of  occurence  are  not  necessarily  iden¬ 
tical.  Thus  as  long  as  the  relationship  between  the  detection 
and  visibility  process  is  homogeneous  across  regions,  the 
decision  maker  can  expect  the  same  maximum  error  in  using  the 
Koopman  poligy,  without  having  knowledge  of  the  visibility 
parameters . 


Since  in  Case  (2)  an  explicit  expression  for  the  error 
function  cannot  be  given,  one  must  resort  to  numerical  tech¬ 
niques.  The  following  numerical  procedure  was  utilized: 

(1)  Starting  at  T  =  T*  compute  E'(T  +  &T)  until  that 
value  of  T  for  which  E'(T)  <  0. 

(2)  Use  an  approximate  Fibonacci  search  on  the  interval 
obtained  in  step  (1)  to  obtain  T. 

(3)  Substitute  that  value  of  T  into  the  expression  for 
E(T). 

(4)  For  large  values  of  T  (i.e.,  T  >>  T**)  *  E(T),  in 
this  case,  is  approximated  by 


E(T)  = 


k,p 


1*1 


(■ 


k,p 


klk2 

"kl+k2 


k2kl 


-  e 


klk2 

kl+k2 


) 


2*2 
■x - 


klk2 

kV\ 


) 


(  1h) 
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Table  3  gives  the  results  for  a  series  of  computer  runs  which 
were  made  in  an  effort  to  study  the  sensitivity  of  the  above 
functions  to  changes  in  the  search  parameters.  It  contains 
the  measures  introduced  in  Section  2.3. 

First  we  note  that  in  a  great  many  cases  the  peak  dif¬ 
ference  in  the  probability  of  detection  is  extremely  small, 
suggesting  the  adequacy  of  the  Koopman  policy.  The  notable 
exceptions  to  this  observation  occur  when  the  visibility 
parameters  are  nonhomogeneous .  Note  also  that  the  assump¬ 
tion  p^  =  P2  is  not  critical  relative  to  the  optimality  of 
the  Koopman  policy  in  those  situations  in  which  A-^  =  A2  an<* 

k^  =  kj. 

The  results  of  Table  3  deal  only  with  the  peak  errors. 
One  must  utilize  equation  1*4  in  order  to  determine  their 
rate  of  decay  with  increasing  search  effort.  For  example, 
if  A1  =  10,  A2  =  .1,  and  =  k2  =  * ^  ^see  Table  3),  we 
determine  that  value  of  total  search  effort  for  which  E(T) , 
given  by  equation  14,  is  less  than  .01.  Equating  E(T)  to 
.01  and  solving  for  T,  one  obtains  T  *  28,  and  T*  =  7  . 

5,2.3  Model  Sensitivity 

In  the  following  paragraphs,  we  present  the  results  of 
a  sensitivity  analysis  on  the  visibility  parameters  for  both 
the  optimal  policy  and  its  associated  return.  In  order 


Table  3 

Random  Interval  Sensitivity  Results 


P2-2  I  T  -6.9 


1^4  S|  1 

kg3. 1 


T*«3. 


k.=1 . 
kg=.1 


T  »1 .6 


k.-.l 

kg=1 . 


.1!  1. 


!  .05  1.03  .002  1.  .002  1.02 

.014  .001  _ .0006  _ 

.016  1.12  .001  1.2*  .13  1.1 


.004 


.0006 


i  .002  1.23  .025  1.4  .72  1.3 

10.  !  *  .015 

.0005  [  5.72 _ _  .08 

.08  1.1  .001  1.7 

.028  .0004 


’  .32  2.  .04  1.1  .08  1.11 


.015 


5  1.2  .007  1.  .6 


.014 


.003 


5  3.2 


.002 


.6  .12  2.5 

*  .04 


♦Case  2 


Relative  error  at  the  peak  difference. 

j-eak  difference  £  tine  of  occurence,  if  not  equal  to  T 

Ratio  of  conditional  expected  times  ( Ko 0- man/c pti nal  ) , 
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that  the  following  partial  derivatives  hold,  it  is  neoessary 
to  assume  that  the  available  search  time  is  larger  than  T**. 
The  relevant  partials  are  listed  below.  Consider  first  the 
sensitivity  of  the  optimal  policy.  For  the  optimal  alloca¬ 
tion  to  region  1,  one  has  * 


and 


ax. 


3t, 


rx1"  +  k-L  ~+-  X  2  +  k2}  ~  0 


ax2  "  <X1  +  kx  +  X2  +  k2)  - 


Symmetrically,  for  Region  2 ,  we  have 


>  0 


at, 

i 


Ux  ♦  +  X2  +  k2)  1 


and 


dt2  _  tl _  n 

3X-L  '  <XX  +  kL  '♦  X2  ♦  k2  >  -  ■ 

First  we  observe  that  the  higher  the  detection  and/or  visi¬ 
bility  rate,  the  less  sensitive  the  optimal  policy  to  changes 
in  the  visibility  parameters,  i.e.,  the  policy  is  fairly  ro¬ 
bust  for  good  detectors  and  visibility  situations  in  which 
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the  rate  is  high.  It  is  also  apparent,  as  was  not  the  case 

in  the  Binary  model,  that  the  sensitivity  of  the  optimal 

policy  increases  linearly  with  T,  the  total  available  search 

effort  (since  t^  is  a  linear  function- of  T) .  Increasing 

« 

the  visibility  rate  decreases  the  allocation  for  that  region 
Intuitively,  this  is  reasonable  since  an  increase  in  X  im¬ 
plies  a  decrease  in  the  mean  length  of  the  visible  period. 

Next  we  examine  the  sensitivity  of  the  optimal  return 
function  (the  probability  of  detection)  to  changes  in  the 
visibility  parameters.  In  order  that  the  results  remain 
valid,  the  available  search  time  must  be  larger  than  T**. 

The  partial  derivatives  are  listed  below.  For  region  1, 
we  have 


where 
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and 


t  a  (x2  ♦  k2)t. 


From  the  symmetry  of  the  two-region  search  situation,  one 

can  obtain  fP^--  from  the  above  expression  by  interchanging 
o  A  j 

the  regional  labels.  At  T  *  T**,  the  above  expression  becomes 


3  PCT**)  .  plkl 
3  X.  "  +  X1 


\e”aT**  1 
i  r  _  i 

i  *  ki/  xrrEi 


which  is  nonpositive  if  T**  a  0.  Thus  we  observe  that  the 
decision  maker’s  analysis  of  the  effects  of  errors  in  the 
visibility  parameters  rests  heavily  on  the  amount  of  search 
effort  available  to  him.  As  T  ®,  the  magnitude  of 
is  the  product  of  two  factors : 


Piki 


the  ultimate  probability  of  detection  in  the 
ith  region, 


=  the  conditional  mean  time  until  detection  in 
the  ith  region  for  the  single-interval  process, 
conditioned  on  detection  occurring. 


Although  the  optimal  policy  becomes  increasingly  sensi¬ 
tive  to  changes  in  the  visibility  parameters  with  increasing 
search  time,  the  sensitivity  of  the  return  function  is  limi¬ 
ted  by  the  above  expressions.  Hence,  beyond  a  certain  level 
of  total  available  search  time,  no  matter  how  great  the  change 
in  the  A^,  the  change  in  the  optimal  return  is  constant. 


Furthermore,  for  large  detection  and/or  visibility  rates 
that  constant  approaches  zeroj  hence,  under  these  condi¬ 
tions  the  return  is  fairly  robust.  Finally,  we  use  some 
numerical  examples  to  illustrate  the  above  results.  Assume 
search  scenarios  characterized  by: 


Then  one  obtains  the  following  sensitivity  results. 

#1  n 


r 
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*1 

= 
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Summarizing  our  analysis  of  the  random  interval  process* 
we  note: 

(a)  the  important  differences  induced  by  this  visibility 
process  occur  under  nonhomogeneous  visibility  con¬ 
ditions  (as  did  those  for  the  Binary  model); 

(b)  while  the  peak  error  in  using  the  Koopman  policy 
occurs  in  limited  search  time  situations*  the 
long-term  allocation  rates  may  be  sufficiently  dif¬ 
ferent  from  the  Koopman  rates  to  induce  very  slow 
rates  of  decay  (recall  that  for  the  Binary  model  the 
long-term  allocation  rates  are  identical  to  those 

of  the  Koopman  model). 

At  this  point  is  is  of  interest  to  recall  that  from 
the  results  of  Stollmack  (1968)  on  visual  detection  processes, 
differing  detection  rates  were  the  rule  rather  than  the  ex¬ 
ception.  Furthermore,  the  data  also  indicate  heterogeneous 
visibility  conditions  over  the  local  terrain. 

3.3  Minimization  of  the  Expected  Time  Until  Detection 

3.3.2  Model  Solution 

Recall  the  discussion  of  the  problem  of  minimizing  the 
expected  time  until  detection  in  Chapter  2.  The  same  situa¬ 
tion  holds  for  this  model,  namely,  that  there  is  a  nonzero 
probability  of  failing  to  detect  the  target  given  unlimited 
search  time.  The  optimal  value  of  tne  probability  of  de¬ 
tection  for  the  single  interval  model,  under  a  constraint 
on  the  total  search  time,  is  given  by  (13). 
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In  the  limit,  equation  6  becomes 


um  p(T)  =  * 1 rrr  x» 

T—  K1  K2  x2 

for  A^,  a2  >  0* 

As  in  Chapter  2,  we  consider  the  conditional  expec¬ 
ted  time  to  detect  given  that  detection  occurs,  i.e., 


/  t  dP(t) 

J  *  ~TTZY  • 


Using  the  procedure  of  Appendix  A,  the  optimal  value  of  the 


objective  function  is 


"1 

fc,+Jc„ 


,  1  [.Ml  -  e‘V“>  V"2 

(kl  +  X1  \p2k2  J 


C  k 
12 

*7^ 


where  ♦  A^. 


For  the  case  in  which  P1^1  =  p2k2>  one  has  that  T**  =  0  and 


that 


A  A 

kl  ♦  k2 


k i  +  A^  +  +  A^ 

:\1  +  k1)(A2  +  k2) 


which  in  the  limit,  as  A^  £  A2  ■*  0,  tends  toward  the  correspon¬ 
ding  result  for  the  Koopman  model.  This  is  the  conditional 
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expected  time  to  detect,  with  probability  (1  -  P(®))  the 
target  is  not  detected. 

3.3.2  Comparison  with  the  Koopman  Model 

As  in  Chapter  2,  we  consider  the  case  of  the  partially 
informed  searcher  who  wishes  to  minimize  the  conditional 
expected  time  until  detection,  given  unlimited  effort  and 
conditioned  on  detection  occurring.  The  partially  informed 
searcher  allocates  search  effort  according  to  the  Koopman 
policy  in  an  effort  to  minimize  the  expected  time  until  de¬ 
tection.  The  return  from  such  a  policy  for  the  single  inter¬ 
val  model  in  a  2-region  situation  is 
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Tables  1-4  contain  the  results  of  several  comparisons 
with  the  Koopman  search  model,  suggesting  the  following 
observations : 

(a)  From  Table  3,  Section  3.2.3,  note  that  peak  relative 
errors  of  less  than  .05  do  not,  in  general,  imply 
that  the  Koopman  policy  is  "good"  for  the  expected 
time  problem. 

(b)  For  homogeneous  visibility  rates;  the  Koopman  policy 
works  well  for  small  visibility  rate:j,  but  poorly 
for  the  larger  visibility  rates  (large  relative 

to  the  detection  rates). 

(c)  For  homogeneous  detection  rates,  the  Koopman  policy 
works  well  whenever  the  visibility  rates  are  either 
homogeneous  or  heterogeneous  and  less  than  or  equal 
to  the  detection  rates . 

(d)  At  P1/p2  =  10,  note  that  Koopman  policy  works  well 
for  X^  =  0.1  over  all  levels  of  detection  rates. 

Hote  also  the  trend,  since  it  begins  improving  at 

pl/p2  s  2*  0n  the  other  hand,  for  X-^  *  10,  in 
general,  the  opposite  effect  occurs  implying  in¬ 
creasing  errors  with  a  increasing  prior  probability 
ratio. 

Some  implications  of  these  results  for  the  decision  maker  are 
listed  below. 

(a)  Given  a  great  deal  of  certainty  on  target  location 
and  a  detection  rate  in  the  primary  region  at  least 
as  large  as  the  target’s  visibility  rate,  the  search¬ 
er  need  not  be  concerned  with  obtaining  estimates 
of  the  visibility  rates . 


Random  Interval  Sens 
Conditional  Expected 
(Koopman/Optimal) 


P1/P2  =  1 


xy 

x2 

.1 

.1 

.1 

1. 

.i 

i- 
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.1 

1.5 
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l. 
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1. 
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Table  5 


Random  Interval  Sensitivity  Results: 
Ratio  of  Conditional  Expected  Times 
Until  Detection  (Koopman/Optimal) 


pl/p2  =  2 


•  X 

.1 


TT 

.1 


•  X 

l. 


77 

l. 
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.1 


.1 


l. 
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1.0 
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1.0 


1.0 


,  1.2 
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Table  6 


ndom  Interval  Sensitivity  Results: 
tio  of  the  Conditional  Expected 
mes  Until  Detection  (Koopman/Optimal) 
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(b)  On  the  other  hand,  if  the  target's  detection  rate 
is  greater  than  that  of  the  searcher,  it  is  impor¬ 
tant  the  searcher  obtain  estimates  of  it. 

One  can  also  make  the  following  observations  concerning  the 

implications  of  these  results  to  the  target. 

(a)  Under  complete  uncertainty  on  the  searcher's  part, 
the  target  should  choose  his  visibility  rates,  as¬ 
suming  they  are  in  some  sense  under  his  control, 
as  follows : 

(1)  for  heterogeneous  detection  rates,  choose  homo¬ 
geneous  visibility  rates,  as  large  as  possible. 

(2)  for  homogeneous  detection  rates,  choose  hetero¬ 
geneous  visibility  rates. 

(b)  If  the  searcher  has  increasing  prior  knowledge  on 

the  target's  position,  the  target  should  use  his  high¬ 
est  visibility  rate  in  the  prime  region. 

(c)  If  the  maximum  available  visibility  rate  in  the  prime 
region  is  less  than  or  equal  to  the  searcher's 
detection  rate  in  that  region,  the  tacti ^  of 
remaining  in  the  visible  state  a  random  length  of 
time  is  not  effective,  at  least  in  terms  of  ratio  of 
the  conditional  expected  times  until  detection. 
Certainly,  from  a  unconditional  standpoint,  the 
tactic  always  has  merit  inasmuch  as  it  results  in 

a  nonzero  probability  of  failing  to  detect  the  tar¬ 
get. 


Chapter  4 

A  RANDOM  INTERVAL  OF  VISIBILITY: 
RANDOM  INITIATION  AND  LIMIT 


In  this  chapter  we  shall  consider  the  situation  in 
which  the  target  is  masked  when  the  searcher  enters  the 
appropriate  region;  however,  the  target  becomes  visible 
after  some  random  length  of  time.  The  distributions  of  the 
starting  time  and  the  length  of  the  visible  period  may  be 
regionally  dependent.  One  may  view  this  as  a  model  of  a 
situation  in  which  the  searcher  is  not  sure  that  the  target 
has  arrived  in  the  search  zone  at  the  time  the  search  is 
initiated.  The  length  of  the  visible  period  could  then 
correspond  to  the  length  of  time  required  for  the  target 
to  become  aware  of  the  searcher's  presence.* 

4 . 1  Dee aription 

Assume  that  the  searcher  spends  a  total  of  T  time  units 
searching  a  region.  Given  that  the  target  becomes  visible 
at  some  time  ye(0,T),  the  probability  of  detecting  the  target 
is  (using  the  notation  of  the  previous  chapter) 


T - 

The  model  also  has  an  analogy  in  a  police  patrol  situation 
in  which  the  time  until  a  crime  is  committed  is  taken  to 
be  a  random  variable  as  well  as  the  length  of  time  re¬ 
quired  to  carry  out  the  act. 
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P  (  T  )ff(  T  )  dt 


y)ff(s 


p  )ds 


Sinoe  the  above  description  hinges  on  the  target  becoming 
visible  at  y  (which  is  itself  a  random  variable  with  probability 
density  function  f(y))»  the  conditional  probability  of  de¬ 
tection,  conditioned  on  the  target  presence,  is  given  by 


P(T)  * 


P(S  -  y)ff(s  -  p)dSdy 


(15) 


For  an  N-region  search  situation,  the  problem  of  maxi¬ 
mizing  the  probability  of  detecting  the  target,  given  T  time 
units ,  is 


max 


£ 

i  -  1 


y)FF(s 


U ) ds  dy 


(16) 


N 

^  ^  n 


S.T. 
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The  following  special  cases  are  of  interest:  taking  f(y)  ae 
an  impulse  function  at  y  *  0  yields  the  model  of  Chapter 
setting  ff(t)  *  1  for  t  ^  0»  yields  the  situation  in  which 
the  target  arrives  late,  but  never  departs  (the  model  of 
Blackman  Q.9S9  )>.  In  this  chapter  h(t)  has  an  infinite  domain, 

situations  in  which  h(t)  or  both  f(t)  and  h(r)  have  finite 
domains  are  considered  in  Appendix  D. 

The  solutions  for  this  model  depend  upon  the  distributions 
of  the  time  until  detection,  visibility  period,  and  the  start 
of  the  visibility  period.  We  have  already  remarked  on  the 
appropriateness  of 

(a)  exponential  detectors 

(b)  an  exponential  distribution  on  the  length  of  the 
visible  period. 

vie  shall  consider  two  examples  of  start-time  distributions. 

Consider  first  the  uniform  distribution  of  starting 
times  in  the  ith  region,  given  by 

0  <  y  < 

u  >  si 

Referring  to  equation  15,  and  dividing  the  region  of  inte¬ 
gration  into  the  appropriate  parts  one  obtains^- 

Formulations  for  discrete  detectors  are  given  in  Appendix  B. 
Continuous  search  space  versions  of  the  model  are  discussed 
in  Appendix  C. 
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Note  that  the  limit  of  (17)  as  t  -►  ®  is 


lim  P  (t) 

t-*»  1 


kiPi 

--IT- 


> 


which  is  equal  to  the  limiting  result  for  the  model  of  Chapter 
3.  Finally  v;e  note  that  ^ir.ce 
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^  >  0  ,  t  <  s,  , 

5i  “  X 

92P(t)  r 

.  Vi^-<Vki>t(.<»i*ki>Si  .  ^  ,  t  „  gt  t 

the  conditional  detection  function  is  convex  until 
t  s  S.  and  concave  thereafter.  We  refer  to  this  type  of 

function  as  pa*udo~oonoava .  ^  Consider  next  the  situation  in 

which  the  start  of  the  visibility  period  is  exponentially  dis- 

“8 

tributed,  i.e.,  f(y)  =  8®  w  for  w  >,  0.  Employing  equation  15 
for  the  region  one  obtains 

t-U.+lOt  -Sit 

(6ie  *  ♦  Xj).  >  , 

1 - nrr-n-TTrrs - J 


p(t> 


assuming  6^  i  *  k^, 


C 18 ) 


kipi  T  0it  1 

-  •  (1  *  VU  . 


if  +  k^  . 


LThese  have  been  explored  by  Zahl  (1963)  and  Onaga  (1971); 
however,  no  attempt  was  made  to  provide  examples  of  search 
situations  which  would  yield  such  functions. 
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One  can  show  that  (assuming  t  +  k^) 


3  P(t) 


3t 


>  0  for  t  < 


-  T  *  ^  ♦  v  ln  (xphq)  • 


and  is  negative  for  t  >  T  . 


while  for  8i  =  +  k^,  the  point  T  is  given  by 


^  “  g .  =  mean  length  of  time  until  the  target  be* 
i  comes  visible. 


4.2  Allocation  of  Search  Effort  to  Maximize  the  Proba¬ 
bility  of  Detection 

4.2.1  Model  Solution 

Consider  first  the  situation  in  which  the  start  time  is 
uniformly  distributed  on  [0,S]  (see  equation  IV).  An  exact 
analytic  (explicit)  solution  for  this  model  cannot  be  attained.1 
The  structure  of  the  discrete  search  space  version  of  the  proo- 
lem  of  maximizing  the  probability  of  detection  under  a  con¬ 
straint  on  the  available  search  time  is  ideally  suited  for  a 

This  is  primarily  due  to  the  fact  that  for  T  <  S,  P(T)  does 
not  possess  an  inverse  function. 


dynamic  programming  approach.  Hence,  any  subsequent  numer¬ 
ical  results  for  this  model  (regardless  of  the  assumption 
on  start  times)  will  have  been  determined  via  dynamic  pro¬ 
gramming,  unless  otherwise  noted. ^ 

Several  important  features  can  be  determined  from  a 
marginal  analysis  of  the  model.  The  First  Allocation  Rule 
for  this  case  may  be  stated  as:  Choose  the  region  j  for 
which 

Piki 

s  max  —5 —  . 
l<i<N  &i 


While  we  are  unable  to  specify  an  analytic  solution  in  the 
more  general  situation,  it  is  possible  to  determine  the 
solution  provided  T  is  large  enough  so  that  t^  >  and 
t2  >  S2  in  the  2-region  case.  The  conditional  detection 
probability  can  be  written  as 


+ 


1 


Setting 


e‘Vki)Si  .  x 

di  *  ’ 


The  program  descriptions  and  listings  are  contained  in 
Appendix  E. 


which  is  a  constant,  we  note  that  the  above  function  differs 


from  that  of  the  previous  chapter  by  the  constant  d^  (inde¬ 
pendent  of  t^).  Accordingly,  the  techniques  discussed  in 
Appendix  A  are  applicable  here  and  obtains  for  the  2- 
region  case 


tl  "  A1  +  k1  +  \2  +  k2 

t  -  1 _ 

2  "  +  kx  +  \2  +  k2 


p2k2 A2 

P2k2d2 

Pl^?T 


Q2  +  k2)T 
(*!  +  k1)T 


I 

1 


(19) 

1 


Extension  to  the  N-region  case  is  also  easily  obtained  via 
the  results  of  Appendix  A. 

Consider  next  the  case  of  the  exponential  distributions 
leading  to  the  conditional  detection  functions  given  by  (18). 
The  First  Allocation  Rule  (FAR)  in  this  case  is  given  as: 
Choose  the  region  j  for  which 


pjk:s: 


max  p.k  6 
l<i<N  1  1  1 


We  also  note  that  as  +°°  for  every  j,  this  model  tends 

toward  that  of  Chapter  3.  An  interesting  property  of  the 

^Note  the  similarity  to  tne  optimal  alio  :  at  ions  for  the 
model  of  Chapter  3. 
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pseudo-concave  detection  function*  is  that  (in  the  case 
of  identical  regions)  one  doesn't  start  the  allocation  pro¬ 
cedure  by  dividing  the  search  effort  equally  among  the 
identical  regions  as  in  the  SKA  or  any  other  model  with  a 
concave  conditional  detection  function  (see  Figure  8). 

Again,  while  we  are  unable  to  determine  an  analytic 
solution  in  the  most  general  situation,  it  is  possible  to 
approximate  it  provided  one  can  make  the  following  assump¬ 
tions.  First  we  note  that  for  large  quantities  of  search 
effort,  (18),  under  the  assumption  (X  ♦  k)  >  8,  becomes 

(20) 

of  large 
becomes 

(21) 

0  >  X  ♦  k 
become 

(22) 


rm  Kp  fi  a  *  *>e'BT  1 

P(T)  •  rVhrL1  <>  ♦  m  -  e  J  • 

Also  if  one  has  (X  +  k)  >>  0  ,  then  the  requirement 
quantities  of  search  effort  may  be  dropped  and  (20) 

«T)  *  -  e*8T]  • 

Next  we  observe  that  in  the  situation  in  which 
or  6  >>  (X  +  k)  the  analogous  equations  (from  (18)) 

'  f  -(X+k)T  1 

P(T>  *  L1  ■  t  -  a  nd’ 


and 


P(T)  [l-e-“*k>*]. 


(23) 
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tJ 

In  An  N-reglon  search  problem,  there  are  2  possible  oases 
to  consider.  Here  we  shall  exhibit  one  possible  result  for 
the  2-region  situation. 

Certainly,  under  both  of  the  above  assumptions,  the 
resulting  optimization  problem  has  the  same  general  form 
as  those  studied  in  Appendix  A.  In  a  2-region  search  prob¬ 
lem  where  (X^  ♦  k1)  >  3^  and  32  >  (X2  +  k2),  one  obtains 
for  the  approximate  allocation  scheme 

ti  =  jp-  [ln  C'i/22]  *  <*2  *  k2)TJ  •  <2,() 

and  t2  =  T  -  t^.  Assuming  >  z2,  the  approximate  switch 
points  are  given  by 


where 


T*  =  ji  in  Czj/Sj]  , 


~rr 


and  z. 


k3*?<>2 

12  -  (A2  +  k2> 


The  results  for  the  other  three  cases  in  the  2-region  prob¬ 
lem  folxow  from  the  appropriate  substitutions  into  (24). 
Likewise,  the  extension  to  the  N-region  case  is  obtained 
via  the  results  of  Appendix  A. 

Assuming  that 

lim  —  ,  a  constant, 

T-mo  x2 
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for  the  2-region  case  in  which  ♦  k^ ,  one  obtains 

as  approximate  allocation  policies 


and 


t,  = 


pl 


t„  = 


t 


In 

*71 


♦  2  In 


Finally,  we  note  that  the  above  results  can  be  specia> 
ized  to  the  situation  in  which  the  target  arrives  at  some 
random  time  after  the  start  of  the  search  and  doesn't  leave 
or  become  masked.  One  need  only  choose  1.  !  0  in  each  of 
the  above  examples,  and,  in  general,- assume  that 

HCt)  s  1 i  for  t  >  0 . 


4.2.2  Comparison  with  the  Koopman  Model 
In  this  section  we  examine  the  situation  in  which  a 
partially  informed  searcher  applies  the  Koopman  policies  to 
situations  in  which  the  target  behavior  is  actually  char¬ 
acterized  by  the  random  interval  of  visibility  process. 
Recall  that  the  First  Allocation  Rule  for  the  Koopman 
search  problem  is 
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Choose  the  region  j  for  which 

p.k.  =  max  p.k.  » 

3  J  l<i<N  1  1 

while  for  the  uniform-s tart- time  model,  one  has  as  the  FAR, 


Choose  the  region  j  for  which 


p^k.  p.k. 

— =  max  -x — 
j  l<i<N  &i 


Thus  one  could  have  the  following  situations: 


(a)  p^^  >  P2k2  and  S1  >  S2’  w^^-ch  under  SKA  implies 


that  Region  1  is  selected  first,  but  under  the  FAR 

Prki 

for  this  model,  assuming  — * —  < 

bl 

selected  first. 


— ,  Region  2  is 
52 


Pikl  P2k2 

(b)  p-j^  >  P2k2  ’  13 —  ?  — 5 411(3 

(1)  for  T  e  CO  ,T^I 


1*  <  S,  ,  thus 


l*'l  ^  ’  s  '  ~~ s  "2’ 

no  error 

(2)  T  e  C1*,S^],  SKA  divides  effort  while  the  single 
interval  policy  allocates  to  Region  1  only. 

(3)  T  >  S^,  both  policies  divide  the  effort. 


Figure  4  illustrates  the  respective  policies  in  the  situ¬ 
ation  in  which,  for  T  sufficiently  small,  a  searcher  using 
the  Koopman  policies  will  place  all  the  search  effort  in  the 
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wrong  region.  It  also  illustrates  a  phenomenon  heretofore 
unencountered  in  the  search  literature ,  vis . ,  an  optimal 
policy  which  is  decreasing  with  increasing  total  available 
effort.^  In  the  example  shown,  the  optimal  policy  is  such 
that  for  small  values  of  search  time  all  the  effort  is 
placed  in  Region  1,  and  finally  for  larger  levels  of  search 
time  the  optimal  policy  begins  to  divide  the  time .  We  note 
that  the  Koopman  policy  is  nondecreasing  with  increasing 
effort,  as  shown  in  Figure  4.  Figure  5  is  a  plot  of  the 
percent  relative  error  in  the  probability  of  detection  when 
the  Koopman  policy  is  used  for  the  allocations  described 
in  Figure  4.  Note  that  for  the  levels  of  visibility  param¬ 
eters  of  Figure  4,  once  sufficient  search  effort  is  avail¬ 
able,  the  parameters  satisfy  the  conditions  noted  in  Sec¬ 
tion  3.2.2  for  agreement  with  the  Koopman  allocation — 
hence,  the  rapid  decay  of  the  error  function. 

One  can  make  use  of  the  analytic  expression  obtained 
in  Section  4.2.1  to  exhibit  an  approximate  error  function. 

For  2-regions,  one  obtains  as  an  approximate  error  expres- 

2 

sion, 


An  exception  to  this  statement  is  the  work  of  Kronz  (1971) 
conducted  simultaneously  with  this  effort  at  the  Systems 
Research  Laboratory,  The  University  of  Michigan. 

2 

Note  the  similarity  between  (25)  and  the  error  function  for 
the  model  of  Chapter  3,  equation  14. 
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Pikn 

e(t)  »  ~r-T-  • 

kl  *  X1 


.  p2k2*^ 
^T^TL 


(Xl+kl)k2T 

kl  4  ^2 

<X2+^2>klT 

‘  ’1c — TTc - 

*1  *2 


( A  KA2+k2)T 
Xl+^1+X2^k2 


J  <2S) 


(A1+k1>(x2+K2)T 

Xl^^l+X2+k2 


We  we  the  term  "approximate"  because  in  developing  the 
above  expression  it  was  assumed  that  the  total  available  effort, 
T,  was  allocated  as  follows  by  the  respective  policies: 


Koopman 


*1  *  fc^TTc- 


tj  a 


V1  2 


Single  Interval 


(X2  +  k2)T 

tl  ~  k2  ♦  A2  +  +  Ajl 

C  Ax  +  k1)T 

2  k2  +  A2  +  k1  +  A1 


(26) 


These  allocations  were  obtained  from  equations  19  by  neglect¬ 
ing  the  constant  terms. 

Considering  the  exponential-start- time  model,  recall 
that  the  First  Allocation  Rule  is 


Choose  the  region  j  for  which 


p.k.B.  =  max  p.k.0.  . 
333  It  i<N 


The  combination  of  differing  FAR  and  differing  switch  points 
can  1  ear)  to  the  following  situations  when  one  searches  ac¬ 
cording  to  the  Koopman  policy. 


(a)  Pjkx  >  p2k2,  a2  >  •1,  And  ^p^  <  $2p2k2,  thus  tha 
SKA  chooses  the  wrong  region  under  an  extremely  con¬ 
strained  search  time  situation. 

(b)  Or,  one  could  have  >  B2P2k2  and  Pj^  >  P2k2 

and 

T  >>  T*. 

In  this  case,  one  has 
<1)  t  c  [0,T*3,  no  error 

(2)  t  e  [T*,F),  a  division  of  effort  under  SKA,  all 
effort  in  region  (1)  under  the  optimal  policy, 

(3)  t  e  [T,«> ,  a  division  of  effort  under  both 
policies. 

Figure  6  is  a  plot  of  percent  relative  error  in  the  prob¬ 
ability  of  detection  under  the  SKA  policy,  and  Figure  7  gives 
the  probability  of  detection  under  the  optimal  policy. 

Figure  6  presents  the  results  of  an  analysis  on  the 
effects  of  variations  in  the  rates  of  the  process  control¬ 
ling  the  length  of  time  until  the  target  becomes  visible. 
Observe  that  as  the  respective  rates  decrease,  the  percent 
relative  error  c:rve  increases  everywhere;  and  that  in  each 
case,  a  searcher  using  the  Koopman  policy  chooses  the  wrong 
initial  region.  Also  note  that  ac  T  “  T*,  the  Koopman 
policy  begins  to  allocate  some  effort  to  Region  1  and  the 
relative  error  function  begins  to  decrease.  Figures  6  and  7 
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Figure  6  —  Error  Function  Sensitivity 


Probability  of  Detection 
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enable  one  to  determine  the  actual  magnitudes,  of  these 
errors,  in  every  case  the  limiting  value  of  the  probabil¬ 
ity  of  detection  is  0.2265  (obtained  from  equation  (16) 
when  T  -*■  «) . 

Figure  8  contains  some  results  which  are  character¬ 
istic  of  the  pseudo-concave  detection  functions  for  the 
random  interval  model.  The  figure  depicts  the  optimal 
allocation  policy  for  a  4-region  problem  in  which  the 
regional  search  parameters  are  identical.  The  Koopman 
policy  in  this  situation  divides  the  search  time  evenly 
among  the  regions,  but  in  the  random  interval  model  such 
is  not  the  case.  For  the  2-region  case  in  which 

*  ^1^  ^  $i »  $2  ^  ^2  *  ^2  ^  ’ 

and  T  is  large,  one  obtains  the  following  approximate  error 
function1 


E(T)  = 


p,k 


11 


Pok 


2  2 


k2  ♦ 


6l^2T 

*7*7  -  e' 

(l2+k2)klT 


®1 ^  ^2+k2 ^ ^ 

6l+Vk2 


(27) 


0l(A2+k2)T 


-  e 


+  k^  as  the  combined  detection  rate  un- 


One  can  interpret 
der  the  visibility  process,  hence  l/U^k.)  is  the  conditiona 

mean  time  until  detection,  conditioned  on  detection  occuring 
m  uhat  region.  Thus  the  approximate  allocation  policies 

alWK?S  de5ermin?d  fay  using  the  smaller  of  the  two  rates, 
the  combined  detection  rate,  and  the  rate  for  the  start  of 
the  visible  period. 


•rl 

♦» 


OJ 
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Again,  in  deriving  the  above  expression  it  was  assumed  that 
the  total  search  time  T  was  allocated  as  follows  by  the  re¬ 
spective  policies  (see  equations  24): 

Single  Interval 


Koopman 

kjT 


tl  “  kx  +  k2 


kLT 


t2  “  it;  tx 


(x2  ♦  k2)T 
$1  +  <X2  ♦  k2> 


,  .  BlT 

2  6i  +  (X2  + 


(28) 


Equation  27  can  be  used  to  study  the  sensitivity  of  the  error 
function  to  changes  in  the  search  parameters  as  well  as  to 
determine  the  amount  of  search  time  required  to  reduce  the 
error  function  to  some  specified  value. 

Figure  9  is  an  example  of  the  situation  in  which  the 
proper  combination  of  parameters  cam  yield  an  error  function 
which  continues  to  increase  over  a  large  range  of  total 
available  search  effort.  In  Figure  9,  one  has  >  8^^ 

and  *2  +  k2  >  *ience»  as  we  ^ave  already  observed,  the 
approximate  long-term  allocations  become 


I 


a 


li 

t—j 


i  -i 


I  i 


I  » 


*  *  i 


8  2  ^1 

+  B2  t  and  t2  =  8 2 


which  for  this  situation  are  tne  reverse  of  the  long-term 
Koopman  allocation  policy.  In  other  words  the  dominant  pro¬ 
cess  in  this  example  is  the  length  of  time  until  the  target 
becomes  visible. 


4.8.3  Model  Sensitivity 

In  this  section  we  present  the  results  of  an  analysis 
of  the  sensitivity  of  both  the  optimal  policy  and  its  assoc¬ 
iated  return  to  changes  (or  errors)  in  the  visibility  par¬ 
ameters.  The  approximate  allocation  policies  (equation  26) 
and  the  resulting  returns  obtained  in  Section  4.2.2  are  used. 
Thus  we  are  implicitly  assuming  that  sufficient  search  time 
is  available  for  these  approximations  to  hold. 

As  was  noted,  the  optimal  policy  for  the  uniform  start 
time  model,  under  the  assumption  that  T  >>  1,  is  identical 
to  that  for  the  model  of  Chapter  3.  Hence  we  need  only  con¬ 
sider  the  exponential  start  time  model. 

For  the  exponential-start-time  model,  the  sensitivity  of 
the  optimal  allocations  is  determined  from  the  approximate 
solution.  For  the  example  of  this  section  (i.e.,  (X^  +  k^)  >  0^ 
and  02  >  (X2  +  k2 ) ) »  one  has  the  following  partial  derivatives: 


Since  the  t^  are  linear  functions  of  the  total  available  search 
effort,  the  sensitivity  of  the  optimal  allocations  to  the  visi¬ 
bility  parameters  increases  with  increasing  available  search 
effort.  In  view  of  the  assumptions  required  for  the  approximate 
solution,  i.e.,  1]  +  >  6^  and  02  >  X2  *  k2 ’  ^or  a  *^xed 
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level  of  search  time,  the  optimal  policy  will  be  highly  sensi¬ 
tive  to  changes  in  the  relevant  visibility  parameters  Aj  an^  83/ 
The  ramifications  of  the  sensitivity  of  the  optimal  policy 
must  be  evaluated  in  light  of  the  robustness  of  the  return 
function,  since  we  are  only  considering  situations  in  which 
Che  total  search  time  is  large  enougn  to  permit  one  to 
utilize  the  approximate  solutions.  Accordingly,  the  partial 
derivatives  of  the  return  function  with  respect  to  the  visibility 
parameters  are  given  by 


aP(T) 
93 


(a2  +  *2>  t 


^ x  2+K2  > 
el+X2k2 


1  (3j_  +  A^  +  k2) 


Plkl  +  P2k2 


X1  +  kl  X2  +  k2 


>  0 


6l(Xl+kl)Tv 


3PvT) 
3  Xo 


P2k2  (  X  2  ^k2  1  \  3 1^2 

(X2  +  k2)2  '  '  &i  +  x2  + 


Plkl 


p,k 


2  2 


\1  *  X2  ♦  k 


31(X2+k2)T 

3^  +  ^2  +k2 


As  T  oo ,  one  has 


aP(T)  a 
33j_ 


0  and 


aP(T) 
3  A  2 


?2k2  _ 
<X2  *  k 2)2 


Intuitively,  the  signs  of  these  partials  are  reasonable  since  (a) 
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in  creasing  decreases  the  mean  time  until  the  target  be¬ 

comes  visible  in  the  first  region  allowing  (in  a  fixed  total 
time  T>  more  time  for  searching  while  the  target  is  visible, 
thus  increasing  the  probability  of  detection ,  (b)  increasing 
X2  has  just  the  opposite  effect  in  region  2,  thus  reducing 
the  overall  probability  of  detection.  Thus,  although  the  optimal 
policy  becomes  increasingly  sensitive  to  changes  in  the  visi¬ 
bility  parameters  with  increasing  search  time,  the  sensitivity 
of  the  return  function  is  limited  by  the  above  expressions. 

Hence,  beyond  a  certain  level  of  search  effort,  no  matter  how 
great  the  changes  in  the  optimal  policy  due  to  changes  in  the 
A^  the  change  in  the  optimal  return  is  essentially  constant. 
Thus  whenever  X  and  k  are  large  it  is  robust. 

Suppose  the  searcher  had  some  means  of  controlling 
the  visiblity  parameters  with  an  associated  cost,  but  not 
eliminating  them.  The  above  expressions  yield  the  loss  or 
gains  in  the  return  function  per  unit  change  in  these  para¬ 
meters.  On  the  other  hend,  the  decision  maker  could  weigh 
this  action  against  that  of  using  additional  search  time  and 
then  determine  the  most  cost-effective  option.  To  illustrate 
the  relative  magnitudes  of  these  partial  derivatives,  we  con¬ 
sider  the  search  situation  deteimiined  by  F  =  (2/3,  1/3), 

IK  =  (1,  .1),  A  =  (1,  .1),  3  =  (.1,  1),  one  has  then 
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8P(T)| 

“5^7 


=  -0.122  and 
T*20 


»  44.4 
T*20 


» 


3P(T) 

"TFT" 


*  1.18  . 
T=20 


Thus  in  situations  in  nhich  the  detection  and  visibility 
rates  are  low,  both  the  optimal  policy  and  return  are  sensi¬ 
tive  to  changes  in  the  visiblity  parameters. 

Appendix  F  contains  the  description  and  results  of  a 


numerical  study  of  the  error  function  over  the  entire  range 
of  total  available  search  effort  in  contrast  to  the  above 
study  of  the  approximate  results.  These  results  are  briefly 
summarized  as  follows.  In  contrast  to  the  models  of  Chapters 
2  and  3 , 

(a)  the  use  of  the  Koopman  policy  will  not  be  adequate 
in  situations  in  which  the  visibility  conditions 
are  homogeneous  across  the  regions  of  interest, 

(b)  the  error  function  is  not  reduced  by  increasing 
the  available  search  time  to  some  realistic  level, 

(c)  the  maximum  errors  do  not  occur  in  situations  in 
which  the  total  available  search  time  is  highly 
constrained  (i.e.,  less  than  or  equal  to  the 
Koopman  switch  time). 

(d)  the  availability  of  extremely  good  detectors  (high 
rates)  wil)  not  imply  that  the  Koopman  policy 
will  yield  small  errors. 

These  results  imply  that  the  decision  maker,  in  general,  must 
obtain  accurate  estimates  of  the  visibility  parameters  in 
order  to  conduct  an  effective  search,  since  his  option  of 
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in  creasing  the  available  search  time  may  no  longer  be  cost- 
effective. 

4.3  Minimization  of  tha  Expaotad  Tima  Until  Dataotion 

4.3,1  Modal  Solution 

In  its  most  general  form  this  model  has  the  property 
that  the  limiting  value  of  the  probability  of  detection  under 
the  optimal  policy  is  less  than  unity.  Thus  the  expec¬ 
ted  time  to  detect  the  target  increases  without  limit. 

However,  one  can,  as  in  Section  3.3.1,  consider  the  con¬ 
ditional  expected  time  until  detection,  conditioned  on  de¬ 
tection  occurring.  We  consider  first  the  special  case  in  which 
the  target  may  arrive  (or  appear)  at  some  random  time  after 
the  start  of  the  search  and  remain  (stay  visible).  From  the 
general  expressions  of  the  detection  probabilities  of  Section 
4.1  we  observed  that  for  T  -*•  the  limiting  value  of  the 
probability  of  detection  is  unity.  For  the  purpose  of  the 
following  discussion,  we  restrict  attention  to  this  case. 

Recall  the  discussion  of  the  early  results  of  Dobbie 
(1963)  in  Chapter  1.  Namely,  that  one  can  always  ex¬ 
press  the  expected  time  until  detection  as 

E  =  f  (1  -  P($(T))dT, 

i 

where  P(T)  *  probability  of  detection  under  the  allocation 
policy  $(T).  If  $(T)  is  nondecreasing  in  T,  and  maximizes 
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P($(T))  for  each  value  of  T,  it  also  is  the  optimal  policy 
for  the  expected  time  problem.  From  the  examples  of  Section 
4.2.2,  we  recall  that  the  optimal  policies  for  the  maximi¬ 
zation  of  the  probability  of  detection  did  not  necessarily  have 
the  property  that  the  amount  allocated  a  given  region  was  non¬ 
decreasing  as  a  function  of  the  available  search  effort  (see 
Figure  *♦>.  The  reason  for  this  was  the  fact  chat  the  detection 
functions  for  this  model  are  pseudo-concave.  Thus  from  the 
above  we  may  conclude  that  the  optimal  allocation  policies 
for  the  two  search  objectives  are  different,  at  least  for  small 
values  of  search  effort. 

How  then  does  one  generate  the  optimal  policy  for  the 
expected  time  problem  in  this  situation?  Intuitively,  it  is 
clear  that  the  two  policies  will  have  to  agree  almost  every¬ 
where.  Onaga  (1971)  studied  the  most  general  form  of  the  ex¬ 
pected  time  problem.  As  a  result  of  his  work,  one  may  obtain 
the  optimal  policy  by  solving  the  problem  of  maximizing  the 
probability  of  detection  using  a  modified  form  of  the  detec¬ 
tion  function.  In  particular,  the  form  used  is  the  "minimal  con¬ 
cave  majorant  "  of  ths  detection  function  which  is  constructed 
as  follows.  Graphically  the  majorant  function  for  a  pseudo¬ 
concave  function  (dasheu  curve)  is  shown  as  the  solid  curve  in 
the  figure  below. 

^This term  was  apparently  defined  by  Stone  (1971)  since  it  is 
not  widely  used  in  the  mathematical  literature. 
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Figure  10.  Minimal  Concave  Majorant 


The  point  T  is  of  some  interest  since  the  composite  curve 

A  A 

formed  by  the  straight  line  from  the  origin  to  (T,  P(T)) 

and  the  curve  P(T)  for  T  >  T  is  the  minimal  concave  majorant 

A 

for  the  entire  function.  T  is  determined  by  observing  that  the 
straight  line  of  Figure  10  has  the  form 

P(T)  =  P  (T)T  ,  (29) 

i:i  order  that  it  be  tangent  to  the  curve  P(T)  at  T  =  The 
solution  of  (29)then  yields  T.  In  the  event  one  has  to  re- 

A 

sort  to  numerical  techniques,  a  lower  bound  on  T  exists,  name¬ 
ly,  the  upper  bound  on  the  region  cf  convexity  for  the  detection 
function  ,  T. 

The  modified  optimization  problem  which  yields  the  optimal 
policy  for  the  original  expected  ti:ae  problem  is 
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Li 
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Max  P(T)  « 


N 

£ 

i*l 


\ «-  ri 


p' 


(SO) 


N 

i.T. 


i*l 


\  >  0  , 


for  all  T  >  0. 


The  solution  is  obtained  by  applying  the  Kuhn-Tucker  (K-T) 
conditions  to  the  above  concave  programming  problem.  First 
the  K-T  conditions  require  that  for  the  optimal  solution, 
when  T  <  Min  (T^)  (where  ¥  is  the  Kuhn-Tucker  multiplier) 


P.CT.)  a  P\ (t.)  s  * 


for  all  >  0,  and  when 

N 

min  (TV)  <  T  <  ^  T^  , 

i=  1 


P^C^)  -  v  =  P*j  CTj ) 

for  some  j  for  which  The  last  statement  implies  that 

once  one  starts  allocating  according  to  the  FAR,  say  in  the 
ith  region,  one  continues  to  allocate  to  that  region  until 


when 


t 


pi‘V  s  pi<V' 

A 

£  i  T^.  Then  one  begins  to  place  all  the  additional 
into  the  next  region,  j.  This  process  is  repeated 


time 
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untll  that  value  of  total  available  time,  T,  is  attained 
such  that  the  optimal  policy  has  the  property  that 

ti » 

for  every  i.  Note  this  procedure  is  utilized  to  determine 
the  allocation  policy,  the  return  for  that  policy  is,  of 
course,  obtained  by  substituting  the  policy  into  the  original 
problem. 

To  briefly  summarize,  we  have  discussed  the  procedure 

for  solving  the  expected-time  problem.  Algorithmically, 

* 

1.  Solve  equation  29  for  the  ,  i  s  1,2,...,N. 

2.  Solve  the  maximization  problem  (equation  30)  for  all 
T  >  0. 

3.  Using  the  results  of  Step  (2),  form 


(1  -  P(T))dT  . 


In  the  following  paragraphs,  we  discuss  the  approach  t.iker 
in  each  of  the  above  steps.  The  solution  of  equation  29  re¬ 
quires  that  one  solve  a  sex  of  equations  for  the  models  of 
this  chapter.  Tirst,  the  situation  in  which  the  distribution 
on  the  start  of  the  visible  period  is  uniform  on  (0,S)  yields 
the  following  equation  in  T,  for  the  i  n 


region , 
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Ti  *  1  ;xt*k~,rr — rrrnrjf  -4;,  Ki  • 

'(o  1  1  ‘-lie  1  1  i  ’  1  1 

For  the  exponentially-distributed-s tart-time  models,  one 
obtains 


(a)  (A.  +  ki)  i  6. 


T  = 


rTT-nrr 


(A.+k.)T 


ill 


♦  (A.+k^  • 


-C6.-(A,+k,)T 


(8^T  +  l)e 


Cb>  (Ai  +  ki)  =  ei 


'  0i 


T  =  i-(e“T  -  3?T2  -  1) 

Bi  1 

Since  the  above  expressions  were  derived  from  the  pseudo-concave 
detection  functions  of  this  chapter  we  are  assured  of  positive 

A 

roots,  other  than  T  =  0.  ' 

A* 

Having  obtained  the  T\  for  each  region,  we  solve  the  re¬ 
sulting  maximization  problem  using  dynamic  programming.  The 
very  nature  of  a  dynamic  programming  solution  allows  us  to 
obtain  the  optimal  policy  for  all  values  of  T  up  to  some  maxi¬ 
mum,  say  T 

max 

Finally,  the  output  from  Step  (2),  the  value  of  the  prob¬ 
ability  of  detection  for  each  level  of  total  effort  using  the 


Appendix  E  contains  the  program  listings  for  these  com¬ 
putations  . 
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above  policy,  becomes  the  input  to  a  numerical  integration 
routine  in  order  to  compute  the  resulting  expected  time  until 
detection. 

There  are  two  types  of  errors  in  this  procedure:  the 
first  is  the  error  in  using  numerical  quadrature;  and  the 
second,  possibly  more  important  error,  is  that  obtained  from 
the  restriction  of  the  region  of  integration  to  the  range 
[0,Tmax].  Since  expressions  for  the  first  type  of  error  are 
readily  obtained  (Brand,  1950),  we  shall  make  some  observations 
concerning  the  second  error  source.  In  Section  4.2,  it  was 
observed  that  the  asymptotic  form  of  the  expression  for  the 
probability  of  detection  was  exponential  in  nature  (See  equa¬ 
tion  22),  the  rate  being  a  function  of  the  search  parameters. 
Given  these  facts,  it  seems  reasonable  to  assume  that  one  may 
readily  determine  an  £  such  that 


e~^T  >  i  _  p(T)  for  T  >  T 

n\6tx 

Then  the  following  relationship  holds 
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Thus  the  above  expression  forms  an  upper  bound  on  the  second 
source  of  error  in  the  numerical  procedure.  Of  course ,  if 
we  specify  an  upper  bound  for  this  source  of  error,  say  e, 
then  one  may  solve  for  the  corresponding  value  of  Troax,  e.g.» 

Tmax  »  =|  ln  <««>  ‘ 

Finally,  if  one  removes  the  assumptions  made  at  the 
beginning  of  this  section,  i.e.,  that  once  the  target  appears 
it  remains  visible,  then  the  expected  time  to  detect  the  tar¬ 
get  increases  without  limit  under  the  optimal  policy.  How¬ 
ever,  if  we  restrict  our  attention  to  the  conditional  expected 
time  to  detect,  conditioned  on  detection  occurring,  then  one 
can  use  the  above  procedure  to  determine  the  optimal  allocation 
policy  and  the  resulting  value  for  the  conditional  expected 
time  until  detection. 

4.3.2  Comparison  with  the  Koopman  Model 

The  procedure  lust  outlined  can  also  be  utilized  to 
determine  how  the  Koopman  allocation  policies  perform  when 
minimizing  the  conditional  expected  time  until  detection. 

That  is,  one  generates  the  values  of  the  objective  function 
for  the  problem  of  maximizing  the  probability  of  detection 
using  the  Koopman  allocation  policy  for  increasing  levels  of 
total  available  search  time,  then  carries  out  the  numerical 
integration  required  to  compute  the  conditional  expected  time 
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until  detection*  conditioned  upon  detection  ultimately 
occurring.  Table  7  contains  the  results  of  a  study  of  the 
sensitivity  of  the  Koopman  policy  to  changes  in  the  detec¬ 
tion  rates  for  a  2-region  search  situation  in  which  the 

(a)  searcher  has  the  maximum  uncertainty  in  the  tar¬ 
get's  location  (p.^  =  P2>,  and 

(b)  visibility  parameters  are  identical. 

Observe  that  the  error  (the  ratio  of  the  conditional  expec¬ 
ted  times  until  detection)  is  minimized  in  the  situation  in 
which  the  detection  rates  are  identical.  Furthermore,  when 
the  detection  rates  are  large  relative  to  the  visibility 
rates,  the  error  is  acceptable.  Finally,  the  significant 
errors  occur  in  the  situation  in  which  the  detection  rates 
are  unequal1. 

4.4  General  Single  Interval  of  Visibility  Model 
4.4.1  Deeoription 

In  this  section  we  consider  the  situation  in  which  the 
target  may  be  either  visible  or  masked  with  respect  to  the 
searcher  whenever  the  latter  enters  the  appropriate  region. 
The  probability  vector  describing  these  target  states  is 


1 - - - 

The  reader  is  referred  to  Figure  21,  b.3.2  for  a  comparison 
of  the  late-arrival  version  of  the  single  interval  model  to 
the  analogous  multiple  interval  models.  In  addition,  Sec¬ 
tion  F.4  contains  the  maximum  errors  and  their  times  of 
occurrence  for  the  parameters  of  Table  7,  as  well  as  other 
combinations  of  parameters. 


Table  7 


The  Sensitivity  of  the  Conditional  Expected  Time 
Until  Detection  to  the  Detection  Rates  for  the 
Random  Interval  Model 


Ratio  of  Conditional  Expected  Times  Until  Detection 


.1  1. 


.1  28.9  30.1 
1.  30.1  20.3 


The  conditional  expected  time  until  detection  under  the 
optimal  policy,  where  =  p2  •  1/2,  ^  s  ^  : 
and  8^  =  82  =  0.1. 


liZZIZl 
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1T  =  (11,1-11),  where  II  is  the  visibility  probability  and  l-II  the 
masking  probability.  The  vector  !T  is  assumed  known  for  each 
of  the  regions  of  interest.  One  might,  for  example,  consider 
lj  =  (Ilj,  1  -  Ilj)  to  be  a  vector  representing  environmental 
conditions  affecting  the  searcher’ s  detection  gear.  Physically, 
the  single  interval  of  visibility  could  represent  the  length 
of  time  required  for  the  target  to  become  aware  of  the  sear¬ 
cher’s  presence.  As  an  example,  consider  the  scenario  of  a 
search  for  a  submarine.  The  masked  state  is  generated  by 
the  fact  that  the  submarine  may  not  have  arrived  on  station 
at  the  time  at  which  the  search  begins.  The  visible  period 
could  be  generated  by  his  length  of  time  on  station.  The  vec¬ 
tor  IT  represents  the  searcher’s  prior  probability  on  whether 
or  not  the  target  is  on  station  yet;  the  vector  P,  the  search¬ 
er's  prior  probability  on  target  location. 

In  general,  the  target  is  visible  with  probability  n  upon 

the  entry  of  the  searcher  into  the  appropriate  region.  Given 

that  the  target  is  visible,  then  one  has  from  Chapter  3  that 

the  conditional  probability  of  detection,  given  that  t  time 

units  are  spent  searching,  is 

t 

P(t)  -  f  p  (tM  (x)dx  . 


On  the  other  hand,  given  that  the  target  j.s  masked  upon  the 
searcher's  entry,  one  has  that 


p(t) 


where 


f  (u)M  (t  -  u)du 


M(t-u) 


( s-u)FT(s-u)ds  • 


Then  for  the  ith  region,  we  have  that  the  probability  of  de¬ 
tection,  given  t  time  units  spent  searching,  is 


^(t)  s  P,.  n ^ i( t )  +  (1  -  IK)  fi(u)Mi 


(t  -  u)du 


2  pi  nif  Pi<‘')Hi(t)dt  ♦  (1  -  ni)  f  fi(u)Mi(t  -  u)du 


(31) 


4.4.2  Model  Solution 

Let  n  =  (nx,  ...,  nN)  be  a  vector  containing  the  proba¬ 
bilities  that  the  target  is  visible  at  the  start  of  the  search 
in  each  region.  We  shall  consider  the  example  of  Section  4.2 
in  which  the  lengths  of  visible  periods  and  the  times  until 
the  start  of  the  same,  given  that  the  target  is  not  visible 
with  probability  1  -  IK,  are  exponentially  distributed. 

For  fK  t  (A^+k^)  the  probability  of  detection  under  these 
assumptions  is 
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and  for  B =  X  ^  + 


(33) 


These  detection  functions  are  either  strictly  concave  or 
pseudo-concave,  i.e.,  convex  until  some  point,  T,  and  con 
cave  thereafter.  For  equation  32  the  convex  region  is 


t,-  < 


Bi 


-  (X  +  k  z) 


in 


(  <i  -  n-i  >Si2  1 

\TT  *  kiHBl  -  njUj  *  k“nf  ' 

'  (34) 


In  the  event  the  right-hand  side  is  less  than  or  equal  to 
zero,  the  detection  function  is  strictly  concave.  For  equa 
tion  33,  the  condition  for  pseudo-concavity  becomes 

1  -  2W{ 

ti  I  ^<i  -  nV) 


<  ib) 
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The  First  Allocation  Rule  (FAR)  for  this  model  is 
Choose  that  region  j  for  which 


It 


j 


max  p .  k.n  j 
1<  i<N  1 


Note  that  this  is  the  Koopman  FAR  weighted  by  the  probability 
that  the  target  is  visible.  For  smali  values  of  T,  the  rule 
becomes : 


Choose  j  such  that 

Fj  kjn  j  ♦  pj  HjKgjQ  -  Jlj)  -  n .  (X  .  ♦  **)) 


=  max 
l<i<N( 


j Pikini  ♦  Pi^TCSiCi  -  V  -  n^Xj  .  k.)>j 


If  ni  is  viewed  as  the  limiting  probability  of  an  al¬ 
ternating  renewal  process  (the  states  being  the  visible 

/  0i 

and  masked  conditions  of  the  target),  then  Hi  =(3 — p — r— 

\0i  Ai 

In  this  case,  it  can  be  shown  that  the  detection  functions 
are  concave. 

Where  the  detection  functions  arc  concave,  the  switch 
time  T*  (from  region  1  to  2)  is  determined  from  the  solution 
of 


^See  Section  5.2.1  for  the  proof  of  this  assertion.  The 
situation  in  which  the  visibility  process  is  modeled  as 
an  alternating  renewal  process  is  treated  in  Chapter  5. 
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PJT*)=  p2*2n2 


The  extension  of  these  ideas  to  N-regions  basically  involves 
the  solution  of  the  Kuhn-Tucker  conditions  for  the  N-region 
problem. 

Again,  we  can  specify  an  approximation  for  large  values 
of  T,  the  total  available  search  time.  Since  this  model  is 
a  weighted  combination  of  the  two  previous  ones,  the  condi¬ 
tions  for  an  approximate  solution  are  similar  to  those  already 
given  by  equations  20-23.  Consider  the  2-region  example  of 
the  previous  section  wherein  (A^  +  k^>  >  6^  and  62  >  (A2  ♦ 
kj).  The  conditional  detection  functions  are  then  approxi¬ 
mated  by 


P1(V 


n,k  P  /  (A,  +  k  )  eSltl\  p  k 

Ax  +  kx  +  Q  "  I11)  y  "  U\l  *  kx>  -  BXJ  J  kj  ♦  Ax 


P2(V 


Hjk jP  2 

XT  ♦  k. 


(l 


- ( A2+k2 ) t2 
e  ) 


+ 


ci— n2)p2k2 

*2  +  ~  2 


-( A2+k?)t2 

e2e 

e2  -  (X2  ♦  k?y 


One  obtains  then  fo"  the  approximate  allocation  scheme 


1  =  +  A2  ♦  k  2  |lnCui/^2'1  +  (A2  +  k2)T  | 


C  36) 


t2  =  T  ‘  tl  * 
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where 


h 


P2n2k2  * 


(1  -  n2)p2k262 

[&2  -  (X2  ♦  k^-1 


and 


U, 


(1  -  n1)k1P1B1 

♦  ki)  -'V  • 


4.4.3  Comparison  with  the  Koopman  Model 

In  this  section,  we  examine  the  situation  in  which  a  par¬ 
tially  informed  searcher,  being  aware  of  the  results  of  Koop¬ 
man  (which  assume  continuously  visible  targets),  applies  them  to 
situations  in  which  the  target  behavior  is  actually  charac¬ 
terized  by  the  random  interval  visibility  process. 

The  different  FAR,  can  lead  to  the  erroneous  selection 
of  the  initial  region  to  receive  the  search  effort,  and  the 
differing  switch  points  can  influence  the  shape  of  the  error 
function.  Figures  11  and  12  illustrate  some  of  these  remarks. 
Figure  11  contains  the  results  of  a  parametric  study  of  the 
effects  of  the  prior  probabilities  on  whether  or  not  the  target 
is  visible  (present)  at  the  start  of  the  search.  The  results 
indicate  that  the  greatest  errors  in  using  the  Koopman  policy 
occur  whenever  it  is  highly  probable  that  the  target  will  be 
masked  (or  not  present)  at  the  start  of  the  search.  The  lim¬ 
iting  case  of  the  single  interval  process  is  shown  and  repre¬ 
sents  the  worst  situation  in  verms  of  the  use  of  the  Koopman 
policy.  Mote  that  as  the  IT  -*•  1,  the  maximum  percent 
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Figure  11  -  Sensitivity  to  the  visibility  Parameters 
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ralativa  errors  dscrsass,  but  the  rate  of  decay  of  the  error 
function  is  also  decreasing.  The  decision  maker  who  cannot 
estimate  the  visibility  parameters  will  be  concerned  in  such 
situations ,  since  the  lower  rates  imply  that  the  option  of 
increasing  the  available  search  effort  to  reduce  the  errors 
in  using  the  Koopman  policy  may  not  be  cost-effective. 

Figure  12  displays  the  effects  of  variations  in  n's 
on  the  optimal  policies  used  in  the  determination  of  Figure 
11.  The  higher  the  likelihood  that  the  target  is  masked  at 
the  start  of  the  search,  the  greater  the  length  of  time  spent 
in  region  1,  for  any  fixed  level  of  total  available  effort. 
Note  that  the  Koopman  policy  (which  is  determined  from  k's), 
under  large  quantities  of  available  search  time,  allocates 
the  majority  of  the  search  time  to  the  second  region. 

The  approximate  allocation  policies  given  by  equation 
36  give  rise  to  an  approximate  difference  in  the  probability 
of  detection  under  the  two  policies,  optimal  and  the  Koopman, 
as  a  function  of  time.  For  the  conditions  given  on  page  144, 
one  obtains 
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E(T.  >  = 


(1  -  V*!*!  J  \  **x 


*1  *  *1 


h-rr^it 


*i*2T  B1<X2*)c2)T 

srrnrr*  ’ij^r^rp  l 

^  -  •  f 


(X2+^2>^1T 


*  \e 


-  e 


gl(X2*k?)T 

(X  2+k2+8^)  V ^ 2 ^2^ 2 

\TTT-k. 


“a  -  n2)k2p2" 

r 

02 

a2  +  k^X" 

&2  ~  (X2  +_k2T 

We  observe  that  the  sensitivity  results  of  this  model  are 
weighted  combinations  of  the  sensitivity  results  of  Sections 
3.2.3  and  4.2.3. 

Appendix  F  contains  the  description  and  results  of  a 
numerical  study  of  the  error  function.  These  are  summarized 
below.  It  was  noted  that  the  Koopman  policy  can  be  used  ef¬ 
fectively  in 

(a)  the  homogeneous  detector,  homogeneous  visibility 
parameter  scenario,  and 

(b)  situations  in  which  the  mean  time  to  detect  is 
much  less  than  the  mean  length  of  the  visible 
period . 

The  values  of  n,  the  prior  probability  vector  on  target  visi¬ 
bility  at  the  start  of  the  search,  are  of  importance  here. 
Since  for  JI^  •*  1,  the  general  model  reduces  to  the  model  of 
Chapter  3,  which  has,  under  the  Koopman  policy,  errors  when 
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T  is  small.  If,  on  the  other  hand,  -*■  0 ,  one  has  the  ran¬ 
dom-interval,  random-start- time  model  which  may  have  signi¬ 
ficant  errors  when  T  is  large  under  the  Koopman  policy. 


Chapter  5 


MULTIPLE  PERIODS  OF  VISIBILITY 


In  this  chapter  we  consider  the  situation  in  which  the 
target  may  exhibit  alternate  periods  of  visibility  and  in¬ 
visibility  during  the  time  which  the  searcher  spends  in  the 
appropriate  region.  As  noted  in  Chapter  1,  this  type  of  pro¬ 
cess  can  be  used  to  characterize  the  behavior  of  a  submarine 
on  patro?  within  a  region;  a  patrol  moving  through  rugged 
terrain,  foliage,  etc.;  a  school  of  tuna  or  other  fish.  In¬ 
itially,  a  simple  Markovian  visibility  model  is  introduced 
for  pedagogical  purposes.  Next  the  target's  behavior  is 
characterized  as  an  alternating  renewal  process .  The  inter¬ 
action  between  the  target  and  the  searcher  is  characterized 
as  a  Markov- renewal  process.  Having  characterized  the  de¬ 
tection  processes,  we  then  study  the  problem  of  maximizing 
the  probability  of  detection  under  a  constraint  on  the  avail¬ 
able  search  time  for  certain  special  cases.  Finally,  the 
minimization  of  the  expected  time  until  detection,  given  un¬ 
limited  search  effort,  is  investigated. 

5.  1  Description 

5.1.1  A  Simple  Markovian  Model  of  the  Multiple  Interval 
Process 

Assume  that  we  are  searching  for  a  stationary  target 
located  in  one  of  N  regions  with  prior  positional  probability 
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vector  P.  Within  the  region  containing  the  target,  the 
visibility  process  is  going  on  with  transitions,  according 
to  the  matrix 


Visible 

Masked 


Visible  Masked 


between  the  visible  and  masked  states  occurring  at  fixed,  known 
time  intervals.  The  presence  of  the  searcher  within  the  re¬ 
gion  in  which  the  target  is  operating  induces  an  absorbing 
state  which  is  the  detection  state.  The  transition  matrix 
for  this  new  process  is 


Visible  Masked  Detected 

Visible 

Masked 
Detected 

where  is  the  probability  of  detection  within  the  it^ 
subregion. 

Assume  that  a  total  of  M  glimpses  are  to  be  optimally 
allocated.  We  allocate  nij  glimpses  to  region  j,  then  seek 
the  probability  of  absorption  (detection).  Let  f^n^denote 
the  first  passage  probability  from  state  i  to  state  j,  and 
Xn  denote  the  state  at  the  nt^  transition,  i.e., 
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f±j(n)=  Pr{xn  =  j,  i  j,  m  =  1,  ....  n-l|XQ  =  i}  . 


/  n  \ 

We  can  express  P^..  '  ,  where 


*  Pr{x„  *  3|X0 * 4  • 


as 


(K) 


p  (n)  .T'  f  Cn-K)  p 
ij  "  Z-J  ij  ij 

K=0 

where  f  ^  ^  =  0.  Let  3  denote  the  absorbing  state.  Then 


n 

Pr  |  absorption  |n  looks,  XQ  =  i|  f^. 


(K) 


K=1 


Consider  the  above  expression  and  note  that  since  j  is  an  ab¬ 
sorbing  state,  we  have 


P  <K)  =  1 


for  K=  0,  1,  2,  hence 

n 


pij<n)  'E  fij<n"K>sE  *1, 


(K) 


K=0 


K=  1 


since  f^^^  =  0. 


From  the  above  results  we  can  formulate  the  following  variation 
on  Koopman's  original  problem. 
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N 


max^T*  Prjabsorption  (datection)  in  the  J  lookaj 
jfl  jth  region  '  3  9 


N 

S  •  T «  nu  ^  M 


3-1 


- 


m.  >  0  . 


‘j  - 


where 


Prjabsorption  (detection)  in  the  |  m  ^  x 
jth  region  ^ 


S  1 


"3 

}  fii 


K) 


K=1 


The  steady  state  probabilities  of  being  in  state  i  (the  visi¬ 
ble,  and  masked  states  of  the  visibility  process)  are 

(see  Parzen  (1962),  p.  256), 

(ni?n2)  =  (1/2, 1/2)  , 

therefore 


Pr (absorption  (detection)  in  the  m 


jth  region 


l-E  pj* 

*  j  =  l 


where  p..  is  the  probability  that  the  target  is  in  the  j 
subregion . 

For  our  simple  process  (for  the  region) 


.  th 


V 
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where  £x]  denotes  the  greatest  integer  in  the  term  in  brack 
ete.  The  optimization  problem  becomes 


s 


M 


i  s  1  *  2  , 


N  , 


(H  -  ) 

where  pK3  is  defined  above.  The  above  problem  is  readily 
solved  using  dynamic  programming  or  the  results  of  Wagner 
(1969)  given  in  Appendix  A.1 


I 

A  generalization  of  the  transition  matrix  is 

(:  :). 

Then,  given  the  presence  of  the  searcher,  the  transition 
matrix  for  the  search  problem  becomes 


°i<l-PD)  &i(1-PD) 

6 

0  0 


Pd 

0 

1  . 
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S.l.B  Charaoteri action  of  tha  Multiple  Interval  Search 
Soenario  a$  a  Semi-Markov  Prooeea 

Disney  (1970)  characterized  a  visibility  process  in 
which  the  target  alternates  between  visible  and  masked 
states  as  an  alternating  renewal  process.  The  transition 
matrix  for  this  process  is 

( " 

\f2(t) 


T) 


where  f^Ct)  is  the  probability  density  function  for  the  time 
in  the  visible  state  and  f2<t)  the  probability  density  func¬ 
tion  for  the  time  in  the  masked  state. 


Using  some  renewal  theory  results,  the  author  was  able 
to  obtain,  among  other  things, 

(a)  nx(t)  the  probability  that  the  target  is  visible 
in  (t,t+dt). 

(b)  For  a  fixed  time  interval  of  length  d,  the  distri¬ 
bution:;  of 

(1)  the  number  of  times  the  target  is  visible, 

(2)  the  total  time  of  visibility. 

When  the  searcher  enters  the  region  in  which  the  tar¬ 


get  is  operating,  we  obtain  the  three-state  process  charac- 
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The  associatad  semi-Markov  transition  matrix  is 


Next  we  derive  the  expressions  for  l(t)  and  r(t).  Let 
p(t)  denote  the  conditional  detection  function,  i.e.,  if 
is  the  time  until  detection,  then 

p(x)dt  =  Pr<T  <_  <_  t  +dt  jtarget  present  and  visible 

(  Ifor  t  or  more  time  units 

Let  h(t)  be  the  probability  density  function  for  tv,  the 
length  of  the  visible  period. 


Assuming  that  the  process  just  entered  the  visible  state , 
in  order  for  the  target  to  be  detected  in  t  time  units »  t^ 
must  be  in  the  interval  (t,t+dt)  and  t  must  have  been  at 
least  equal  to  t,  i.e.,* 


Ht)  *  p(t)ff(t),  where  ff(t) 


h(t)dt  . 


If  the  target  is  to  re-enter  the  masked  state  in  t  time 
units,  then  must  have  been  greater  than  t  and  tv  must 
equal  t,  i.e. , 


v ( t )  =  F(t)hCt), 


F(t) 


p(t)dt  . 


The  density  function  for  the  length  of  the  masked  period  is 


f(t). 


Suppose  the  search  must  be  carried  out  under  a  con¬ 
straint  on  the  total  available  search  time,  T.  The  problem 
of  determining  the  optimal  policy  to  maximize  the  probabil¬ 
ity  of  detection  is 


N 


ma*]C 

i=l 


Pr 


Time  until  absorption 
region  (i)  <_  t^ 


in 


I 


N 

S.T.  tj_  <.  T 
*  —  1 


Looking  at  the  process  just  after  a  transition,  for  the  situa¬ 
tion  in  which  one  considers  the  searcher  entering  at  an  ar- 
bitrary  time,  the  process  becomes  a  delayed  Markov  renewal 
process  with  the  relevant  p.d.f.  being  the  forward  recur¬ 
rence  times  of  the  visibility  and  invisibility  processes. 


We  now  introduce  the  distribution  function  for  the  first 
passage  times  as  well  as  the  marginal  distribution  function 
of  the  semi-Markov  process.  Let  G^Ct)  denote  the  distribution 
function  for  the  first  passage  time,  i.e., 

j ( t)  *  PrCN^(t)  >  0 1 XQ  *  i]  =  Pr[t^  <  t|X0  =  i]  , 

where  t.  denotes  the  time  of  the  first  passage  to  state  j 
31 

and  Nj(t)  denotes  the  number  of  entries  to  state  j  in  time  t. 
Let  P^(t)  be  defined  as 

P..(t)  *  Pr{Xt  r  j|XQ  =  i}  . 

Appendix  G  contains  a  number  of  theorems  due  to  Pyke  (1961) 
which  assist  us  in  relating  P  and  G.  From  Theorem  1  of 
Appendix  G,  we  have^- 

pi j ( t )  =  Pjj(t)*Gij(t)  +  6ij(l  -  Hi(t))  . 

Let  j  denote  the  detection  state,  an  absorbing  state,  i.e., 
Pjj(t)  =  1,  for  t  _>  0 .  Since  the  search  process  will  never 
start  in  state  j,  5^  *  0,  and  from  Theorem  1  of  Appendix  G, 
we  have 

Pi.(t)  =  l*Gij(t)  =  Gij(t)  . 

The  procedure  for  solving  the  optimization  problem  follows 

directly  from  the  above  results : 

(1)  By  Theorem  2  we  may  determine  n^^(S)  for  the  visi¬ 
ble  and  masked  states, 

1  1  “ 


See  Appendix  G  for  notation. 
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(2)  invar  ion  of  (S)  will  yield  dG^Ct)  by  virtu*  of 
the  previous  comments , 

(3)  having  obtained  dG^j(t)  we  are  ready  to  study 
the  properties  of  optimization  problem % 


The  optimization  problem  can  be  restated  in  terms  of  the 
G  functions  as 


N 

maXiC  Gi(ti) 

i*l 


N 

S-T-  s  T 
i=l 

2 

where  G.(t)  =  p.  .  £  Gfj(t)IV  Ji4  s  Pr{XQ=f>  and  Pj  is  the 

f=l 

j  U 

probability  that  the  target  is  in  the  jth  region. 


Next  we  consider  the  following  special  case  cf  the  mul¬ 
tiple  interval  process.  Let  the  conditional  detection  density 
function  be  of  the  form 


p(t)  =  ke*kt  , 

and  the  density  functions  for  the  lengths  of  the  visible  and 
masked  times  be,  respectively^- 


bonder’s  (1970)  discussion  with  the  British  on  combat  data 
indicated  that  this  form  for  these  processes  appears  to 
have  an  experimental  basis. 
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h(t;  *  A«’xt,  f(t>  *  . 

From  the  above  results  the  density  function  for  the 
transition  time  from  the  visible  to  the  detected  state  is 
given  by 

tit)  =  p(t)H(t)  =  ke'U+k)t  . 

Likewise,  the  density  function  for  the  transition  time 
from  the  visible  to  the  masked  state  is  determined  as 

r(t>  =  p(t)h(t)  =  Xe‘(X+k)t  . 


The  following  list  gives  the  Laplace  transforms  for  each 
of  the  above  density  functions: 

Density  Function  Laplace  Transform 


g(t) 

g(S) 

k 

=  F 

+  S 

h(t) 

h(S) 

X 

=  r 

fCt) 

f  (S) 

=  w 

e 

£(t) 

£  ( S ) 

k 

T 

+  k 

T 

r(t) 

r(S) 

A 

A 

+  k  + 
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Tha  Laplace  transform  of  the  semi-Markov  matrix  Q(t) 


q(S)  = 


(■f 


K 

JTTJ  \ 

)■ 


I  -  q(S)  = 


/  ~  k  +  S  X“+  "  +  S  \ 

■  ^  .  •  ) 
0  0  1  -  e 


Defining  the  matrix  A(t)  as  follows 


«*>  s  vt)s2T«ij 

j  =  i 


(t)  . 


Then 


dAi(t)  s  <*Qij<t) 


and  from  the  convolution  property  of  the  Laplace  transform 


A  ( S )  =  6ij^(dAiCt))  *  Iu2T(dQi.(t)), 

j  =  l 


(A  +  k  +  S) 


A(S)  = 


6  *  S 


0  1  -  e 


1 


■>  «gt  -T»3  « ;■**-  fT»  «-"’  <?r*  TP  P*»*f  7  w^S<i?wP» 


I  -  A(S)  = 
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-Ak 


( A  ♦  k  +  S) 
0 


T 


l  -  |  -  o 

g  ♦  s 


1-e 


-S 


Pyke's  Theorem  of  Appendix  G  states  that 


U 

L! 

Lj 


I  ! 

i-i 


>  i 

u 


n(S)  =  <1  -  q)"1(I  -  A)  , 


where 


n(S)  =<(P(t))  . 


First  we  compute  the  required  inverse, 


(I  -  q)”1  =  i 


1-e 


6(1  -  e~S) 


-S  A ( 1  -  e 


-S) 


A  ♦  k  +  S 


6  +  S 


1-e 


-S 


where 


A  +  k  +  S 


_  fik 

(g  *  ^TTa  +  k  +  s7 


,  Bk 

1  ($+5)U+k+S) 


D=|(I-q)  |  =  (l-e  )  (  1  (g  +  S)(a6+  k  ♦  S)  ) 

We  are  interested  in  determining  n>  where 


n  =  (I  -  q ) -1  ( I  -  A( S ) )  , 


in 


particular  and  “2g'  Carrying  out  the  indicated 


matrix  multiplication. 
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fl13<s)  =  (1  ‘  «’S>  (  X~'  k  T  g)  I 
8  [<e"  +  2HX  t  kV  sv  -"  63 

n23<s>  s  (1  -  e  )  (g  +  +  k  +  S) 

=  L(e  +  S)Q  +  k  +  S>  -  AB J  * 

Next  the  mean  times  to  absorption  are  obtained  from  (Theorem 
3,  Appendix  G) 


p  =  lim.  4  (1  -  q) , 

s-o+  s 


where 


q(S)  = 


w 

f  e"St  dGi.(t>  =  f  e’St  dPij 

r\ 


(t)  =  n(S) , 


for  j  =  3  the  absorbing  state, 


1  The  is  determined  from  k(3  +  S)  \ 

w«i3=  lim+  If1-  ra  +  srrrr  k  +  s>  -  inj* 

S  -+0  ' 


or 


S+0 

u  =  - — - — —  .  and 

y13  g  k  ’ 


1  /  1 
p2  3  =  llm+  S  f1  -  c<6  ♦  $)(“♦  k  ♦  S)  -  AgT  )' 


2  3 


^•*•0 

X  +  8  j  k 
Qk 


or 
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The  inversion  of  ll^gCS)  end  1^23^)  is  accomplished 
by  partial  fraction  expansion.  Since  the  denominator  is 
common  to  both  terms,  we  can  factor  it  into  a  product  of  lin¬ 
ear  terms.  Let 

DCS)  -  (g  ♦  S)(x  +  k  ♦  S)  -  X&  5  s2  +  (X  ♦  k  +  e)S  ♦  gk  , 
the  discriminant  is  then 

b2  -  4AC  =  (k  +  X  +  8)2  “  4gk  s  X"  ♦  2xg  +  (K  -  6>2  ♦  2*k  >  0  , 


since  k,  x,  8>  Both  roots  are  negative  since 

b2  «  4AC^<  b2,  4AC  >  0,  implies  ^-b  +  JtP  -  4AcJ<  0  .  Denote 
the  roots  by  and  Y2»  wh®*1®  Y2  iar8er*  is  pos¬ 

sible  since  b2  -  4AC  t  0  for  k,  X,  6  >0.  Expand  n13(S>  by 
partial  fractions  to  obtain 
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Expanding  iigg^S)  in  the  same  fashion,  yields 


n23(S) 


TTT 


_ ais_ 

Y2  -  Y]_ 


!)L 


Y2  -  Y i 

T 


Y2 


and  inverting 


dp23(t) 


Integrating  with  respect  to  time,  the  desired  condi¬ 
tional  detection  probabilities  are 


and 

P13<t>  * 
The  limiting 


_gk  r 

1  “Yi t 

- 

Y2  “  YX  [ 

k  r 

<6  -  Yl)  / 

.~'rit\  <e  -  y2)  / 

Y2  ”  YX  L 

Tl  I"  ' 

/  y2  ( 

detection 

probabilities 

are , 

lim  P  (t) 


ke 

YiY2 


=  '  lim  P23(t)  * 
t-*"® 


Also  note  the  following  facts: 


(1) 

lim 
t-*-0  + 

P13(t> 

=  0  = 

lim  P,_ 
t-o+  23 

<t)  , 

and 

(2) 

lim 

F13<t> 

=  lim 

t-H» 

?23(t>  = 

kg 

yxy2 

=  1, 

Since 


1, 
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V  b  ♦  -  4AC  V  -  b  -  -  4AC 

2  *  *  1  ‘  2A 

Y1Y2  =  C/A  . 

But  D(s)  -  +  (X  +  £)S  +  kB ,  hence 


We  still  require  the  probabilities  of  being  in  the  visi¬ 
ble  and  masked  states  at  the  start  of  the  search.  For  the 
derivation  of  these  probabilities,  assume  that  the 
visibility  process,  as  characterized  by  Disney  (1970), 
has  been  going  on  for  some  time  before  the  searcher  enters 
the  region  containing  the  target,  i.e.,  that  this  process  has 
attained  steady  state.  Let  n1(t)  denote  the  probability  of 
being  visible  at  time  t  and  n2(t)  the  probability  of  being 
masked  at  time  t.  Assuming  the  process  starts  in  visible 
state,  then  from  Disney's  results 


nx(t) 


F1c(t) 


my(M)F1c(t 


M>dp 


n2(t) 


m2<M>F2c(t 


p)du  , 
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where : 

r 

F.  (t)  *  complementary  cumulative  distribution  for  the 
length  of  the  visible  period 

Q 

F,  (t)  s  complementary  cumulative  distribution  for  the 
length  of  the  masked  period 

y  =  denotes  the  times  between  the  renewals  of  the 
visibility  events 

2  =  denotes  the  times  between  the  renewals  of  the 
masking  events 

my(t)  =  the  renewal  density  function  for  the  y  process 
m  (t)  =  f  (t)  +  /  -  A)f  (A)dA  . 

y  y  o  y  y 

mz(t)  =  the  renewal  density  function  for  the  z  process 

Under  the  assumptions  made  about  the  density  functions 
in  this  example 

11  -  , 

[8  ♦  Xe"u*8)t3  , 

and 

n!(t)  =  -H  +  ^a+e)t] 


1  A  *  6 


my(t) 


mz(t> 


A0 


A  ♦  0 
A 

A  +  0 
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V*>  ■  rh  b  -  9‘atB,t^ 


lim  n,(t) 

t-«o  i 


X 

"  x  +  e 


n2(*>  . 


Since  the  visibility  process  is  a  continuous  parameter 
Markov  process  for  this  special  case,  thes«  results  follow 
from  the  theory  of  such  processes^. 

Now  given  that  a  specific  region  is  being  searched,  the 
probability  of  detection  as  a  function  of  the  time  spent 
searching  is 

p(t)  =  P13(t)n1(«)  +  P23(t)n2(»)  . 

By  summing  across  regions,  we  obtain  the  objective  function 
for  the  problem  of  maximizing  the  probability  of  detection. 


***^  Allocation  of  Effort  to  Maximize  the  Probability 
of  Detection 

5.2.1  Model  Solution 

In  this  section  the  target  motion,  within  a 
region,  from  the  masked  to  the  visible  state  and  back  again 


1 


From  the  solution  of 


P(t) 


( 


-X 


dP(t) 

dt 


3 
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is  described  as  an  alternating  renewal  process.  The  inter 
action  of  the  searcher  and  the  target  is  then  modeled  as  a 
semi-Markov  process.  As  an  example  of  such  a  situation, 
consider  an  alternating  renewal  process  (whose  associated 
probability  density  functions  are  both  exponential) .  The 
problem  of  maximizing  the  probability  of  detection  under  a 
constraint  on  the  total  available  errort  is  given  by^ 


max  £  p . [n .P  (t.)  +  (1 
i=l  1  1  vi  x 


II.)Pm  (t.)] 

1  ITK  1 


N 

C.T.  D  t.  <  T  , 
i  =  l  X 

tA  1  0  .  Vi  » 


where  IK  denotes  the  probability  that  the  target  is  visible 
and 


ki  <8i  "  Yil) 

(t)  =  - - -  — - - — - 

r  •  V  .  -  Y  •  Y  -i 

X  12  ll 


[1  -  e 


~'ilX 


1 


(37) 


Unless  otherwise  noted,  the  parameters  are  identical  to 
those  introduced  in  the  previous  sections. 
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U  i) 
i 


i 


and 


i  i 
iJ 


Pm  (t)  s 


eiki 


Yi2  -  Yii 


1  "Yii* 

—  (1  -  e  11  )  - 
yil  Yi2 


1  a  - 


Li 


(36) 


Li 


where 


and 


Yi2 


il 


b  = 


Xi  +  ki  +  ei 


c  = 


6iki 


(39) 


All  of  the  visibility  models  with  the  exception  of  the  one 
just  presented  have  the  following  property. 

limp.  (?)-►$<  1  . 

T-*®  1 

We  have  seen  that,  for  the  multiple  interval  model. 


lim  P. (T)  ■*  1  . 
T  ■+<*>  ^ 
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The  detection  function  for  any  region  is  convex  over 
the  interval  (o,t)  where 


t  < 


lnCY.ce  -  n,)/Y,<e  -  ny.n  , 


(y2  -  YX)  “2"  1 1 


(40) 


and  concave  thereafter. 

A  necessary  consequence  of  having  a  detection  function 
which  is  convex  on  (0,t)  is  that 


e 


-r  >  n  . 


(41) 


e  +  x  *  k  - 

If  n  is  the  limiting  probability  that  the  alternating 
renewal  process  is  in  the  visible  state,  then 


n 


6 


g  +  X  * 

and  the  above  condition  doesn’t  hold,  i.e.,  the  detection  function 

is  concave  over  the  entire  range  of  search  effort. 

The  first  allocation  rule  for  this  model  is: 


Choose  the  region  j  such  that 


P.k.n.  =  max  Pikin.  , 
3  D  3  1<  i  <N  1  1  1 


(42) 


which  is  identical  to  that  of  the  general  single  interval  model. 
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Let  II  be  the  limiting  probability  that  the  alternating 

renewal  process  is  in  the  visible  state,  then  the  switch 

time  T  is  obtained  from  the  solution  of 
s 


V(V  =  p2k 


J1  # 
2  2 


The  solution  of  the  above  equation  can  be  greatly  simpli 
fied  by  making  the  following  observations: 


Ca) 

Y2  >  Y 

(b) 

Ppm 

(c) 

<61  - 

<ei  - 

Now 

if  Y? 

ni  -  ei 

one 

would 

expect 

will 

be  " 

short .  " 

or 

*1  < 

h 

+  P1  ’ 

"longer" 

switch 

'  Tr 

'2V 


[  -V 


-y,t 

<fl  '  *1*1  >  "  e  (61  -  Y 


x-r^- 


>:>  1  then 


<  1,  then  one  expects  the  terni  to  dominate 


and 
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By  making  use  of  the  observation  that  y2  > 
approximate  solutions  can  be  developed  which  are  applicable 
when  "large"  amounts  of  total  search  effort1  are  available. 

Under  the  above  assumptions  the  conditional  detection  function 
becomes 


These  approximations  to  the  conditional  detection  functions 

are  of  the  same  general  form  as  those  investigated  in  Appendix  A. 

For  the  2-region  case,  the  optimal  allocations  become 


t,  * 


Y11  +  Y21 


Y11  +  Y21 


lnC4'l/*2;i  +  Y21  T  I  » 


InC  <J>2/ d>1 3  ♦  Yn  T 


where  for  Y^,  the  i  denotes  the  region,  and 


♦i 


.  Plkl[fil  -  Vll} 


Y12  ~  Y11 


P2*2C 


n2Y21] 


y22  -  y21 


(43) 


and  assuming  >  4>7  the  switch  point  is  given  by  T*  =  ,  1_ 

Yu 

To  facilitate  the  comparison  of  these  results  with  those 
of  the  previous  chapters,  recall  that  the  y's  are  given  by 


These  results  will  also  be  applicable  in  the  situation  in 
which  y 2  >>Y1. 
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♦  8^  +  ~  ^ (A^  +  ^  ~ 

Yii  .  J  (lfH) 

Xi  *  Bi  +  ki  *  ^  ai  +  8i  +  ki)T  "  46iki 
y.2  =  - 5 - 


The  techniques  developed  in  Appendix  A  are  used  to 
obtain  a  solution  to  the  N-region  problem  under  the  above 
assumptions.  Consider  first  the  expression  under  the 
radical  in  equation  44 

(A  +  k  +  e>2  -  4ke  =  (k  -  e>2  +  X  C A  ♦  2k  +  2B)  . 

Since  all  the  parameters  are  positive,  we  can  minimize  this  ex¬ 
pression  by  choosing  k  =  B  and  A  <<  1.  In  which  case, 
and  y2  are  given  by  Y i  ~  k  +  A/2  -  i^A  and  y?  *  k  +  a/2  +  /£a 

Physically  this  corresponds  to  the  situation  in  which  the  mean 
length  of  the  visible  period  is  much  larger  than  the  mean 
length  of  the  masked  period  which  equals  the  mean  time  to  de¬ 
tect  within  a  region.  Since  the  y s  are  approximately  equal 
to  the  k* s ,  the  Koopman  allocation  policy  will  provide  a  good 
approximation  for  large  quantities  of  search  time.  Ii  one 
has  A  =  B  and  k  <<  1,  then  y^  ~  k f?  and  y^  -  2B.  From  the 
previous  discussion  on  switch  times,  this  situation  could  lead 
to  some  very  long  switch  times. 
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The  condition  A  =  k  =  $  leads  to  the  following  values 
for  y1  and  y2 

y1  -  £  (3  -  /T)  and  y2  e  ?  <3  +  /?) . 

This  situation  will  also  yield  long  term  allocation  policies 
which  will  agree  with  the  Koopman  scheme.  Finally,  by  re¬ 
quiring  k  =  A  and  P  <<  1 ,  y^  and  y2  become 

Y^  "  3/2  and  y2  ~  2k. 


Since  in  this  case  k  *  g,  one  might  again  expect  the  Koopman 
policy  to  be  inadequate  for  long-term  allocations. 

It  was  noted  earlier  in  this  section  that  the  choice  of 
ni  as  the  limiting  visibility  probability  of  the  alternating 
renewal  process  lead  to  a  concave  conditional  detection 
function.  The  reaminder  of  this  section  will  deal  with  the 
extreme  limits  on  IK,  i.e.,  II  =  1.0  or  0,  since  these  cases 
are,  as  will  be  shown,  direct  generalizations  of  the  single 
interval  models.  In  Section  4.4  only  a  single  interval  of 
visibility  was  considered,  here  the  target  may  exhibit  mul¬ 
tiple  intervals;  however,  it  is  either  initially  masked  or 
visible.  In  the  former  case,  the  conditional  detection 
function  is 


Pi(t) 


[1 


] 


1 


note  that 


F  (°“)  =  1. 


rt  is  also  notrd  that  this  function  is  concave  lor  all  values  of 


1  since  T^T  T  V:  *  11 
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Since  n.  =  1  for  every  i,  the  FAR  is  identical  to  the  Koopman 
FAR )  l • fi  •  j 

piKi  =  max  Pj  kj  . 

The  approximate  solutions  for  large  quantities  of  effort 
for  a  2-region  problem  are 


t 


1 


1 

Y11  +  Y21 


Plkl  + 
P2k2 


In 


) 

7 


Hjn 

\Y12 


+  Y21  T 


and  1 2  =  T  -  tx- 


This  model  can  be  interpreted  as  a  direct  generalization 
of  the  single-interval-s tart-at- time- zero  model,  i.e.,  a 
multiple  interval,  start  at  time  zero  mociel. 

One  may  interpret  the  case  (II  =  0)  as  a  direct  generali¬ 
zation  of  the  single-interval,  random-start- time  model.  The 
conditional  detection  function  for  this  case  is  given  by 


P  <T )  =  — 
m  y , 


IK 


- 

V1  IY1 


_Y  1^  1 

(  1  -  e  1  )  -  r-  (1 


-Y 


This  function  is  pseudo-roncave,  the  region  of  convex:. tv  is  the 
interval  (0,T)  where  T  is  given  bv 


T  = 


--  m  CY/  Y 1  3 
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The  FAR  for  this  model  is  given  by 


p.  k  8  .  =  max  p.  ^8. 
111  fcjSN  3  J  3 


which  is  the  FAR  for  the  single-interval  random- start- time 
model.  The  approximate  allocations  for  large  quantities  of  total 
effort  for  a  2-region  problem  are 


Y11  *  Y21 


,  PlklSl 

3-11  D  X  4 
*2  2^2 


♦  In 


' Y22  ~  Y21  1 
-Y21  “  Y11  J 


+  Y  21  T 


and  t2  =  T 


-  t 


V 


5.2.2  Comparison  with  the  Koopman  Model 

In  this  section  we  examine  the  situation  in  which 
a  partially  informed  searcher  being  aware  of  the  results 
of  Koopman  (which  assume  continuously  visible  targets) 
applies  them  to  situations  in  which  the  target  behavior 
is  actually  characterized  by  the  multiple  interval  inter- 
visibility  process1. 


The  reader  is  referred  to  Section  2.2.3  for  a  detailed 
discussion  of  the  implications  to  the  decision-maker 
(searcher)  of  such  an  analysis. 


-168- 


It  is  clear  that,  with  the  exception  of  the  situation 
in  which  II  =  1,  the  FAR  for  this  model  could  lead  to  the  se¬ 
lection  of  a  different  initial  region  than  that  selected 
via  the  Koopman  policy.  It  was  also  noted  that  obvious  dif¬ 
ferences  in  switch  points  are  possible. 

Figure  13  is  a  composite  plot  of  percent  relative  error 
versus  available  search  time  and  the  probability  of  detection 
under  the  optimal  policy,  versus  available  search  time.  We 
note  that  the  peak  percent  relative  error  occurs  when,  under 
the  optimal  policy  there  is  a  large  amount  of  available  time 
i.e.,  the  probability  of  de  ition  is  0.86.  Even  at  T  =  20C , 
the  relative  error  is  still  <  -rrcent  of  the  optimal  return. 
Figure  14  compares  the  allocation  policies,  Koopman  and  optimal, 
utilized  in  obtaining  the  results  shown  in  Figure  13.  In 
addition,  the  effects  of  variations  in  the  prior  probabilities 
of  target  visibility  on  the  allocation  policies  are  shown. 
Finally,  by  way  of  comparison,  an  example  in  which  the  target 
arrives  late  but  remains  visible  is  included  in  Figure  14. 

(This  is  a  special  case  of  the  ranuom-single- interval  model 
of  Chapter  4).  Observe  that  the  sustained  error  function  of 
Figure  13  results  from  the  fact  that  the  Kcopman  policy  allo¬ 
cates  the  majority  of  any  given  level  of  search  effort  to  Re¬ 
gion  2,  while  the  optimal  solution  dees  exactly  the  opposite 
(the  approximately  optimal  solutions  are  given  by  equation  43). 
Figure  16  exhibits  the  probability  el  detection  over  a  range 
of  leveis  of  available  search  time  iur  each  of  tnc  policies 
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Figure  13  -  Percent  Relative  i.'rror  and  Ortir.al  Return 
Versus  Search  Tice 
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Figure  IS-  Sensitivity  of  the  Optimal  Return 
To  Prior  Estimates  of  Target  Visibility 
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described  in  Figure  14.  The  following  observations  are  of 
interest: 

(a)  The  assumption  that  the  visibility  probabilities 
are  obtained  from  the  limiting  alternating  renewal 
process  results  yields  little  difference  in  the  op¬ 
timal  return  when  compared  with  the  assumption  that 
the  target  is  initially  masked.  Thus  the  return,  for 
these  parameter  levels,  is  insensitive  to  these 
assumptions . 

(b)  Comparing  the  return  under  the  assumption  that  the 
target  is  visible  at  the  start  of  the  search  to  the 
return  in  the  late-arrival  situation,  one  notes  the 
rapid  initial  rise  in  the  detection  probability  due 
to  the  initial  visibility  interval.  However,  since 
in  the  late  arrival  situation  the  target  is  always 
visible,  the  return  in  this  case  soon  overtakes  that 
for  the  multiple  interval  model.  This  indicates  the 
advantage  of  intervisibility  tactics.  Also  note  that 
in  comparing  the  late  arrival  situation  to  the  mul¬ 
tiple  interval  case  in  which  the  target  is  initially 
masked,  the  returns  agree  men  the  total  available 
search  effort  is  highly  constrained.  Thus  in  such 
situations  the  assumptions  on  target  behavior  are 
not  critical. 

Figure  16  compares  the  return  (the  probability  of  detec¬ 
tion  versus  total  available  search  time)  from  several  alloca¬ 
tion  policies,  the  optimal  policy,  the  approximate  solution 
(equation  43),  and  the  Kocpman  policy.  In  the  example  shown 
the  approximate  solution  agrees  very  closely  with  the  optimal 
solution  over  the  entire  range  of  available  search  time,  the 
maximum  error  occurs  in  the  vicinity  cf  the  switch  point,  7=  IS. 
Figure  17  gives  the  allocation  policies  associated  with  toe 
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Figure  lb  _  a  Comparison  of  the  Results  of 
Several  Allocation  Policies 
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return  functions  of  Figure  16.  We  note  that  the  optimal  policy 
is  not  strictly  increasing  with  increasing  available  search 
time,  while  the  approximate  policy  is.  Figure  16  shows  that 
the  maximum  error  in  using  the  approximate  policy  occurs  for 
15  £  T  <_  20,  the  two  policies  differ  over  the  interval  be¬ 
cause  the  optimal  policy  is  not  strictly  increasing. 

Figure  18  displays  the  probability  of  detection  under  the 
optimal  and  Koopman  policies.  Note  that  in  this  case  the 
peak  difference  occurs  at  a  level  of  search  effort  which  is 
far  greater  than  the  Koopman  switch  point  (Trt  =  3).  The  reader 
will  recall  that  for  the  models  of  Chapters  2  and  3,  the  use 
of  the  Koopman  policy  lead  to  small  errors  for  larger  quanti¬ 
ties  of  search  time.  Thus  the  earlier  option  of  the  decision¬ 
maker,  to  expend  additional  effort  under  the  Koopman  policy  in 
order  to  reduce  the  errors  in  the  probability  of  detection, 
is  no  longer  cost-effective,  i.e.,  an  inordinate  amount  of 
additional  effort  would  be  required  to  achieve  the  desired 
reduction  of  the  error  function.  Figure  19,  a  plot  of  the 
probability  of  detection  under  the  optimal  and  Koopman  poli¬ 
cies,  illustrates  the  points  just  made  for  the  late-arrival , 
no-departure  model. 

From  the  earlier  discussions  of  Section  5.2.2,  one  can 
construct  approximate  expressions  for  the  long  term  error  in 
using  the  Koopman  policy  in  searching  for  an  intervisible 
target.  The  two-region  search  situation  leads  to  the  following 
error  expression 
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Again  the  knowledge  of  the  above  function  provides 
answers  to  the  following  questions  over  a  wide  range  of 
values  of  the  parameters  X^,  k^,  and  8^. 

(a)  What  is  the  sensitivity  of  the  error  function  to 
changes  in  the  parameters? 

(b)  How  much  time,  T,  must  be  available  to  insure  that 
the  error  function  is  less  than  some  specified 
value,  Eq?  (i.e.,  solve  E(T)  =  EQ,  for  T)  . 


5.2.3  Model  Sensitivity 

In  the  following  paragraphs,  we  present  the  results  of 
a  sensitivity  analysis  with  respect  to  the  visibility 
parameters  for  both  the  optimal  policy  and  its  associates 
return .  We  shall  be  utxliamg  tne  approximate  allOwctti.cn 
policies  and  the  resulting  returns  obtained  in  Section  b.2.2. 


Thus,  it  is  implicitly  assumed  that  sufficient  search  time  is 
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available  for  the  approximations  to  hold.  The  sensitivity 
of  the  allocation  policy  to  changes  in  the  visibility  para¬ 
meters  is  computed  from 
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In  the  same  fashion,  one  obtains 
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where 


One  obtains  for  the  sensitivity  of  to  the  visibility 
parameters  of  region  2 , 
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The  relative  sensitivity  of  the  XJs  and  g’s  for  a  given 
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region  is  readily  determined  by  the  comparison  of  gy 
and  yg- —  ,  since  the  other  terms  are  constant. 


Considering  the  example  of  Figure  17,  we  have 


.025  and 


1  > 


indicating  the  dominance  of  the  rate  for  the  masked  period 
at  any  appropriate  level  of  total  available  search  time.  From 
the  symmetry  of  the  two-region  search  situation,  the  sensiti¬ 
vity  calculations  for  t2  are  apparent. 

The  explicit  computation  of  the  partial  derivatives  of 
the  optimal  return  with  respect  to  the  visibility  parameters 
is  prohibitive,  e.g.,  one  must  compute 


3P(T)  .  &P(T)  9y11  3P(T)  t  9y12 
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etc.  , 


However,  the  dynamic  programming  solution  technique  is  utilized 
to  obtain  some  numerical  approximations  via  difference  functions. 
Again,  considering  the  example  of  Figure  i%  we  obtain  the 
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following  results  for  T  s  30; 


3P(T).  „  .u 

TT± - °*14> 


3P(T> 
“5^  - 


0.69, 


8P(T)  _ 
~ 


-0.05, 


and 


8P(T> 
§S2  ‘ 


0. 


Again  we  note  the  dominance  of  the  rate  for  the  masked  period. 

A  numerical  study  of  the  error  function  is  contained 
in  Appendix  F  and  is  summarized  below.  The  Koopman  policy 
is  adequate  in  the  following  situations: 

(a)  a  search  scenario  characterized  by  identical  de¬ 
tection  rates  and  identical  visibility  param¬ 
eters  . 

(b)  whenever  the  mean  time-to-detect  is  much  less  than 
the  mean  length  of  the  visible  periods . 

On  the  other  hand,  in  the  search  situations  characterized 
by  heterogeneous  visibility  conditions  »  the  resultant  approx¬ 
imate  rates  (y^'s)  may  differ  significantly  from  the  detection 
rates  used  in  the  Koopman  policy,  resulting  in  error  func¬ 
tions  which  continue  to  increase  far  beyond  the  Koopman  expec¬ 
ted  time  to  detect.  Recall  that  (a)  and  (b)  also  held  in  the 
General  Single  Interval  Model  of  Section  4.2,  when  one  used 
the  limiting  probabilities  of  an  alternating  renewal  process 
as  the  probabilities  of  target  visibility  at  the  start  of  the 
search.  In  contrast,  the  Koopman  policy  was  not  adequate  for 
the  single  interval  model  with  random  starting  times  in  Cases 
(a)  and  (b). 


5.3  Minimiaation  of  the  Bxpeoted  Time  Until  Deteotion 
5.3.1  Model  Solution 

As  was  noted  in  Section  5.2,  the  forms  of  the  detection 
functions  for  the  examples  therein  ranged  from  pseudo-concave 
to  concave  depending  upon  the  choice  of  the  initial  state 
probabilities  for  the  masked  and  visible  states.  Regardless 
of  the  form  of  the  detection  function  one  has,  for  this  model, 
the  result  that  the  limiting  value  of  the  probability  of 
detection  is  unity.  If  the  detection  function  is  concave, 
Dobbie's  (1963)  results  imply  that  the  policy  which  maximizes 
the  probability  of  detection  for  all  levels  of  effort  is  also 
the  policy  which  minimizes  the  expected  time  until  detection, 
under  unlimited  available  search  time.  On  the  other  hand, 
if  the  initial  state  probabilities  are  such  that  the  detection 
function  is  pseudo-concave,  the  results  described  in  [4.3.1] 
are  employed  to  solve  the  expected  time  problem. 

Computationally  then,  one  first  utilizes  the  criteria  of 
Section  5.2  to  determine  the  form  of  the  detection  function. 

If  it  is  pseudo-concave,  Steps  1-3  of  the  procedure  given  in 
[4.3.1  ]  are  followed;  if  concave,  the  output  from  the  dynamic 
programming  solution  to  the  constrained  time  problem  is  taken 
as  the  input  to  the  numerical  integration  routine  in  order  to 
determine  the  minimum  expected  time. 
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5.3.2  Comparison  with  ths  Standard  Modal 
Again  we  determine  the  effectiveness  of  the  Koopman 
allocation  in  this  situation  by  generating  the  value  of  the 
probability  of  detection  under  the  Koopman  policy  and  carrying 
out  the  required  numerical  integrations.  The  approximate 
solutions  discussed  in  Section  5.2  may  also  be  utilized,  as 
was  the  Koopman  policy,  in  generating  the  expected  time  un¬ 
til  detection  in  order  to  compare  this  result  with  the  actual 
minimum.  Figure  20  illustrates  these  points  (See  also  Fig¬ 
ures  10-19)  and  compares  the  multiple  interval  models  with  a 
late-arrival ,  no-departure  version  of  the  random  interval 
models  of  Chapter  4.  Note  that,  for  the  parameters  of  Figure 
20,  the  assumptions  that  the  prxor  probabilities  on  target 
visibility  are  the  limiting  results  of  an  alternating  renewal 
process,  and  that  the  target  is  masked  at  the  start  of  the 
search,  lead  to  essentially  the  same  value  for  the  expected 
time  until  detection.  Hence  the  appropriateness  of  the  Koop¬ 
man  policy  is  unaffected,  in  this  case,  by  the  difference  in 
the  prior  probabilities  on  the  target's  visibility  status  at 
the  start  of  the  search.  Figure  21  shows  the  sensitivity  of 
the  Koopman  policy  to  variations  in  the  detection  rates. 

Since  the  visibility  parameters  A  and  8  are  not  identical 
over  the  regions  of  interest,  one  is  not  assured  that  under 
identical  detection  rates  (of  the  order  of  the  visibility 
rates)  the  Koopman  policy  will  yield  good  results  for  the 
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expected  time  problem.  Appendix  F  contains  the  maximum 
errors  and  their  times  of  occurrence  for  the  parameters  of 
Figure  21,  as  well  as  other  combinations  of  visibility 
parameters . 
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Figure  20  Sensitivity  of  the  Expected  Tlae  Until  Detection  To  the  Prior  Estiaatee 
On  Target  Visibility 
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Ratio  of  the  Expected  Times  Until  Detection 


The  expected  time  until  detection  under’  the  opti 
mal  policy  for 
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Figure  21  The  Sensitivity  of  the  Expected  Time  Until 
Detection  to  the  Detection  Rates 
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SUMMARY,  CONCLUSIONS  AND  AREAS  FOR  FUTURE  RESEARCH 

In  this  chapter  the  important  results  for  each  of 
the  search  models  presented  in  Chapters  2-5  are  summarized 
and  several  areas  for  future  research  introduced.  The  re¬ 
sults  are  presented  in  the  order  in  which  the  models  were 
described.  The  areas  for  future  research  are  then  pre¬ 
sented. 

6.1  Summary  and  Conclusions 

6.1.1  The  Binary  Visibility  Model 

In  the  study  of  the  Binary  Visibility  model  of  Chap¬ 
ter  2,  the  concept  of  the  First  Allocation  Rule  (FAR)  was 
introduced  and  the  FAR  for  this  model  was  shown  to  differ 
from  that  of  the  classical  Koopman  results,  i.e.,  the  use 
of  the  Koopman  FAR  could  lead  to  incorrect  selection  of  the 
initial  region  to  be  searched.  It  was  noted  that  the  switch 
points  in  the  2-i'egion  search  situation  may  differ  from 
those  of  the  classical  search  problem  in  either  a  positive 
or  negative  direction.  In  a  situation  in  which  the  visi¬ 
bility  probabilities  are  identical  across  the  N-regions 
(not  necessarily  equal  to  one),  the  optimal  solutions  are 
identical  to  those  obtained  from  classical  search  theory 
in  which  the  target  is  assumed  to  be  continuously  visible. 

In  comparing  the  optimal  policies,  Binary  versus  Koopman, 
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it  was  observed  that  the  long-term  Allocation  rates  are 
identical.  Thus  the  errors,  when  one  uses  the  classical 
results  in  this  situation,  are  maximized  in  situations 
in  which  the  visibility  conditions  are  heterogeneous  and 
the  available  search  effort  is  highly  constrained.  Hence, 
a  searcher  may  compensate  for  a  lack  of  knowledge  of  the 
visibility  parameters  at  the  cost  of  increasing  the  amount 
of  effort  allocated  to  the  search. 

Sensitivity  analyses  indicated  that  the  optimal  policy 
is  robust  with  respect  to  changes  in  the  visibility  param¬ 
eters  whenever  the  detection  rates  are  large.  Sensitivity 
of  the  optimal  policy  to  changes  in  the  visibility  param¬ 
eters  is  independent  of  the  level  of  available  search  effort. 

Explicit  expressions  are  provided  for  the  optimal 
policies  in  the  discrete  detection  and  visibility  process 
situation  and  it  is  shown  that  when  one  equates  the  in¬ 
finitesimal  detection  and  visibility  probabilities  to  their 
discrete  counterparts,  the  optimal  allocations  are  approxi¬ 
mately  equal. 

In  considering  the  problem  of  minimizing  the  expected 
time  until  detection,  one  is  forced  to  restrict  attention 
to  the  conditional  version  of  this  problem,  since  the  ulti¬ 
mate  probability  of  detection  is  less  than  unity.  Although 
there  are  many  situations  in  which  the  use  of  the  Koopman 
policy  is  approximately  optimal  in  maximizing  the 
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probability  of  detection!  it  may  be  inefficient  when  used 
in  the  expected  time  problem  in  a  search  situation  in 
which  the  target  is  not  continuously  visible. 

6.1.2  Random  Interval  of  Vitibility : 

Initially  Viaibla 

In  this  case  the  First  Allocation  Rule  is  identical 
to  the  classical  results;  however,  the  switch  point  for 
this  model  is  always  less  than  that  of  the  classical  search 
situation,  i.e.,  or.c  always  begins  to  allocate  some  effort 
to  the  second  region  at  a  lower  level  of  total  available 
search  time.  Viewing  this  model  as  representing  a  search 
for  a  target  which  has  its  own  detection  capabilities,  it 
is  shown  that  wherever  the  searcher  and  target  have  identi¬ 
cal  regional  capabilities  (not  necessarily  equal),  and  the 
state  of  maximum  prior  uncertainty  on  the  target  position 
exists,  the  Koopman  or  classical  policy  is  optimal.  Hence, 
if  the  searcher  is  willing  to  make  this  assumption,  or  has 
data  to  verify  these  conditions,  he  may  proceed  as  though 
he  were  searching  for  a  continuously  visible  target. 
Furthermore,  the  assumption  of  maximum  uncertainty  in  the 
prior  location  was  later  shown  in  specific  numerical 
examples  not  to  be  critical.  These  results  are  valid  for 
the  N-region  search  situation. 
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In  comparing  optimal  policies  and  returns,  classical 
versus  the  Random  Interval,  it  was  noted  that  the  peak 
relative  error  may  occur  at  a  level  of  search  time  approx¬ 
imately  equal  to  the  expected  time  to  detect  the  target 
(denoted  KET)  under  the  optimal  policy  in  situations  in 
which  the  target  is  continuously  visible.  In  such  situa¬ 
tions,  one  may  expect  relative  errors  of  10  and  5  percent 
at  levels  of  search  effort  equal  to  two  and  three  times 
the  KET,  respectively.  Thus  the  searchers  option  of  in¬ 
creasing  the  search  time  to  offset  a  lack  of  knowledge  of 
the  visibility  parameters  may  (depending  on  the  acceptable 
error)  no  longer  be  cost-effective.  These  situations  can 
occur  whenever  the  visibility  conditions  are  regionally 
heterogeneous . 

The  use  of  the  classical  policies  in  the  problem  of 
minimizing  the  conditional  expected  time  until  detection 
can  lead  to  large  errors  even  though  the  classical  policy 
is  approximately  optimal  in  the  problem  of  maximizing  the 
probability  of  detection.  It  was  observed  in  this  context 
that,  if  the  target's  detection  rates  are  greater  than 
those  of  the  searcher,  it  is  important  that  the  searcher 
obtain  estimates  of  these  in  order  to  conduct  an  effective 
search . 


Sensitivity  analyses  indicated  that,  in  contrast  tc 
the  results  for  the  Binary  model,  the  sensitivity  of  the 
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optimal  polioy  to  variations  in  the  visibility  parameters 
increases  with  increasing  available  search  effort;  how¬ 
ever,  the  regional  change  as  a  percentage  of  the  total 
allocation  to  that  region  remains  constant.  The  sensitiv¬ 
ity  of  the  optimal  allocation  in  the  first  region  to  varia¬ 
tions  in  the  visibility  parameters  of  the  second  region  is 
proportional  to  the  current  level  of  search  effort  in  the 
second  region.  It  was  noted  that  the  limiting  sensitivity, 
as  T  -*■  «,  of  the  optimal  return  to  variations  in  the  vis¬ 
ibility  parameters  of  a  given  region  is  proportional  to 
the  ultimate  probability  of  detection  in  the  region,  where 
the  constant  of  proportionality  is  the  conditional  mean 
time  until  detection  in  that  region  (conditioned  on  detec¬ 
tion  occurring) . 

The  situation  in  which  the  detection  and  visibility 
processes  are  discrete  was  modeled  and  the  optimal  policies 
explicitly  obtained.  The  optimal  policies  for  the  discrete 
and  continuous  detection  models  are  shown  to  be  approxi¬ 
mately  equal  whenever  the  infinitesimal  detection  and 
visibility  probabilities  are  approximately  equal  to  their 
discrete  analogs. 
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6,1. i  Random  Interval  of  Visibility:  Random 
Initiation  and  Limit 

Application  of  the  classical  FAR  in  this  situation 
could  lead  (in  many  cases)  to  the  erroneous  selection  of 
the  initial  region  to  be  searched.  The  model  gave  rise 
to  pseudo-concave  conditional  detection  functions ,  thus 
presenting  the  first  "practical"  examples  of  this  more 
general  class  of  detection  functions.  The  optimal  alloca¬ 
tion  policies  resulting  from  such  models  have  the  property 
that  they  are  not  strictly  non-decreasing  with  increasing 
total  available  search  effort.  Such  policies  have  not  pre¬ 
viously  appeared  in  the  open  literature  on  search  and  re¬ 
connaissance.  Furthermore,  in  the  case  of  identical  re¬ 
gions  it  is  shown  that  one  doesn't  start  the  allocation 
procedure  by  dividing  the  effort  equally  among  the  identi¬ 
cal  regions.  The  nature  of  these  optimal  policies  implies 
that  in  the  random-interval,  random-start  time  model,  one 
must  have  a  minimum  level  of  available  time  (which  can  be 
numerically  determined  from  the  process  parameters)  before 
beginning  to  search  a  new  region.  In  the  event  that  level 
of  total  available  search  time  is  insufficient  in  this  re¬ 
spect,  the  optimal  policy  is  to  continue  placing  all  the 
effort  in  one  region  rather  than  a  small  quantity  in  a  new 
region.  Recall  that  in  this  model  that  target  is  not  vis¬ 


ible  (or  present)  at  the  time  the  searcher  arrives  in  the 
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appropriate  region,  but  is  to  become  visible  (or  arrive) 
after  some  random  length  of  time.  Hence  the  return  from 
placing  small  additional  amounts  of  effort  into  a  region 
in  which  one  has  been  searching  is  greater  than  that  ob¬ 
tained  from  allocating  the  same  amount  to  a  second,  pre¬ 
viously  unsearched  region,  provided  the  total  available 
search  time  is  less  than  the  sum  of  the  minimum  levels  of 
search  time  for  each  of  ^he  two  regions. 

The  pseudo-concave  character  of  the  conditional  de¬ 
tection  functions  precludes  the  derivation  of  explicit 
expressions  for  the  optimal  policies.  However,  approxi¬ 
mate  policies  are  developed  and  the  requisite  conditions 
for  their  applicability  discussed.  It  is  shown  that  these 
policies  are  determined  from  the  lesser  of  the  two  rates 
associated  with  the  regional  visibility  processes— the 
first  being  the  rate  associated  with  the  length  of  the 
masked  period  (6);  the  second,  the  conditional  detection 
rate  (X  ♦  k)  conditioned  on  detection  occurring  in  the 
visibility  interval.  One  can  easily  determine  the  con¬ 
ditions  under  which  the  classical  optimal  allocation  poli¬ 
cies  will  coincide  with  the  approximate  policies,  or  will 
greatly  differ  from  them.  Such  observations  are  directly 
aiDlicable  to  N-region  search  situations.  Thus,  in  con¬ 
trast  to  the  models  of  Chapters  2  and  3,  it  is  shown  that 


(a)  the  use  of  the  Koopman  policy  will  not  be  ade¬ 
quate  in  situations  in  which  the  visibility  con¬ 
ditions  are  homogeneous  across  the  regions  of 
interest, 

(b)  the  error  function  is  not  reduced  by  ip  ising 

the  available  search  time  to  some  real:  „•  level, 

(c)  the  maximum  errors  do  not  occur  in  situations  in 
which  the  total  available  search  time  is  highly 
constrained,  and 

(d)  the  availability  of  extremely  good  detectors 
(high  rates)  will  not  imply  that  the  Koopman 
(or  classical)  policy  yields  small  errors. 

These  results  suggest  that  the  searcher,  in  general,  must 

obtain  accurate  estimates  of  the  visibility  parameters  in 

order  to  conduct  an  effective  search. 

The  model  was  shown  to  specialise  to  a  late-arrival , 
no-departure  model  (by  choosing  \  -  0)  and  all  of  the 
analyses  are  directly  applicable.  It,  in  turn,  was  shown 
to  be  a  special  case  of  what  was  termed  the  General  Single 
Interval  model.  This  model  has  detection  functions  rang¬ 
ing  from  concave  to  pseudo-concave  depending  upon  the 
levels  of  the  a  priori  probabilities  of  initial  target 
visibility,  n.  The  approximate  policies  just  discussed 
were  shown  to  be  applicable  here  also. 

Numerical  studies  comparing  the  classical  and  optimal 
search  policies  indicated  that  the  classical  policv,  while 
not  necessarily  optimal,  could  be  used  effectively  for  the 
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General  Random  Interval  model  in  situations  in  which  (a) 
the  mean  time  required  to  detect  the  target  is  much  less 
than  the  mean  length  of  the  visible  period  or  (b)  the  de¬ 
tection  and  visibility  rates  are  identical  across  regions. 

Sensitivity  analyses  indicated  that  the  sensitivity 
of  the  optimal  policy  to  changes  in  the  visibility  process 
parameters  increases  with  increasing  total,  available  search 
effort;  however,  the  change  as  a  percent  of  the  total  al¬ 
location  remains  constant.  The  sensitivity  of  the  optimal 
allocation  for  the  first  region  to  changes  in  the  visibil¬ 
ity  parameters  of  the  second  region  is  directly  proportional 
to  the  current  level  of  search  effort  within  that  region. 

One  can,  of  course,  directly  determine  the  effects  of  these 
changes  in  the  visibility  parameters  upon  the  optimal  re¬ 
turn.  For  example,  increasing  in  the  rate  of  the  masking 
period  causes  ar  increase  in  the  optimal  return.  Also, 
as  one  might  expect,  this  effect  diminishes  to  zero  as  the 
total  available  search  time  increases.  On  the  other  hand, 
the  sensitivity  cf  the  optimal  return  to  changes  in  the 
visibility  rate  increases  with  increasing  available  search 
time  to  an  asymptotic  value  which  is  identical  to  that 
obtained  for  the  previous  model. 

The  situation  in  which  the  detection  and  visibility 
processes  are  discrete  is  modeled.  The  solution  techniques 
utilized  in  the  previous  chapters  were  again  applicable; 
however,  the  nature  of  the  resulting  detection  functions 
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precluded  the  derivation  of  explicit  expressions  for  the 
optimal  allocation  policies.  Accordingly*  numerical 
techniques  were  used.  All  of  the  extensions  and  special 
cases  associated  with  the  continuous  detection  models  were 
shown  to  be  valid  in  this  situation. 

6.1.4  Multiple  Intervale  of  Visibility 

In  this  model  the  First  Allocation  Rule  (FAF)  can 
differ  from  the  classical  FAR,  Thus,  the  use  of  the  latter 
in  this  situation  could  lead  to  erroneous  selection  of 
regions  to  be  searched.  The  conditional  detection  func¬ 
tions  range  from  concave  to  pseudo-concave  depending  upon 
the  levels  of  Jl,  the  prior  probability  on  target  visibility 
at  the  start  of  the  search.  For  example,  the  assumption 
that  the  Jl's  are  the  limiting  probabilities  of  an  alternat¬ 
ing  renewal  process  leads  to  a  concave  Conditional  detec¬ 
tion  function. 

The  nature  of  the  conditional  detection  functions  for 
this  model,  conditioned  on  the  target  presence,  preclude 
the  derivation  of  explicit  expressions  for  the  optimal  al¬ 
location  policies.  The  pseudo-concave  conditional  detec¬ 
tion  functions  give  rise  to  optimal  allocation  policies 
which  require  minimum  levels  of  search  time  before  a  new 
region  is  searched  (as  did  the  model  of  Chapter  4,  which 
is,  of  course,  a  special  case  of  this  model).  Approximate 
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solutions  were  derived  from  an  analysis  of  the  regional 
composite  detection  rates »  which  are  functions  of  the 
visibility  and  detection  parameters. 

From  these  studies  it  is  easy  to  determine  the  con¬ 
ditions  under  which  the  approximate  allocation  policy 
(which  is  accurate  for  large  quantities  of  search  effort) 
will  be  close  to  the  classical  allocation  policies ,  as 
well  as  those  for  which  the  opposite  conclusion  holds. 
Thus,  the  classical  or  Koopman  policy  was  shown  (both 
numerically  and  analytically)  to  be  adequate  whenever  (a) 
the  search  scenario  is  characterized  by  identical  regional 
detection  rates  and  identical  regional  visibility  param¬ 
eters,  or  (b)  whenever  the  mean  time  until  detection  is 
much  less  than  the  mean  length  of  the  visibility  periods.1 

By  choosing  J1  to  be  either  zero  or  one,  direct  gen¬ 
eralization?  of  the  models  of  Chapters  2  and  3  are  ob¬ 
tained.  For  example,  for  n  equal  to  unity,  one  obtains  a 
multiple-interval-start-at-time-zero  model,  while  the 
opposite  situation  yields  a  multiple-interval,  random- 
start-time  model. 

Sensitivity  analyses  indicate  that  the  sensitivity 
of  the  optimal  allocation  in  a  given  region  to  changes  in 

These  results  hold  under  the  assumption  that  the  n's  are 
the  limiting  probabilities  of  an  associated  alternating 
renewal  process. 
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the  visibility  parameters  is  proportional  to  the  amount 
of  effort  allocated  to  the  region  containing  the  visibility 
pare,  ter,  the  constants  of  proportionality  are  given  by 
the  rates  of  change  of  the  composite  process  rate  with  re¬ 
spect  to  the  visibility  parameters.  These  constants  can  be 
compared  readily  to  determine  the  relative  influence  of  the 
various  visibility  parameters. 

It  was  also  shown  that  the  probability  of  detection 
tends  toward  unity  with  increasing  search  effort.  The 
other  models  did  not  have  this  property,  with  the  exception 
of  the  late-arrival ,  no  departure  model  of  Chapter  4.  In 
light  of  these  results,  one  may  study  the  expected  time 
problem  without  introducing  the  conditioning  devise  re¬ 
quired  for  the  other  models.  Numerical  results  indicate 
that,  while  the  classical  policy  is  adequate  in  many  cases, 
for  the  problem  of  maximizing  the  probability  of  detection, 
it  may  not  be  efficient  when  minimizing  the  expected  time 
until  detection. 

Finally,  some  general  observations  on  our  models  are 
as  follows.  It  was  observed  that  (with  a  single  exception), 
under  the  restrictions  of 

(a)  a  uniform  distribution  on  target  location, 

(b)  uniform  regional  detection  capabilities, 

(c)  uniform  visibility  parameters,  and 

(d)  levels  of  search  time  equal  to  twice  the  KET ; 
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the  Koopman  or  classical  policies  are  approximately  op¬ 
timal  in  maximizing  the  probability  of  detection  under  a 
constraint  on  the  total  available  search  time.  The  ex¬ 
ception  occurs  with  the  model  of  Chapter  4.  Thus,  the 
classical  policies  are  applicable  to  a  number  of  situations 
in  which  their  applicability  was  not  apparent.  On  the 
other  hand,  the  inadequacy  of  the  classical  policies  was 
demonstrated  when  one  or  more  of  the  above  restrictions  is 
violated. 

For  each  of  the  situations  analyzed,  it  was  assumed 
that  the  visibility  and  detection  processes  had  very  speci¬ 
fic  forms.  The  insights  developed  and  summarized  above 
were  based  on  the  use  of  these  forms.  However,  the  model 
structures  are  not  restricted  to  these  special  forms ,  and 
accordingly,  the  optimal  policies  and  returns  can  be 
readily  obtained »  via  numerical  techniques  (e.g.,  dynamic 
programming),  for  any  detection  and  visibility  pro-' 
cesses . 

6.2  Areas  of  Future  Research 

In  this  section,  several  areas  for  future  research  are 
discussed.  We  briefly  .introduce  each  area  and  suggest 
some  avenues  of  approach. 
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Cl)  Enrichments  of  the  multiple  interval  model 

We  shall  consider  three  directions  of  extension  for 
this  model; 

(1)  the  target  has  a  detection  capability)  i.e., 
if  the  target  detects  the  searcher  first,  he 
exits i 

(2)  the  number  of  transitions  to  the  masked  or 
visible  state  is  controlled  by  an  external 
random  process,  and 

(3)  the  introduction  of  various  levels  of  visibility 
We  shall  explore  only  the  first  direction. 

S  One  could  consider  two  cases: 

(1)  the  target  can  detect  only  while  it  is  in  the 
"visible"  state, 

t 

|  (2)  the  target  can  detect  the  searcher  in  either 

state. 

1 

i 

This  situation  gives  a  complete  spectrum  of  visibility 
!  models,  since,  loosely  speaking,  it  is  equivalent  to  al¬ 

lowing  a  finite  number  of  visibility  intervals.  The  model 
of  Chapter  5  allows  for  an  infinite  number  and  the  models 
of  Chapters  3  and  4  treat  the  single  interval  cc'.se.  Note 
that  the  ultimate  probability  of  detection  in  these  situa¬ 
tions  is  less  than  unity. 

Let  the  visibility  process  of  the  target  (within  a 
region)  be  modeled  as  an  alternating  renewal  process,  the 
steady  state  probabilities  of  which  give  the  probabilities 
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of  the  target  being  visible.  First,  we  assume  that  the 
target’s  detection  gear  is  working  only  while  in  the 
visible  state  (e.g.,  passive  air  search  for  a  submarine). 

If  the  searcher  enters  the  region  and  finds  the  target  in 
the  visible  state,  then  the  length  of  time  the  target  spends 
in  the  visible  state  is  a  random  variable  given  by  the 
smaller  of  either*. 

(a)  the  forward  recurrence  time  of  the  visibility 
period,  or 

(b)  length  of  time  required  for  the  target  to  detect 
the  searcher. 

It  might  be  assumed  that  the  searcher  has  another  chance 
at  the  target  in  case  <a) ,  while  in  case  (b)  the  target  has 
escaped. 

Let  the  transition  matrix  for  the  model  be  given  by 

<V>  (I)  (D)  (E) 

(0  R(t)  D(t )  H(t )  \ 

Fm(t>  0  0  0  )  , 

0  0  10/ 

where  the  states  are 

V,  visible. 

I,  masked^ 

D,  target  detected}  and 
E,  target  escaped. 
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Expressions  for  the  distribution  functions  may  be  derived 
as  in  Chapter  5.  Having  obtained  the  transition  matrix, 
one  need  only  apply  the  procedures  of  Chapter  5  to  obtain 
the  conditional  detection  functions. 


(2)  Avalanche  search  model 

In  this  model  the  searcher  knows  that  a  climber  is 
los t  in  an  avalanche  or  a  storm  somewhere  on  a  mountain. 
The  length  of  time  that  he  may  be  expected  to  survive  is 
a  random  variable  dependent  upon  his  precise  location. 

The  objective  is  to  assign  a  limited  amount  of  search  ef¬ 
fort  in  such  a  way  as  to  maximize  the  probability  that  he 
will  be  found  alive. 

There  are  several  other  analogies  of  this  model,  the 
most  obvious  being  the  stricken  submarine,  e.g.,  the 
Threaher  incident.  Another  interesting  analogue  is  in 
the  area  of  medical  screening  for  a  terminal  disease.  One 
is  interested  in  the  sequence,  and  quantity  of  treatment 
which  maximizes  the  probability  of  survival. 

A  description  of  this  problem  may  be  obtained  by 
starting  with  the  general  formulation  of  the  model  for  a 
single  interval  of  visibility  starting  at  time  zero,  i.e., 
for  the  j**1  region, 


P(T} 


Pj<T  >H.  (T  )dT 


(  4  S  ) 
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where  p(t)  is  density  function  for  the  time  until  detec¬ 
tion,  fl(r)  is  complementary  cumulative  distribution  func¬ 
tion  on  the  length  of  the  visible  period,  and  Pj  is  the 
probability  that  the  target  is  in  the  jth  region.  Equa¬ 
tion  45  is  appropriate  if  the  region  is  searched  first. 
Next,  assume  it  has  been  determined  that  region  K  is  next 
in  sequence.  It  shall  also  be  assumed  that  in  going  from 
•region  j  to  K,  one  incurs  a  switching  time  t^.  The  prob¬ 
ability  of  detection  is  this  region,  assuming  one  allocates 
Tj  units  of  time,  is  given  by 


PD(T2> 


s  Pv 


a  , 

/' 


p£<  T)H^(T+T1+t jj<)dT 


(46) 


where  pK  reflects  the  fact  that  the  previous  search  of 
region  j  was  unsuccessful.  Conceptually,  this  process 
could  be  continued  for  successive  numbers  of  regions.  How¬ 
ever,  even  if  the  sequence  is  given,  one  is  still  faced 
with  the  problem  of  determining  the  optimal  quantities  of 
the  total  available  effort  to  assign  to  each  region  in  the 
given  sequence.  This  problem  is  more  difficult  than  the 
previous  formulations  because  of  the  non-separability  as¬ 
pects.  If  one  were  able  to  explicitly  solve  for  the  optimal 
allocations  of  a  given  sequence,  then  the  substitution  of 
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theae  results  into  the  return  function  for  the  sequence 
would  yield  en  expression  which  contained  only  the  known 
search  parameters.  Having  accomplished  this,  one  could 
then  test  for  dominance  among  all  such  return  functions* 
hopefully,  arriving  at  a  criteria  (in  terms  of  the  known 
parameters  of  the  problem) ,  which  would  enable  the  a 
priori  determination  of  the  optimal  sequence. 

This  ambitious  program  was  attempted  for  a  2-region 
search  situation,  with  exponential  distributions  on  the 
detection  and  visibility  phenomena,  with  little  success. 

The  reason  for  the  lack  of  success  was  the  failure  to  ob¬ 
tain  explicit  '  ipressions  for  the  optimal  allocations 
under  a  given  sequence.  However,  this  brief  exercise  did 
produce  some  interesting  results  and  conjectures.  In  cer¬ 
tain  cases  one  places  all  the  effort  in  the  first  region 
regardless  of  the  total  amount  available,  while  in  others, 
there  is  an  upper  bound  on  the  amount  of  effort  placed  in 
the  initial  region.  It  was  also  noted  that  the  First  Al¬ 
location  Rule  will  determine  the  proper  order  for  very 
small  quantities  of  total  available  search  effort.  Finally, 
the  research  suggests  the  following  conjecture:  ".'or  the 
N-region  problem  with  p^k^  =  Pj^j *  j  t  i»  the  optimal  se¬ 
quence  is  obtained  from  the  ranking  as  to  increasing  ex¬ 
pected  lengths  of  the  respective  visibility  periods." 
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(3)  Random  8 •arch  times 

One  might  consider  either  of  the  following  random 
search  time  situations:  First,  the  case  in  which  the 
total  available  effort  is  a  random  variable  with  known 
distribution;  second,  the  situation  in  which  the  searcher 
spends  a  random  amount  of  time  in  each  region.  The  former 
situation  could  arise  in  context  of  an  aerial  search  in 
which  unknown  or  changing  weather  conditions  randomly  in¬ 
fluence  the  total  search  time.  An  approach  to  this  situa¬ 
tion  might  be  to  formulate  it  as  a  stochastic  programming 
problem  of  either  the  2-stage  or  chance-constraint  variety 
depending  upon  the  particular  situation.  One  approach  to 
the  second  problem  might  be  to  solve  it,  assuming  the 
search  times  to  be  fixed.  Then  use  these  optimal  values 
as  nominal  values  with  some  known,  possibly  regionally  de¬ 
pendent,  variation  to  compute  the  expected  probability  of 
detection.  Or  as  an  approximation  to  this,  one  could  com¬ 
pute  the  partial  derivatives  (evaluated  at  the  nominal 
levels)  of  the  return  function  with  respect  to  the  optimal 
allocations.  These  scenarios  become  especially  interesting 
in  view  of  the  allocation  policies  for  the  models  of  Chap¬ 
ters  4  and  5,  since  models  gave  rise  to  situations  in  which 
the  optimal  policy  has  the  property  that  the  amount  of  ef¬ 
fort  put  in  a  given  region  is  not  monotone  non-decreasing 
as  a  function  of  the  total  available  search  effort  (e.g., 
see  Figure  4,  Chapter  4). 
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(4)  Target  motion 

The  process  of  target  transitions  from  one  region  to 
another  might  be  realistically  modeled  as  a  semi-Markov 
process  with  the  distribution  of  transition  times  depending 
upon  the  current  state  and  the  next  state.  Such  a  model 
seems  to  be  appropriate  in  the  sense  that  a  commander  can 
choose  both  the  next  region  and  the  transit  speed  to  that 
region  at  random  thus  generating  the  semi-Markov  transi¬ 
tion  matrix.  In  actual  transit  situations  this  appears  to 
be  a  more  reasonable  model  than,  say.  Brownian  motion.  In 
addition  to  the  motion  consideration,  target  intervisibil¬ 
ity  could  occur  due  to  changes  in  velocity.  In  this  same 
context,  tracking  states  (i.e.,  entrances  to  and  exits 
from)  are  also  of  interest .  With  the  introduction  of  such 
states,  some  new  search  objective  functions  might  be  of 
interest,  e.g.,  the  maximization  of  the  probability  that 
the  time  spent  in  the  tracked  state  is  greater  than  some 
specified  level. 


Appendix  A 
METHODOLOGY 


A.l  Purpoee 

The  intent  of  this  appendix  is  to  develop  in  detail 
the  solution  methodology  for  the  two  major  search  objectives: 

(a)  maximizing  the.  probability  of  detection  under  a 
constraint  on  the  available  effort,  and 

(b)  minimizing  the  expected  time  until  detection. 

First,  we  shall  present  a  modified  version  of  the  Charnes- 
Cooper  Algorithm  for  the  discrete  search  space  version  of 
Koopman's  problem.  This  algorithm  is  used  in  solving 

the  approximations  to  many  of  the  models  presented  in  Chap¬ 
ters  2-5.  The  discrete  detection  version  of  the  Koopman  prob¬ 
lem  is  then  discussed  and  related  to  the  continuous  detec¬ 
tion  analog.  The  technique  presented  will  be  useful  in  analyz¬ 
ing  the  discrete  versions  of  many  of  the  visibility  models.^- 
Finally,  we  look  at  minimizing  the  expected  time  until  detec¬ 
tion  for  both  the  continuous  and  discrete  cases. 

A. 2  The  Allocation  of  Search  Effort  to  Maximise  the  Proba¬ 
bility  of  Detection 

A. 2.1  Continuous  Detectors 

In  this  section  we  modify  the  Charnes-Cooper  (1958) 
Algorithm  for  solving  the  discrete  search  space  problem. 

iSee  Appendix  B  for  discrete  detector  formulations  and 
results . 
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The  target  of  Koopman's  problem  is  located  in  one  of  N 
regions  with  prior  probability  vector  P  =  (p^ »P2 » • • • »PN) 
and  the  searcher  has  detection  rates  for  each  of  these  re¬ 
gions  given  by  the  vector  K  =  (k^  k^,  .  ..,  kn>.  The  basic 
optimization  problem  becomes 


■2* 


(1  -  e  1  x>  , 


S.T. 


ti  =  T  . 

ti  —  0  • 


The  Charnes  and  Cooper  algorithm  for  the  above  problem  has 
the  restriction  that  the  k^  =  k  for  each  region,  which  can 
be  easily  removed.  The  application  of  the  Kuhn-Tucker  conditions 
to  the  above  problem  will  yield  the  optimal  solution.  Then 
the  conditions  are  necessary  and  sufficient  in  this  problem 
since  we  have  a  concave  objective  function.  Reformulating 


the  problem  as  a  minimization  one: 


TH  -kiti 

y  Pj(l  -  e  ;  s  mm 


Scaling  the  allocations  by  T; 
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N 


t. 


TT  s  Ti  ‘  STi  *  1’ 
i-1 


one  obtains  as  the  problem 


H 

min  53  pi® 

i=l 


-Tki^i 


N 


S.T. 


Eh 


i*l 


T.  >  0 


Form  the  Lagrangian 


N 


W(T,W  ,4»)  s 


£pj' 

3*1 


"Tkj  Tj 


N  N 

-E  wjTj *  *E  (t3 

3*1  3*1 


-  1)  . 


Application  of  the  Kuhn-Tucker  conditions  to  the  above  equation 
yields 

if  w.  T.  >  0  , 

j  j  “ 

,  for  ij  >  0,  then  ».  s  0  . 

From  thesa  equations  one  obtains  that 

TkjPj  =  ifr  -  Wj  when  t  =  0  ,  w-  >  0  . 

-Tk.x . 

TkjPje  ^  ^  -  ip  when  tj  >  0  . 


-Tk.x. 

TkjPje  :  3  =  ij>  -  Wj 

-Tk.x. 

Tk.p.e  J  ->  s  ip,  i.e. 
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Taking  logarithms ,  we  have 


InT  ♦  lnkj  +  lnpj  <  ln^> 

InT  ♦  lnkj  -  Tk^tj  +  lnpj  «  ln^»,  Tj  >  0 
Dividing  (2)  by  k  ^ ,  one  obtains 


igi  ♦  ip.  .  *  ♦  *Ei .  ±g*  ,  t j 

1c.  3  kj  kj  3 


>  0  . 


Let  the  set  J  be  the  set  of  indices  of  those  regions  which 
receive  a  positive  allocation  of  search  effort,  i.e.,  note 


that 


J  =  |i|t.  >  o}  , 


N 

E  Ti 5  L  t5 

:=i  jEj 

Summing  equation  3  over  all  j  e  J, 


jeJ  3  jeJ  3  3eJ  jcJ  3  j  eu  3 


In  *  s  InT 


2^  k.  X  jtJ  3  3  7 
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Denote  lnx  by  x  and  note  that  TJc j t ^  >  0  for  j  c  J.  Then, 
using  (1)  and  (4) 


where  S  t  J  and  r  e  J 


Substitution  uf  (4)  into  (2)  yields 


Now,  if  the  members  of  the  set  J  were  known,  the  solutions 
are  given  by  (6).  Toward  this  end  we  modify  a  lemma  by  Charnes 
and  Cooper, 

From  (5)  we  have 
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Lemma: 


Proof : 


If  S.1  »  m  1  1  (Z*  E7  '  T)  * 

&  *7  Ul 


then 


> 


.  m*l  ft  V 

OT"T'(Z)  EJ  “  T)‘ 

V  r —  '  1  ' 


&  ^  1=1 


By  hypothesis 


ill 

2  ET 


> 


Hi  1 


JTT  pm+l 


TTiE I 


V  i  s  ..  *  £!ii  >  V  !i  *  fail  -  t 
frf  *T  1  ^m*l  km*l 

®m+l  *  m+I  I  ( kT  “  T) 

y;  JTT7  i*l  x 


gmU  > 


5i 1<m+i 


Q.E.D. 


To  apply  these  results,  to  our  minimization  problem 

A  A 

(a)  Arrange  the  /alueo  ~>i  8^  =  pj  ♦  kj  in  decreasing 
order,  and  relabel  regions  according  to  this  order. 

-  -  /t>i +  si  \ 

(b)  If  p1  +  k1  >  k^ — ^ -  -  ?  J  ,  region  1  is 


selected, 

(c)  If  p2  +  £2 


=■  *.  4 


stop. 
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Otherwise  region  2  is  selected  and  ona  continues  via  the 
lemma  until  the  set  J  is  determined. 

The  results  for  the  two-region  model  follow  directly. 

We  shall  assume  that  _>  p2k2.  First*  we  determine  under 

what  conditions  all  the  search  effort  is  placed  in  region  1. 
From  the  algorithm  for  the  selection  of  indices  for  the  set 
J,  one  stops  at  region  1  if 


ln(p2k2) 


/InCPik.) 


•) 


leading  to 


* 

T  < 


(8) 


Then  for  total  search  time  T  <_  T*,  one  spends  the  entire  time 
searching  region  1  .  For  T  T* ,  one  obtains,  using  (6), 
the  optimal  allocations  to  the  two  regions  as 


and 


:1  ‘  ETT-f-  [l"  (fpq)  *  k2T]  • 

:2  *  k-hj  [l"  (^)  *  klT]  • 


(9) 


We  observe  that  for  large  T,  one  has 


k2T 

tl  =  k'  +"k0  ’ 


kjT 


t2  *  k,  ♦  Tr 
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The  optimal  value  for  the  probability  of  detection  is  then 
given  by 


To  handle  the  N-region  case,  one  merely  follows  the  procedure 
outlined  in  the  proof  of  the  algorithm 


A. 2. 2  Discrete  Detectors 

Recall  the  following  definition  given  in  Chapter  1, 
Incremental  Detection:  Let  1  -  q  be  the  instantaneous  prc= 
bability  of  detection  on  any  scan  of  a  region.  Given 
m  such  scans,  the  conditional  probability  of  detection  is 


P(m)  =  1  -  qm  . 


Let  P  =  (Pl,-p2,  PM>  be  the  Prior  Probabilities  on  target 

location.  Then  the  N-region  search  problem  may  be  stated  as 


.215 


2  Pi(l  • 

i«i 

N 

S.T.  2  mi  -  M 
i«l 

a.  >  0  ,  integers. 


(10) 


This  formulation  may  be  solved  usirg  Dynamic  Programming t 

(or  the  results  of  Chew  (1967)),  however,  some  results 
(Wagner,  1969)  enable  one  to  take  a  more  direct  approach. 

These  results  are  summarized  in  the  following  theorem. 


Wagner 'a  Theorem 

Let  e  and  c  be  real-valued  functions  (of  two  variables) 
defined  on 

{(x,j)|a  <  x  <  b,  Ux)  <  j  <  u(x),  j  an  integer). 

Let  ♦  be  the  set  of  all  integer-valued  functions  f  on 
(a,b)  such  that  *(x)  <  f(x)  <  u(x)  for  a  <  x  <  b  for 
which 

b 

-»  <  E (f )  =  /  e(x,f(x))dx<  00 
a 

b 

-»  <  C(f)  =  J"  c(x,f(x))dx<  ®  . 
a 


Suppose  that  g  £  4>  has  the  following  property:  there 
exists  a  X  >  0  such  that  for  all  x  e  (a,b)  and  integers 

j 
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e(x,j)  -  e(x,j-l)  <  Xtc(x.j)  -  c(x,j-l)D 
whenever  g(x)  <  j  <  u(x)  ,  and* 

e(x,j)  -  e(x,j-l)  >  Xtc(x.j)  *  c(x,j-l)3 
whenever  i(x)  <  j  -  1<  g(x)  ,  then 


E(g)  =  max  (E(f)|f  e  «  and  C( f)  <  C(g)> 

C(g)  =  min  {C(f)|f  e  t  and  E(f)  >  E(g>)  . 

Application  of  the  theorem  to  (10)  gives  the  following 
necessary  conditions  on  the  solution: 

(a)  for  the  ith  region 


where  the  bracket  implies  the  largest  integer  therein, 
(b)  The  objective  is  to  choose  a  X  >0,  such  that  (a) 


is  satisfied  for  all  i  for  which  m .  >  0 ,  and 

N  1 


One  does  this  iteratively  by  assuming  a  X,  checking  (b) , 


etc. 


In  the  two-region  si tuition,  on*  has  for  ths  optimal 
allocations 


"1  *  log  ,-i  log— z  lo«  «t  ♦  *$£$)]  * 1  • 

(12) 

m2  *  log  tl  >  log  ^  [<»-»  10‘  ]  *  1  • 

Next,  we  shall  use  these  results  to  answer  some  ques¬ 
tions  about  the  limiting  values  of  the  m^.  In  the  limit  as 
M  ®,  from  (11)  one  has  that 


mi 


*°g  *  . 
IHgql 


(13) 


For  the  two-region  situation,  this  results  in  the  following 
allocations 

(log  q2)  M 

ml  5  log  qx  ♦  log  q2 

and  (14) 

(log  q1)  M 

m2  "  log  qx  ♦  log  q2 


If  one  assumes 

(a)  =  1  - 

(b)  qi  ♦  1", 
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th«n  the  optimal  allocations  for  tha  diaerata  and  oontinuoua 
detectors  are  approximately  equal.  This  agrees  with  Pollock *s 
(1960)  observations  on  tha  discrete  detection  problem.  In 
general,  one  might  make  good  use  of  the  continuous  analog  in 
order  to  obtain  an  initial  solution  for  the  discrete  neces¬ 
sary  conditions,  even  in  the  N. region  case. 

4.3  Minimisation  of  tha  Expiated  Tim e  Until  Detection 
4.3.1  Continuous  Detectors 

Here  we  consider  the  other  classic  objective  function, 
the  minimization  of  the  expected  time  until  detection  with 
no  constraint  on  the  available  search  time.  Dobbie  (1963) 
has  shown  that  a  concave  conditional  detection  function  is 
sufficient  to  guarantee  that  the  policy  which  maximizes  the 
probability  of  detection  for  each  value  of  T,  the  available 
search  time,  is  also  the  policy  which  minimizes  the  expected 
time  until  detection.  Certainly,  the  conditional  detection 
function  obtained  from  the  "law  of  random  search"  satisfies 
the  above  condition.  We  shall  use  this  result  to  obtain  an 
expression  for  the  minimum  expected  time  until  detection. 

The  optimal  value  of  the  probability  of  detection  for 
a  two-region  search  situation,  given  T,  is 
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P(T) 


,  -kitAT) 

X  Pi<i  -  •  1  1  >  . 


(T)  dt^T) 


where,  from  the  previous  section,  the  t^(T)  are  given  by 
(assuming  region  1  is  selected  first) 


,  T  <  T* 


t1(T)  = 


[lnCSr}  k2T]  • 


T  >  T* 


,  T  <  T* 


t2(T)  = 


kiT]' 


T  >  T* 


The  minimal  expected  search  time  will  then  be  given  by 


7 


E  =  /  (1  -  P(T))dT  . 


Carrying  out  the  above  integration,  one  obtains  for  the 
mal  expected  time  to  detect 


mini- 


X  It’Ll.  >  iU  Jlikliiei  Li 
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k,+k2 


-  klk2 


5 

where  T*  is  given  by  (8). 


(*  •  y  r-ft)  • 


(14) 


♦  PoT* 


For  the  situation  in  which  the  infinitesimal  detection  proba¬ 
bilities  are  identical,  i.e.,  P1^1  =  p2k2»  tke  aboVe  expres¬ 
sion  simplifies  to 


E  = 


*1  *  *2 
*cl'l2 


A. 3. 2  Dieorete  deieo^ora 

Here  we  need  only  recall  the  important  results  of 
Black  (1965),  He  shows  that  the  policy  with  the  minimum 
expected  cost  is  generated  by  the  rule"  "Always  look  in  the 
region  for  which  the  posterior  probability  (given  the  failure 
of  earlier  looks)  of  finding  the  object  divided  by  the  cost  (time) 
is  maximum. " 

A. 4  Firat  Allocation  Rule 

This  section  considers  the  following  question:  For  the 
N-region,  discrete  search  space  situation,  how  does  one  de¬ 
termine  the  order  in  which  the  regions  receive  search  effort 
as  the  amount  of  total  available  search  time  increases? 

As  the  amount  of  available  search  time  is 


increased  one  can  begin  to  place  the  additional  effort  in 
regions  which  have  yet  to  receive  any  effort.  In  the  pre¬ 
vious  section»  it  was  noted  that  this  rule,  which  we  shall 
designate  as  the  Piret  Allocation  Fulo  was  determined  by 
choosing  as  the  initial  region  that  region  i  for  which 

=  max  Pj^j 
l<_j<N 

The  First  Allocation  Rule  for  the  general  case 

N 

max  2  Pipi(ti) 
i=l 

N 

S.T.  2  Xi  1  T  » 
i=l 

tL  >  0  , 

can  be  established  as  follows.  First,  we  observe  that  if 
T  -  e  <<  1,  then  it  is  important  to  allocate  T  to  that  region 
for  which  the  rate  of  return  is  maximized, 

P.'(T)  =  max  P.'(T)  . 
l<_j<_N  D 

Thus  we  can  determine  the  initial  region.  Suppose  next  that 
one  has  T  sufficiently  large  to  warrant  the  search  of  an 
additional  region.  Once  again  the  goal  is  the  maximization 
of  , the  return  from  that  additional  effort,  hence  one  chooses 
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P. ’(e)  *,  max  Pv* (e)  , 

1  k*J  K 

where  J  =  {ijt^  >  0}.  If  the  conditional  detection  function 
has  the  property  that  P'(0)  >  0*  then  one  can  let  e  ♦  0 
in  the  above  rules;  if  P'(0)  =  0,  then  one  merely  chooses 
e  «  1  and  applies  the  rules  as  stated.  We  remark  that  this 
technique  does  not  enable  one  to  determine  the  value  of  T 
at  which  the  next  region  begins  to  receive  effort,  but  merely 
the  ordering  of  the  regions. 


Appendix  B 

DISCRETE  DETECTION  AND  VISIBILITY  PROCESSES 
B.l  Introduction 

This  appendix  contains  the  formulations  and  results  for 
the  discrete  analogues  of  the  models  of  Chapters  2-4  re¬ 
spectively.  Explicit  expressions  for  the  optimal  allocation 
policies  are  developed  for  each  of  the  models. 


B.2  The  Binary  Model 

If  the  searcher  is  utilizing  a  discrete  (glimpse)  de¬ 
tection  device,  two  versions  of  the  Binary  model  may  be 
considered.  Fir«at  assume  that  upon  the  entry  of  the 
searcher  the  target  holds  his  current  visibility  status 
throughout  the  search.  In  this  situation,  the  problem  of 
maximizing  tno  probability  of  detection  is  given  by 


N 

max  y^p-v.a 
i  =  l 


N 

S.T.  m.  <_  M  , 

i  =  l 


(1) 


where  M  and  m^  are  positive  integers  and  1  -  is  the 
glimpse  detection  probability  in  the  i**1  region.  The  second 
situation  occurs  under  the  assumption  that  the  target's 
visibility  status  changes  with  each  glimpse.  The  problem 
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of  maximizing  the  probability  of  detection  is  stated  ae 
max  Pijl  -  <livi)mi| 


S.T.  ^  nu  <_  M,  m^  _>  0. 
i  =  l 


These  discrete  detection  models  can  be  solved  in  a  variety 
of  ways.  In  order  to  directly  compare  the  discrete  and  con¬ 
tinuous  detector  models,  we  shall  present  the  solution 
given  in  Appendix  A.  First ,  under  the  assumptions  leading 
to  (1),  the  optimal  allocations  (for  the  two- region  problem) 


are 

m] 

and 

m„ 


In  q„  ♦  In  q. 


In  q.^  +  In  q. 


In  q2(M-2)  +  In 


/p2v2(l-H2>^ 

\piviu-V/) 


jin  qi«-2)  *  In 


+  1. 


As  M  -►  «  ,  one  has 

(In  q2)M 

ml  "  In  q^  +  ln,_q2 


and 


m. 


(In  q1)M 
In  qx  +  In  q2 


(3) 


Under  the  assumptions  leading  to  (2),  the  analogous  policies 
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If  one  assumes  that  k^At  2  1  -  q^,  where  it  is  the  "glimpse" 
time,  then  as  -►  1,  one  has  from  (3)  that  the  optimal 
allocations  for  the  continuous  and  discrete  cases  are 
approximately  equal. 

Finally,  note  that  the  results  of  Chew  (1967)  given  in 
Chapter  1  are  directly  applicable  here.  Namely,  "to  maxi¬ 
mize  the  probability  of  finding  the  object  in  a  fixed  num¬ 
ber  of  searches,  choose  those  n-searches  for  which  the  pos¬ 
terior  probability  (given  the  failure  of  earlier  looks)  of 
finding  the  object  is  largest."  We  calcualte  these  proba¬ 
bilities  using  the  operator  6,  i.e.,  if  TP  =  (pp-.*»PN)  then 


In  each  of  the  above  expressions  for  m. ,  one  must  choose 
the  largest  integer  in  the  right  hand  £ide  of  the  appro¬ 
priate  expression. 
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(6JP) is  the  posterior  probability  that  the  target  is  in 
the  j**1  region  given  the  failure  of  the  past  search  in  re¬ 
gion  i.  For  the  model  given  by  (1)» 


(9iP'j  =  { 


^iviPj 

l  -  (i  -  ’ 

L1  “  a  -^i^^i  * 


j  «  i 


j  *  i 


(5) 


The  model  given  by  (2)  yields  the  following  expressions 

f  (1  -  (1  -  qi)vi)pi 


OiipJj  =  < 


l  -  (i  -  qi>vipi  » 
pi 

1  -  a  -  qiwiPi  • 


j  s 


‘1 

l  .  (6) 


j  *  i 


Clearly,  as  vi  •*  1  for  all  .1,  both  relate  to  the  model 
first  studied  by  Pollock  (1960). 


B.3  A  Random  Interval  Process :  Target  Initially  Visible 

Let  0  <  hj  < 1  denote  the  probability  that  the  target  is 
visible  on  a  glimpse  in  the  jth  region.  It  is  assumed  that 
the  target  is  visible  at  the  start  of  the  search.  Given  that 

the  target  is  visible  at  the  start  of  the  search,  and  that 

the  target  is  present  in  the  region,  the  conditional 

probability  of  detecting  it,  at  or  before  the  mth  look,  is 
given  by 


where  =  (1  -  q^)  =  the  glimpse  probability  of  detection 
in  the  region,  and 

pj<B)  5  I>'-^3qj  (1  *  'W"1  • 

Of  course  as  h  1,  this  yields  Pollock's  (1960)  model. 

The  problem  of  maximizing  the  probability  of  detection,  given 
a  total  of  M  glimpses,  is 

»*  £ -  *».*.■** 

<.  M  , 

i=  1 

where  m^  are  non-negative  integers. 

Again  the  results  of  Appendix  A  are  applicable.  We 
replace 

p .  h .  q . 

Pi  by  I'"-  -qiKi  »  and  ^i  by  Mi 


in  equation  12,  Section  A. 2  to  obtain  (in  the  two-region 
case)  the  optimal  allocations 


-228- 


M  In  (h2q2) 

3  In  ♦  In  ^h2q2)  * 

and  (9) 

N  In  (h^) 

m2  *  In  ♦  lrTTh^T  * 

Setting  up  the  correspondence  kAt  =  1  -  q  and  AAt  =  1  -  h, 
where  At  is  the  '•glimpse"  time,  one  can  obtain  the  corres¬ 
ponding  allocation  policy  for  continuous  detectors  under 
the  assumption  that  k  and  A  <  <  1.  The  continuous  policy 
may  be  useful  in  obtaining  initial  estimates  for  the  discrete 
policy  via  the  above  correspondence. 
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B>4  Random  Interval  Prootse:  Random  Initiatir.:  and  Limit 
Making  use  of  the  discrete  model  just  obtained,  we 
observe,  given  that  the  target  becomes  present  at  the  j*^ 
glimpse,  that  the  probability  of  detection  in  m  -  j  ♦  1 
identical  glimpses  is  given  by 

P(ro  jj)  s  hq  +  h2qq  +  •••  ♦  qhm"^1qro“^ 

-  hq(l  -  (hq)”^*1 

1  -  hq  * 

where 

q  s  l  -  q  a  glimpse  probability  of  detection, 

h  =  probability  target  remains  visible. 

Let  A  denote  the  probability  that  the  target  appears  on  any 
glimpse,  then  the  probability  that  the  target  becomes  visible 
on  the  ith  glimpse  is  P(i>  =  A(1  -  A)1’1.  The  probability 
of  detection  in  m  glimpses  is 

m  m  _  .  .  i 

P(m)  .  £  PCmli)P(i)  .  £  ^-5*^  U  -  (h,)-ln>Ml  -  A) 
i  =  1  i=l 


(10) 


r 

t 


»S^VJP.  A- 
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The  results  of  Wagner*  given  in  Appendix  A  are  again 
applicable  to  equation  11}  however,  just  as  in  the  continuous 
analog  of  this  model,  the  solution  techniques  are  consid¬ 
erably  more  difficult.  The  following  conditions  lead  to 
limiting  allocation  policies  similar  to  those  already 
obtained: 

(a)  M  >>  1,  and  A^  ♦  l“  then  the  limiting 

allocations  for  two  regions  are 
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u 


XAt  *  (1  -  s)  I] 

)cAt  *  (1  -  q> 

*  (A)  ,  Li 

i  i 

i  b 

where  At  is  the  "glimpse"  time,  then  as  h  ♦  1‘,  q  ♦  l'.  «<> 

A  ♦  0+,  the  continuous  detection  policy  approximates  the  ij 

discrete  policy. 


Appendix  C 

CONTINUOUS  SEARCH  SPACE  FORMULATIONS 

C. 1  Introduction 

In  this  appendix  we  present  the  continuous  search  space 
formulations  for  the  models  of  Chapters  2-4.  We  restrict 
our  attention  to  continuous  detection  models  throughout  our 
discussions.  The  models  are  derived  in  the  next  sections  in 
the  order  in  which  they  are  introduced  in  the  text.  Solution 
techniques  are  investigated  in  the  final  section. 

C.2  Model  Development 

In  order  to  present  the  continuous  search  space  version 
of  the  Binary  visibility  model,  we  introduce  the  following 
notation.  Let 

p(x)  be  the  probability  density  function  on  target 
location,  defined  on  a  region  A; 

v(x)dx  denote  the  probability  that  a  target  in 
(x,  X  +  dx)  is  visible;  and 

<f>(x)  denote  the  search  intensity  function,  defined 

as  the  amount  of  search  effort  (time)  allocated 
to  an  interval  (x,  x  +  dx). 

The  conditional  probability  of  detecting  (conditioned  on 
the  target  being  visible  and  present)  a  target  at  x  with 
effort  of  intensity  ( x )  is  denoted  by  P(x,  #(x)).  Using 
the  above  definitions,  the  problem  of  maximizing  the  proba¬ 
bility  of  detection  over  a  continuous  search  space  is 
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max 


S.T 


/ 


v(x)p(x)P(x,$(x) )dx 


•/ 


$(x)dx  =  T  , 


(1) 


and 

$(x)  >  0. 


The  continuous  search  space  version  of  the  random 
interval  (initially  visible)  model  is 


max 


p(x)M(x,<|>(x) ) 


f 


S.T.  /  $(x)dx  <  T 


(2) 


4><x)  >  0  , 


where 


M(x,4>(x))  =  J  p(x,T)H(x,T)dx  =  conditional  probability 
0 

of  detecting  a  target  in  the  interval 
(x,x  >  dx),  conditioned  on  the  target  being 
present , 
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*  probability  that  tha  length  of  the  visibility 
period  at  x  is  greater  than  or  equal  to  t. 

p(x,T)dt  *  probability  that  the  time  until  detection  at 
x  is  in  the  interval  (t,  t  ♦  dt),  given 

that  the  target  is  continuously  visible  at 
x  up  to  t  ♦  dr. 


The  random  interval  (  random  initiation  and  limit) 
model  in  the  continuous  search  space  situation  is 


fu,I 


f (x,p)M(x,$(x)  -  y)  dpdx 


where 


S.T.  y* $(x)dx  <_  T 


<Kx)  >,  0  , 


f (x,u)du  = 


M(x,4>(x)-y)  = 


probability  that  a  target  at  x  becomes 
visible  in  the  interval  (vj,p+dy). 
f(x)*u 

/  p(x,T“M)ff(x,T-ji)dT,  in  the  no- 

tation  of  the  previous  paragraph 
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C.  2  Solution  Techniques 


As  noted  in  the  literature  review  Zahl  (1963)  gave  neces¬ 
sary  and  sufficient  conditions  for  a  general  version  of  the 
search  problem,  i.e., 


max  F($)  =  /  f(x,$(x))dx 


S.T.  G(<J>) 


■/ 

-  f  g(x- 


(j>(x))dx  =  T  , 


and 


a(x)  <_  <f(x)  <_  b(x)  . 

His  major  result  is  the  following  theorem: 


Theorem 

A  necessary  and  sufficient  condition  that  a  function 
y ( • )  maximize  F($(*)),  under  the  above  restrictions,  is 
that  there  exist  a  constant  A  such  that  for  almost  every 
x,  y”(x)  maximizes 

f(x,4>)  -  Ag[x,4>]  over  a(x)  <_  4>(x)  <_  b(x)  . 
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The  correspondence  to  our  work  is 

f(x,4(x))  =  p(x)M(x,<^(x) )  , 

where  p(x)  is  the  probability  density  function  on  target  lo¬ 
cation  and  M(x,#(x))  is  the  conditional  detection  function 
which  results  from  one  of  our  models.  The  function  g(x,$(x)) 
becomes,  in  our  case,  just  $(x).  Hence  we  are  concerned  with 
finding  a  constant  a  and  a  function  y(x)  which  maximizes 

p(x)M(x,$(x) )  -  A<fr(x)  . 

Thus  we  shall  be  interested  in  finding  the  solution  to  the 
functional  equation 

p(x)M^x}(x,t(x) )  -  A  =  0  .  (4) 

In  general,  one  cannot  expect  to  be  able  to  solve  (4)  for 
<j>(x)  as  a  function  of  A-  However,  in  the  situation  in  which 
M(x,<J>(x))  satisfies  the  conditions  of  deGuenin  (1961),  then 
the  existence  of  an  inverse  function  for  M^xj  (x  ,<p(x)) ,  is 
guaranteed]-  i.e., 

*(x)  s  %(x)  (pTS7)  * 

Now  we  proceed  as  follows 

(a)  Choose  >  0,  which  determines  a  subset  A  c  tc,d] 
such  that 

<|>(x)  >  0  for  x  e  A  . 


See  Chapter  1  for  a  complete  description  of  these  conditions 
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<b)  then  form 


$(x)dx  =  T1 


(c)  If 

T1  s  T,  $(x)  is  optimal 

>  T,  ^2  >  ^1  anc^  S°  *°  s^eP  a 
<  T,  choose  Aj  <  ^  and  go  to  step  a 


We  investigate  the  applicability  of  de  Guenin's  con¬ 
ditions  to  the  models  just  developed.  First,  for  the 
Binary  model,  one  has  the  following  optimization  problem. 


max 


f  P(X  ,X)[/  p(x,T 

S.T.  J <j>(x)dx  =  T  , 

R 


)dt 


dx 


$(x)  >  0  . 


-♦<x> 


Since  v  (x)  >_  0  for  all  x,  if  P(x,  $(x))  =  f  p(x  ,t )dx 
satisfies  de  Guenin’s  conditions,  then  certainly  v  (x)P(x,<j>(x) ) 
will  also.  For  the  model  of  Chapter  3,  the  problem 
statement  is  given  by 


max 


f  I P(X)  ^  rtX,T)R(x,T 


)dx 


dx  . 
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S.T. 


$(x)dx  =  T 


$(x)  >  0  . 


Now  conditions  (1),  (2),  and  (4)  (See  Chapter  1)  certainly 
hold;  if  one  assumes  that  P(x,$(x))  satisfies  the  conditions 
of  de  Guenin,  condition  (3)  follows.  For  the  model  of 
Chapter  4,  we  have 


max  P(x,$(x))  = 


f (x,p) 


[f  p(X,T)H"tx,l)dTj 


•T.  / 


$(x)dx  •  T 


dp  Idx 


R 


$(x)  _>  0  . 

Here  an  analysis  of  the  second  partial  derivative  of  P(x,$(x)) 
with  respect  to  <p(x)  yields  the  result  that  dP(x,#(x)  )/d$(x) 
is  not  a  decreasing  function  of  <J>.  Hence  the  required 
inverse  function  does  not  exist.  For  the  models  of  Chapter 
5,  one  cannot  make  a  general  statement;  however,  several  of 
the  examples  therein  violate  Condition  (3)  under  certain 
conditions . 
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In  the  event  the  conditions  of  de  Guenin  fail  to  hold, 
one  proceeds  as  follows : 

(a)  Choose  a  A  and  solve  [4]  for  $*(x,  )  and 
$**(x,A>  which  are  the  smallest  and  largest  solu¬ 
tions  of  t*0  for  a  given  x  and  A,  respectively; 
thus  determining  A*  and  A**. 

(b)  Next,  compute 


if  the  current  A,  say  AQ»  is  the  greatest  lower 
bound  on  the  set  A  for  which 


T*  ^  T  <  T**, 

then  let 

<(>*(x,Aq  )  ,  x  <_  t 

4*^(x,Aq)  - 

<J,**(x»Aq)  ,  x  >  t 

by  the  continuity  of  the  integral  there  exists  a 
t  such  that 

d 

$t(x,Ag)dx  =  T  . 
c 


I 

I 

I 

I 
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Otherwise  change  X, 


and  return  to  step  a 


1 


» 


Note  that  in  a  discrete  search  space  situition,  one  may 
have  determined  a  <p  (x,An)  which  satisfies  C*+]  but  for  which 

V 

/  ^<l> ^  ( x .  Aq  )  i  T.  Hence  in  this  case  the  condition  of  Zahl 
is  sufficient  but  not  necessary 
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RANDOM  INTERVAL  MODELS  WITH  FINITE  VISIBLE  PERIODS 

D. 1  Introduction 

This  appendix  deals  with  some  random  interval  models 
with  the  characteristic  that  the  range  of  the  random  vari. 
able  which  denotes  the  length  of  the  visible  period  is 
finite.1  Some  examples  are  given,  their  particular  proper¬ 
ties  examined,  and  finally,  a  comparison  with  the  Koopman 
results  is  made. 


D.2  Random  Interval  of  Vitibility:  Initially  Visible 

First,  it  is  assumed  that  the  probability  density  func¬ 
tion  on  the  length  of  the  visibility  period  is  given  by 


where  C 


0  <  t  <  T, 


u 


t  >  T 


Applying  the  results  of  Chapter  3,  we  obtain  for  the  con¬ 
ditional  detection  function 


If  one  interprets  the  lengtn  of  the  visible  period  as  the 
length  of  time  the  target  spends  in  the  regions  to  be 
searched,  such  distributions  mure  accurately  reflect  the 
search  situation. 
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P(T)  =  h  [ nV  (1  -  e“04,k)T>  -  e  >Tu(l  -  «“W>  J  ,  T  s  Tu 

P(T)  =  P(TU),  for  T  >  Tu.  ^ 

Note  that  if  Tu  «®,  one  obtains  the  model  of  Chapter  2\  if, 
in  addition,  A  0,  one  has  the  Koopman  model. 

The  First  Allocation  Rule  is  readily  shown  to  be 


p  .k 


i  i 


max 
IS  jSN 


pilt  j 


The  conditional  detection  function  is  concave  over  the  in¬ 
terval  (0,'f  )>  however,  the  resulting  Kuhn-Tucker  con¬ 
ditions  don't  yield  explicit  solutions  for  T.  A  study  of  the 
switching  criteria  gives  the  following  expression  for  the 
switch  point  (in  the  2-region  case,  assuming  the  search  start¬ 
ed  in  Region  1) 


T 


Ini 


) 

i i*2eil 


An  upper  limit  on  the 
expression  is  given  by 


i  i 

-  ln(  ■  -t  T - =X7T 


•  T  <  Tu  <2> 


1  I*  A  -  A  ul 
switch  time  obtained  from  the  above 


Next,  that  the  probability  density  function  on 

the  lenp-rh  of  the  visibility  period  is  unif orm ,  i  .  e .  , 
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Applying  the  results  of  Chapter  3,  one  obtains  for  the  con¬ 
ditional  detection  function 


p(t)  =  i  -  .-*T  ♦  [  i 

P(T)  =P(S1  for  T  >S  . 


S 


(3) 


Note  that  as  S  ♦  »,  i.e.,  the  target  is  always  visible,  one 
obtains  the  Koopman  model.  The  First  Allocation  Rule  is 
identical  to  the  one  already  given.  Again,  the  conditional 
detection  function  is  concave  on  (0,S)  and  the  resulting  Kuhn- 


Tucker  conditions  fail  to  yield  explicit  solutions  for  T.  A 
study  of  the  switching  criteria  gives  the  following  expression 

for  the  switch  point  (in  the  two-region  case  assuming  the 

search  started  in  Region  1) 


0  <  T  <  S  1 


(4) 


Since  the  term 

-q  ^t1 


0  , 
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the  solution  of  the  above  expression,  when  it  exists,  is 
always  larger  than  the  "Koopman  Switch  Time."  Also  under 
conditions  p^k^  =  ^2^2*  KooPman  policy  splits  the  effort, 
but  from  (4) 


T 


■  *7 ln  f1  ■  h) 


Assuming  the  search  started  in  Region  1,  this  implies  that 

once  a  region  is  chosen  it  receives  all  the  effort  up  to 

T  ,  the  solution  to  (4). 
s 

As  noted  earlier  the  Kuhn-Tucker  conditions  don't 
yield  explicit  solutions  for  the  optimal  allocations;  how¬ 
ever,  one  can  gain  some  insight  into  certain  properties  of 
this  model  by  making  the  following  assumptions.  In  a  two- 
region  situation,  it  is  assumed  that  in  the  first  region  the 
target  is  always  visible  ,  ( i .e .  ,  Koopman  model),  while  in  the 
second  region  the  length  of  the  visible  period  is  uniformly 
distributed  on  the  interval  (OjSj).  Let  T  denote  the  total 
available  search  time.  Then  the  expression  for  the  amount 
of  effort  to  be  allocated  to  Region  1  is  given  by 
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T>  *  (vH)f  ($j*  - ln  f1  -  1I^)} 

Note  that 

(a)  (T  -  T^)  <  S2»  i.a.,  one  never  saturates  the 


(5) 


second  region*  and 

(T  -  T, 


(b)  since  -ln 


£  0  the  first  region 


always  receives  more  effort  in  this  mixed  situation 
(more  relative  to  the  KSA) . 


0.3  A  Random  Interval  of  Visibility :  Random  Initiation  S  Limit 
In  this  section  the  following  assumptions  are  made: 

(1)  The  random  variable  corresponding  to  the  start  of 
the  visible  period  is  exponentially  distributed, 

(2)  The  length  of  the  visibility  period  is  unifoi'mly 
distributed  with  parameter  S ,  and 

(3)  The  detection  function  is  exponential. 

From  the  second  example  of  Section  D.2  (assuming  the  visibility 
period  starts  at  U  and  is  of  length  S}  the  conditional  de¬ 
tection  function  is 


M(T 


,).(!-  .•k(T-*‘)  -  fed  -  e-K<T"')) 


for  T  -  p<  S,  and  M(T  -  u )  s  M(S  )  for  (T  -  p)  >  S. 


In  Chapter  4 ,  the  general  expression  for  the  probability  of 
detection  for  this  type  of  visibility  model  was  given  by 

t 

P  (t)  =  J  f (y)M(t  -  w)dp  , 

0 

the  change  of  variable  t  «  t  -  y,  yields 

t 

P  <t)  =  j  f(t  -  T)M(T)dT  , 

0 

M(T)  =  M(S),  for  T  >  S,  and  for  x  $  s 

M'D  .  a  .  .  l  «-kt  -  (1  .  _ 

Because  of  '.he  form  of  M(x),  in  evaluating  P  (t>  one  specifies 
whether  t  >  S,  or  not.  Furthermore,  special  consideration 
must  be  given  the  situation  in  which  k  =  g.  The  density  func¬ 
tion  on  the  start  time  is,  of  course, 

f(t)  =  ee"6t,  t  >  0  . 

Under  the  above  restrictions,  one  obtains  the  following 
expressions  for  P  (t). 

First  for  t  £  S , 

(a)  k  /  g 


**24  8*. 


P(t)  =  <1  *•  — ' 
kS 


1  -  e 


8t]  -  &  (>  -  «-<k-B,t) 


(6) 


♦  i® 


-8t  j  te-<k-8>t 


<k'-~8> 


(k  -  e) 


L-tq  .  e-(^e)t))  » 


(b)  k  =  8 


P(t)=  (1  -  ^-)  ((1  -  e"8t)  -  tee"Bt)  +  e'Bt 


(7) 


Note  that  by  assuming  S  -*•  »,  the  late  arrival  cases  dis¬ 
cussed  in  Chapter  4  are  obtained.  Also  if  $  ♦  »,  part  (a) 
tends  to  the  model  in  Section  D.2.  For  T  >  S,  the  respec¬ 
tive  expressions  are 


(a)  k  /  g 


P't)  =  a  -  i-jjVett-s)  -  e-**}  -  u  -  y  «4^u  -  e-<*-e>s 


-(k-  g)S 
(k  - 


Ck  -  6) 


-  (k-  B)S  A  (S) 


(1  -  e 


>) 


+  <1  -  e"e(t-S))(l  -  -1-  a  _  e"kS))  t 
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<b)  k  =  e 


p(t)  =  (1 


(1  -  Lr)  e~ 


+  |  6e_et  +  (1  -  e“B(t"S))(l  -  gg  <1  -  e"kS))  . 

As  t  ■»  «,  a  limiting  value  of  P  (t)  is  attained  which  is 
equivalent  to  that  obtained  in  Section  D.2,  namely 


P(»)  =  1  -  ig  (1  -  e‘k3>  . 

The  First  Allocation  Rules  for  these  models  are  identical 
to  those  given  in  Chapter  4,  i.e.,  choose  as  the  initial 


region 


piki8i  =  ma.x  Pj*j  6j 


These  functions  have  the  pseudo-concave  properties  discussed 
in  Chapter  4.  Explicit  expressions  for  the  optimal  allocations 
cannot  be  obtained  from  the  Kuhn-Tucker  conditions.  However, 
some  insight  can  be  gained  from  the  following  special  case. 
First,  assuming  that  sufficient  total  search  time  is  available 
to  insure  that  either  equation  8  or  9  is  valid,  we  observe 
that  the  derivatives  with  respect  to  time  of  these  expressions 
are  of  the  form 
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P ' (T)  =  6e"8t  {•  }  , 


(11) 


where 


{•}  is  a  constant  with  respect  to  time.  The  significance  of 
this  is  that  the  methods  given  in  Appendix  A  are  applicable 
and  explicit  representations  of  the  optimal 
allocations  for  the  N-region  search  problem  are  available. 

Also,  from  the  approximation  discussions  of  Chapters  0  und  4 , 
the  Koopman  allocation  scheme  will  be  effective  for  the 
case  k  =  S,  while  for  k  i  6  such  may  not  be  true. 

The  final  special  case  results  from  the  following  assump¬ 
tions.  First,  consider  a  two-region  case  in  which  k1  =  $1, 
while  in  the  second  region,  the  target  is  continuously  visible, 
i.e.,  the  standard  Koopman  situation.  Given  this  scenario 
with  the  restriction  that  T<  S^,  the  optimal  allocation  tc 
the  first  region  is  determined  from 


i 

i 

i 

I 

I 


•.'C-oiL-  ^IMUkkaS&ifeUi. 
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The  above  expression  contains  the  standard  Koopmarv  allocation 
plus  an  extra  term.  Analysis  of  this  term  yields  the  follow¬ 
ing  information. 

t2 

(a)  the  expression  f(t)  =  @(t  -  )  has  its  maximum 

at  t  s  S,  that  maximum  is  $S/2. 

(b)  Assuming  that  as  determined  from  equation  12  is 
not  on  the  boundary  i.e,»  i  0  or  i  S^,  then 

(1)  if  f(S)  =  3S/2  <  1,  the  optimal  allocation  is 
less  than  the  Koopman  scheme 

(2)  if  f(T^)  >  1,  then  the  reverse  is  true. 


Appendix  £ 


COMPUTER  PROGRAMS 


E.l  Description  and  Listing  of  the  Dynamio  Programming 
Computer  Program 

In  this  section  we  shall  briefly  describe  the  pro¬ 
grams  utilized  in  obtaining  the  numerical  results  of  the 
main  text  and  Appendix  F.  This  will  be  followed  by  a 
listing  of  the  FORTRAN  level  G  source  statements  for  the 
program.  First  we  simply  note  that  the  dynamic  program 
for  the  solution  of  the  problem  of  maximizing  the  prob¬ 
ability  of  detection  under  a  constraint  on  the  total  avail¬ 
able  search  time  uses  the  standard  dynamic  programming 
approach  to  the  constrained  maximization  problems  for  each 
of  the  models  discussed  in  the  text.  (See  Bellman  and 
Dreyfus  (.1962)).  A  glossary  of  variables  unique  to  our 
models  is  given  below: 

GLOSSARY:  Dynamic  Programming  Source  Frogram 

1.  Binary  Model  (MTYPE  =  1) 

P(I)  =  prior  probability  on  target 
location  1  <  I  <  SO. 

PV(I)  =  prior  probability  on  target 

visibility  in  the  Ith  region, 

1  <  1  <  SO. 
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R(I)  =  the  detection  rate  for  the  Ith 
region 

Random  Interval  Model:  Initial  Visibil¬ 
ity  (MTYPE  =  2) 

PV(I)  =  the  rate  for  the  length  of  the 

visible  period  in  the  I**1  region 

R(I)  =  the  detection  rate  for  the  I1"^ 
region 

Random  Interval  Model:  Random  Initia¬ 
tion  and  Limit  (Uniform  Distribution  on 
Start  Times)  (MTYPE  =  3) 

PV(I)  =  (See  MTYPE  =  2) 

R(  I )  = 

S ( I )  =  the  length  of  the  uniform  interval 

on  the  start  of  the  visible  period 
in  region  I . 

Random  Interval  Model:  Random  Initiation 
and  Limit  (Exponential  Start  Times)  (MTYPE 
»  4) 


PV(I) 

R(I) 


(See  MTYPE  =  2) 


S(I)  =  the  rate  for  distribution  of  start¬ 
ing  times  for  the  Ith  region. 

General  Random  Interval  Model  (MTYPE  =  5) 

PV(I)  =  (See  MTYPE  =  4) 

R(I)  = 


S(I) 


It 
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PHI  (I)  =  prior  probability  on  target  vis¬ 
ibility  at  the  start  of  the 
search  in  region  I. 

6.  Multiple  Interval  Model  (MTYPE  *  6) 

PV<I>  =  (See  MTYPE  =  5) 

RCI) 

SCI)  =  " 

PHI (I)  = 


7.  Miscellaneous 


NAREA  =  the  number  of  areas  to  be 

searched 

DELTA  =  incremental  value  of  search 

time  (effort)  used  in  the 
dynamic  programming  solution 
of  the  search  problem 

TMAX  =  the  total  available 

search  time  (effort) 


PSAVE(I,J)  =  an  intermediate  storage  array 
used  in  the  dynamic  program¬ 
ming  computations 
1  £  I  <  500 
1  <  J  <  2 


PSAVE( 1,1)  -  the 
PSAVE( 1,2)  =  the 


optimal  return 
optimal  allocation 


i 

1 

i 

l 

- 

i 


«* 


(These  results  ai’t  printed  for  each  region  in 
this  order  as  they  are  obtained.) 
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This  program  contains  a  subroutine  called  DP ROB  which  com¬ 
putes  the  probability  of  detection  (for  any  of  our  models) 
for  a  given  region  with  a  specified  level  of  search  time. 
The  pertinent  variables  (which  were  not  previously  defined) 
are  listed  below. 

KK  =  that  region  for  which  the  probability  of  de¬ 
tection  is  to  be  evaluated  (1  <  KK  <  50) 

TAL  =  the  level  of  search  time  for  which  the  prob¬ 
ability  of  detection  is  to  be  evaluated. 

RESULT  =  the  detection  probability  for  region  KK  when 
TAL  units  of  search  time  are  allocated  to 
that  region. 


O  O  uu  uuou  uu 
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y 


c 


c 


c 

c 

c 

c 


c 


c 


MAIN  PROGRAM 


MODEL  l/PV(l)«PROB.  TGT.  VIS. 

MODEL  2  /  PV(I)«RATE  EXP  P.D.F.  FOR  LENGTH  VIS.  PERIOD 
MODEL  3  /  PVU)«  RATE  •»  "  U  ••  »• 

MODEL  A  /  S  ( I  ) »RATE  FOR  EXP  START  TIMES 

MODEL  5  /  PHim-PROB.  TGT.  VIS.  COMBINED  SINGLE  INT.  MODEL 
MODEL  A  MULTIPLE  INTERVAL 
Rm-RHO»DETECTION  RATE 
PV( I )«LAMBDA«VIS.  P.D.F. 

S  (  I  ) «MU«MASK  P.D.F. 

DIMENSION  P( 50 ) ,PV< 50) ,R( 50) .PMAX (500.2 ) .PSAVEI 500.2) 

1 , S ( 50) , PHI ( 50 > 

1  READ! 2  » 1000 )  MTYPE , NAREA .DELTA ,TMAX 
WRI TE( 3, 1002) 

WRI TE ( 3. 1000 )  MTYPE.NAREA.DELTA.TMAX 
GD  TD  12.2*2*2. 2. 2. AO) .MTYPE 

2  DD  5  1=1 .NAREA 

5  READ( 2 . 1001 )  P( I ) , PV ( I ) . R ( I ) . S (I  )  , PH  I  (I  ) 

DD  A  1=1, NAREA 

A  WRI  T6(3, 1001)  P(  I  ).PV(  I  )  ,R<  I  )  ,SU  )  .PHI  (I) 

INITIALIZE  REGIONAL  DETECTION  PROBABILITY  SUBROUTINE 
CALL  DPR0R1 (MTYPE. NAREA, P.PV.R. S. PH  I  ) 

NCHK=<  TMAX/DEL T A ) + . 5 
IF  (NCHK.GT.500)  GO  TO  1 00 

ZERO  STARTING  VALUES  OF  OR.) .  FCN.  AND  C DRR S •  ALLOC. 
NZER0=NCHK+1 
on  7  J  =  1 , 2 

no  7  i  =  i ,  nz  er  n 

7  PMAX ( 1 , J ) =0 . 

SET  REGIONAL  COUNTER 

K=1 

INITIALIZE  TOTAL  AVAILABLE  SEARCH  TIME 
10  TNOWrO. 

SET  CURRENT  MAXIMUM 
15  RE  TA*-1 • 6-05 

INITIALIZE  CURRENT  VALUF  OF  SEARCH  TIME 
TK  =  0  , 

20  I  NOE  XC=  (  (TNOW-TK > /DEL  TA)  ♦0.54-1 

ORTAIN  DETECTION  PROB  FOR  CURRENT  ALLOC. 

CALL  DPROR(K.TK.GT) 

IF(GT.LT.O.)  GT=0. 

ALPHA=GT+PMAX(  (NOEXC,  l  ) 

TEST  FDR  NEW  MAXIMUM 
I  F  (  ALPHA. LT. RET  A)  G(1  TO  3n 
RE  TA  =  ALPHA 
GAMMA® TK 
30  TK=TK*DELTA 

IE  (TK.GT.TNOW)  GD  TO  40 
GO  TO  20 


u 

y 

u 

u 


i  I 

i  i 


-  *  f 


* 


•  a 

:  5 


t 

) 

c 
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mo 

AO 

1000 

1001 
100? 
1001 
1004 


40  R  co**es.  ALLOCATION 

40  INDEXS*  (  TNDW/OELTA  1  +  0, 54-1 

PSAVE( iNOEXStl ) ■RETA 

PSAVg( !M06XSt2)»GAHMA 

TNOW«  TNOW+DELTA 

IF  ( TNOW.GT.TMAXl  go  TO  so 
C.o  TO  15 

so  wiTmaoS!?"!;15  fr”' IM,S  RfG,nN 

NPRINT«HCHK4l 
on  51  Il«l ,NPRINT 

51  ""'li.3:100”  PMV6(ii.n,»sAve«u,*» 

on  M  J2u'R  *>96v,0"s  *«*«*•« 

00  55  IM.NPRJNT 
55  ?MJX!  r*J,*p<5AVEU,j) 

“  2Ki  J 

TP  FnR  M0RF  SCIONS 

if  (k.ot.narfai  go  ro  i 

on  TO  10 

ERRnR  RETURNS 
10  WRIT6(3ao04) 

•>o  call  exit 

*0  FORMA  T(?l?  «AX»3F10.5) 

H  F0RMAT(5F10.  5) 

7  FORMA  T(1H1,J3) 

f™  ’  ewn*  ""W»H  SPKIKICATlm.il  •  , 

syss«.oS%?s?:ij:;;«;“!‘^.;».'«.s.KH„ 

no  sTnJ.Sm'*  °FT-  P',n“-/  1N  ™  t.hf.tai, 

Pl(l)sPll) 

PV| S ( I ) ®PV( j ) 

$R( I )=S(  1  ) 

SPH I (I ) a  PH  J ( ; > 

RATFf  !)=R(I  ) 

R 6  TURN 

fpJrl.  f)PR0R  (KK»TAL.ReSUCT) 

IFf  TA1..GT.  0.  )  GO  TO  7 
RFSUIT  =  0. 

RE  Turn 

r,n  Pn»40t?0,A0)  ♦  MT YP  F 

RETURN  «S(rK>*{  I»“FXP(-RATE(kk)*TAI.  )  ) 


O  O  O  o  O  U  U  uo 


258- 


C  MODEL  2  SINGLE  INTERVAL .START  AT  TIME  7ER0 

20  RESULT-PL(KK)*(RATE(KK)/(RATE(KKM-PVIS(KK  >  )) 

IP  (MTYPF.EQ.3)  GO  TO  30 

RESULT-RESULT*(U-EXP(-(RATE(KKH-PVIS(KK>  )*TAL  )  ) 
IF(MTYPE.EQ.5I  GO  TO  50 
RETURN 

MODEL  3  SINGLE  INTERVAL  UNIFORM  START  TIME 
SRCKK)  DENOTES  LENGTH  OF  UNIFORM  INT.  ON  START  TIME 

30  IF  (TAL.NE.O.I  GO  Tfl  31 
RESULT»0. 

RETURN 

31  IF( TAL.GT.SR(KK))  GO  TO  310 
TEMP-l.-EXP( -( RATE! KK ) +PV  I  S  ( KK H  *T  AL  ) 

TEMP-TEMP/ ( RATE  (KKH-PVIS(KK)  ) 

RESULT-RESULT*! TAL-TEMP 5 /SR (KK ) 

RETURN 

310  TEMP- EX P( -( RATE ( KK  ) +PV I S ( KK ) > *T A L  > 

TEMP-EXP  (-(  RATE  (  KK  )  4-PV  I  S  (  KK  )  )  *  (  TAl-SR  (  KK  )  ))-TEMP 
TEMP«SR(KK)-TEMP/(RATE(KK)+PVI$(KK  >  ) 
RESULT-RESULT*TEMP/SR(KK ) 

RETURN 

MODEL  4  SINGLE  INT.  EXP  START  TIME 

PV( I I-RATE  FOR  VIS.  OIST 
RATE!  I) -RATE  FOR  f.ONO.  DETECT.  FUNCT. 

SR  < I ) *R A  TF  FOR  START  VIS.  PERIOD 
40  OEN-SRIKK I-RATE ( KK )-PVIS(KK > 

NUM1=RATE(KK )+PVIS!KK) 

IF(ARS<DFN).LT. l.E-4)  GO  TO  410 

RESULT-SR (KK ) *EX P ( -NUM 1 *T AL ) -NUM1 *E X P ( -SR ( KK )*T AL  > 

R  E  SUL  T-PL  <  KK )*RATF(KK )*( 1 . -RE  SUL T /DEN ) /NUM1 
I F ( MTYPE. EO. 5 )  GO  TO  52 
R  E  TURN 

410  TEMP-EXP! -SR ( KK ) *T AL )*(1.+SR(KK>*TAL> 

RESULT-PL (KK )*RATE ( KK ) *( 1 .-TEMP ) /NUM1 
I F ( MTYPE. EO. 5 )  GO  TO  52 
RE  TURN 

MODEL  5  COMBO.  ZERO  f.NON-ZERO  START  TfMFS 
50  SAVF1-RESULT 
GO  TO  40 

5  2  R  E  SUL  T-S  PH  I  (KK  »*SAVF  i  +  !  1.-SPHI  (  KK  ))  *RE  Sill.  T 
RE  TURN 

MODEL  5  MULTIPLE  INTERVAL 
SOLVE  FnR  ROnTS 
40  R  =  SR (KK I +PVI S ( KK ) +R ATE ( KK  ) 

C  =  SR ( KK ) *RATF( KK  I 
A  - 1  , 

01  SC-R*R-4.*A*C. 

I  F  (  D I  SC  .  L  T  .  0,  )  GO  T(1  100 
RnnT2= (R  +  SORT(DISC) ) / ( 2  .*A ) 


o  r> 


2S9 


ROD  T1 ■ ( R-SORT (DISC I  )/(?•«*) 
oRnnT*RnnT2-RnoTi 
COMPUTE  ABSORPTION  PROH 
- P2B(TI 

TEMP  1-(1. -EXP (-TALOROOTl  > 1/ROOT1 
TFMP2*( l.-EXP{-TAL*ROOT2» 1/ROOT2 
7EMP»SR(KK )*RATE tKK)*{TEMPl-TEMP2)/DROOT 
C - P 1 3 (  T) 

SAV6*RAT6(KK)*(SR(KK ) -ROOT l ) *TEMP 1/OROOT 
SAVE* SAVE- 1  S R  <  K K I -ROOT 2  )  *TEMP2‘*R  ATE  ( KK  ) /OROOT 
C  COMPUTE  STATE  PROR. 

RESULT®  TEMP*  (  l.-SPHI(KK)) 
RESULT«RESULT+SAVE*SPHI(KK ) 

RESUL TaPL IKK )*RESULT 

return 

100  RESUL  T*-20« 

RE  TURN 
END 
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B.2  Dsoaription  and  Li»ting  of  ths  Computer  Program  for 

tha  Comparison  of  tha  Optimal  Ssaroh  Polioy  with i  ths 

Assooiatsd  Koopman  Polioy 

Here  the  program  used  in  the  determination  of  Section 
F.4  of  Appendix  F  is  briefly  described.  This  is  followed 
by  a  listing  of  the  FORTRAN  level  G  source  statements  for 
this  program.  The  approach  taken  may  be  summarized  as  fol¬ 
lows  : 

1.  The  dynamic  programming  routine  described  in  Sec¬ 
tion  E.l  is  used  to  generate  the  optimal  search 
policy,  region  by  region. 

2.  When  the  results  for  the  last  region  have  been 
attained,  one  then  computes  the  allocations  under 
the  Koopman  policy.^" 

3.  The  difference  in  the  return  from  the  two  policies 
is  then  computed  as  well  as  the  percent  relative 
error  for  each  level  of  search  time  up  to  the  maxi¬ 
mum  specified  level. 

Since  this  program  makes  use  of  the  one  just  described,  we 
shall  list  in  the  following  glossary  only  those  variables 
which  were  not  previously  defined. 


Here  we  are  restricted  to  two  regions j  however,  this  re¬ 
striction  can  easily  be  removed  by  extending  the  Koopman 
calculations  to  N-regions  via  the  techniques  described  in 
Appendix  A. 
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GLOSSARY : 


LPRNT  _  Flags  used  to  control  the  printing  of 
IBACK  the  difference  curve,  i.e.. 


LPRNT 


IBACK 


=  0 

i  0 

=  0 

peak 

only 

peak  up 

to  T 

max 

t  0 

up  to 

the  peak 

complete 

curve 

ITEST  =  Flag  to  indicate  that  the  computation  is 

to  be  continued  until  the  percent  relative 
error  is  less  than  PERROR 

PERROR  =  Limiting  value  of  the  percent  relative  error 


Output  Description 


(a)  Field  1 
Field  2 
Field  3 
Field  4 

Field  5 


optimal  return 

return  under  the  Koopman  policy 
difference  (1-2) 

allocation  to  region  1  under  the  Koopman 
policy 

allocation  to  region  2  under  the  Koopman 
policy 

total  available  search  time 


Field  b 


-262- 


(b) 


If  I BACK 
Field  1  = 

Field  2  = 
Field  3  = 

Field  4  = 
Field  5  = 
Field  6  = 


=  0  or  ITEST  =  0, 

difference  in  the  optimal  return 
( optimal-Koopman) 

total  available  search  time 

percent  relative  error  at  the  peak  dif¬ 
ference 

optimal  return  (probability  of  detection) 
Koopman  expected  time  until  detection 
Koopman  switch  time. 


MAIN  PROGRAM 
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3 

4 


6ft  CALL  TKOOPIPi  i>.P(2).Rm.R<2)»SAVE5> 

NCHK* ( TMAX/OELT  A  )  ♦  .  5 

if  inchk.gt. 5oo>  r,n  m  100 

C  ZERO  STARTING  VALUES  OF  OBJ.  FCN.  AND  CORRS.  ALLOC. 

NZER0«NCHK+1 
no  7  J=1 ,2 
on  7  I«1 ,NZER0 
7  PMAX( I « J ) »0. 

C  SET  REGIONAL  COUNTER 

K=  1 

C  INITIALIZE  TOTAL  AVARARLE  SEARCH  TIME 

10  TNOVIaO. 

C  SET  CURRENT  MAXIMUM 

15  BE TA  =  -1 . E-05 

C  INITIALIZE  CURRENT  VALUE  OF  SEARCH  TIME 

TK  =  0. 

IF(K.FQ.l)  TK  =  TNOW 
20  INOEXC=( ITNOW-TK J/OELTA )+0.5+l 
C  OBTAIN  OETFCTION  PROR  FOR  CUP'  CNT  ALLOC. 

CALL  OPRORIK .TK.GT ) 

IF  (GT.LT.O.  )  GO  TO  110 
ALPHA =GT+PMAX(  INOEXC, 1  ) 

C  TEST  FOR  NEW  MAXIMUM 

IFIALPHA.LT. BETA)  GO  TO  30 
HFTA  =  ALPHA 


■  \ 

a 

•i 


a 


GAMMA *  TK 
30  TK=  TK+OELT  A 

IF  (TK.GT.  TNOW)  GO  TO  AO 
GO  TO  20 

C  SAVF  NEW  MAX.  f.  CORRES.  ALLOCATION 

AO  I NOEXS=  (  TNOW/DFLT AI-fO.5  +  1 
PSA VE ( I NOFXS  f l ) =RFT  A 
PSAVE ( I  NOE XS, 2  I =GAMM A 
IF(K.FO.NARFA)  GO  TO  490 
45  TNOW  =  TNOW+ DEL  T  A 

IF  { TNOW.GT.TMAX)  GO  TO  50 
GO  TO  15 

C  PRINT  RESULTS  FOR  ThJS  REGION 

50  NPR  I  N  T  =  NC  HK  -f  1 
IF(LPRNT.EO.O)  GO  TO  5? 

WR I TF< 3, 100?  )  K 
no  51  11  =  1. NPR I  NT 

51  WRI TE<3,  1003)  PSAVE (I l .  1  ) , P SAVF ( I l  ,  2 ) 
TRANSFER  PREVIOUS  RFSUlTS 


C 
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6? 


55 

57 


100 

110 


A  0 
499 


500R 


5009 


501? 

5014 


5007 

5on 

5015 


CONTINUE 
no  55  J«l,2 
00  55  I »1 1 NPR I  NT 
PMAXI  I  ♦  .1 )  «PSAVE  (  I  ,  J> 

K«K  +  1 

TEST  FOR  MORE  REGIONS 
IF(K.GT.NARFA)  GO  TO  505 
GO  TO  10 

ERROR  RETURNS 
MR  I TE ( 3*1004 ) 

GO  TO  40 
WRI T£ ( 3, 1005) 

CALL  FX I T 

—  COMPUTE  RESULTS  FROM  KOOPMAN  SCHEME 
CONTINUE 

IF{ TNOW.GT.Z?)  GO  TO  5012 
GO  TO  (5008, 5009 ) ,  IFIRST 
T1=TN0W 
T2=0  . 

GO  TO  5014 
T?  = TNOH 
T1=0. 

GO  TO  5014 

T1=(Z1+R(?) *TNOW 1  /  {  R  { 1 )+R(2>) 

T2=(-71+R(l )*TN0W>/<R<1 >+R<2)  ) 

IF(MTYPF.LT,5)  GO  TO  100 
K  =  1 

CALL  OPROh (  K  ,  T  1 »G1 ) 

K  =  2 

CALL  OPROfl ( K  » T2 , G? ) 

PRORsGl +  G? 

TEMp=PSAVE( INnFXS, 1 1-PROR 

IF( ( I  TEST, EO.O) .OR, { IOVFR.FO.O)  )  GO  TO  5007 
IF(PSAVF( INOFXS, ll.EO.O.)  GO  TO  5007 
TFS7=1FMP/psaVE ( INOFXS, 1 ) 

I F ( TEST.GT.PFRROR )  GO  TO  5007 
I  F  X  I  T= 1 
GO  TO  5015 

I F( ( IOVFR.FO. ll.ANO. (  I8ACK.NF.0  )  )  GO  TO  5015 
1FU.PRNT.F0, 01  GO  TO  5015 

WRI TE( 5, 1001  1  PS AVE  < INOFXS, 1 1 , PROS , TEMP, T 1 , T2, TNOW 


I  F  (  I F  X  I  T,  FO,  1  )  on  TO  1 
IF( TFMp.i  T.O. )  GO  TO  500 
IF  (  TFMP.l.T.SAVFl  )  GO  TO  510 
Save i  =  temp 
SAVF?=  TNOW 

rF(PSAVF(INOFXS, ll.FO.O. )  GO  TO  500 

SAVF^r  TEMP /PS A VF ( f NOFXS, 1  I 
SAVF4  =  PSAVF( INOFXS,  1  1 
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500  on  m  45 

505  !F1  URACK.NE.OJ.OR.  IITEST.NP.O)  )  00  TO  50? 

WR!  TEI 3,1006) 

WR I TE I  3, 1 001 )  SAVE 1»5AVF2»SAVE3»SAVF4«SAVE5»Z2 
on  TO  1 

607  WRI TEI3, 1007)  PFRROR 

WRI  TE(3,1001 >  PSAVFI  INOfXS,l )  ,PROPl,TFMP,Tl,T2,TNOW 
on  TO  1 
510  CONTI Nt IF 

I  F  1 1  OVER • EO, 1 )  on  TO  511 

WR  I TE ( 3, 1001  )  SAVP1,SAVF?»$AVE3»SAVF4,SAVF5»Z? 

IOVER=l 

611  IF!  URACK.NE.O)  .OR.  I  ITFST.NF.O)  )  00  TO  45 
00  TO  1 

1000  FORMA T1 5I7.3F10. 5) 

1001  FORMA  T ( RE10. 5 ) 

100?  FORMA TC I  HI , 13 ) 

1003  FnRMAT(10XtF10.5,5X,F10.5> 

1004  FORMA  TUM1,5X,'  FRROR  IN  MODEL  SPEC,  1  F  J  C  AT  I  DNS  •  * 

1005  FORMAT! IHl , 5X, •  FRROR  IN  OFT.  PROF.  SUBROUTINE'  ) 

1006  FORMAT!  •  0 1 FF  FRFNCF  FCN  ST»Ll  INCREASING') 

1007  FORMAT! 'PERCENT  RELATIVE  FRROR  L AROFR  THAN  «»F10.*>) 
END 

SUBROUTINE  OPRnRl!MTYPF,NARFA,P,PV,R,S.PHl ) 

DIMENSION  P(50),PV(50) ,RATF<50) ,PVISI50),R I50),PLI 50) 
1 . S ! 50 ) «  SR ( 50 ) , PHI(50),SPHI < 50 ) 

REAL  NIJM1 

C  SUBRT.  CALC.  OFT.  PROP./  AN  ALLOC.  OF  T I MF I T AL ) 

00  5  1  =  1, NAR F A 
PL ( I )=P( I) 
pvi si i)=pvi i ) 

SR !  I  )=S< I  ) 

SPWI ( I )=PH1 < I ) 

5  RA  TF! I )*R(|) 

RF  TORN 

ENTRY  OPROR  <KK,TA|., RESULT) 

00  TO  I  10,70,70,40,70,60) ,MTYPE 
C  MODEL  1  BINARY  1NTE  RV  I  S  I  FI  1. 1  TV 

10  RFSIIL  T=PL  (KX  )  *PVIS(  KK  )*(1  ,-FXP(  -RATF  !KK  )*T  AL  )  > 

RETURN 

C  MODEL  7  SINGLE  I  NT  F  R  V  Al.  ,  S  TA  R  T  AT  TIME  ZERO 

70  RFSIlllsPt.  (KK)*(RATF(KK)/<RATF(KK)+PV!S<KK)  )> 

IF  IMTYPE.ED.3)  GO  TO  30 

RFSUL  T=RESU|  T*  (  1  .-EXP!-!  RATE  (  K«(  M-PVI  S  IKK  )  )  =  TAI  )) 
l F { MTVPE.FO. 6 1  GO  TO  50 
RF  TURN 

C  MODEL  3  SINGLE  INTERVAL  UNIFORM  START  TIME 

C.  SR  IKK  »  DENOTES  LENGTH  OF  UNIFORM  |NT.  UN  START  T  I  MF 


30 

IE  (TAL.NE.O.)  GO 

TO 

31 

RFSUL 1=0. 

RE  TURN 

31 

IFI  TAJ  .GT.SRIKK  )  ) 

GO 

TO  310 

on  n  nnofi 
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TEMP*1.-EXP(  -  (RATE(KK»«-PVIS(KK>  >*TAL  > 
TEMP*TEMP/(RATE(KK)+PVIS(KK)  ) 
RE$ULT*RESULT*(TAL-TEMP)/SR(KK) 

RETURN 

310  TEMP* EX P( -(RATE(KK)+PVIS(KK))*TAL) 

TEMP*EXP(-(RATF(KK >+PVlSlKK> ) * ( TAL- SR ( KK ) ) >-TEMP 
TEMP* SR (KK) -TEMP/ < RATE <  KK ) +P V I S ( KK  )  ) 
RESULTsRESULT*TEMP/SR(KK ) 

RETURN 

MODEL  4  SINGLE  TNT.  EXP  START  TIME 
PVU  )  *RA TE  F'R  VIS.  DIST 
RA  TF  (  I  )  "RATE  FOR  COND.  DETECT.  EIINCT. 

SR ( I ) *RA  TE  FOR  START  VIS.  PERIOD 
40  OEN*SR (KK ) -RATE ( KK )-PV  l S  (  KK ) 

NUM1=RATE(KK)+PVIS(KK  ) 

IF(ARS(DEN».LT.l.F-4)  GO  TD  410 

RE  SUL  T=SR(KK  )*EXP(  -NUM1*TAL  )-NI(Ml*EXP  (-SR  (KK  )*TAL  ) 
R FSULT* PL (KK  > *RATE (KK )*( 1 . -RE SUL T /DEN ) / NUM1 
IF(MTyPF.E0.5)  GO  TO  5? 

RE  TURN 

4]0  TEMP*EXP(-SR(KK)*TAL )+SR( KK)*TAL*EXP (-NUM1*TAL  ) 
RESULT* PL  (KK  )*RATE(KK  )*(  l.-TEMP  )  /NIIM1 
IF(MTYPE.E0.5)  GO  TO  5? 

RE  TURN 

MOREL  5  COMRO.  ZERO  f, NON-ZERO  START  TIMES 
50  SAVE1*RESULT 
00  TO  40 

52  RESULTsSPHI (KK)*SAVEl+( 1 .-SPHI ( KK ) ) *R E SUL  T 
RETURN 

MonEL  ft  MULTIPLE  INTERVAL 
SOLVE  FOR  ROOTS 
ftO  R=SR(KK )+PVIS(KK)+RATF(KK) 
f.  =  SR  (  KK  )*R ATE ( KK  ) 

A  *  1  . 

01  Sf.*R»R-4.*A*C 
IF(DISf. .LT.O.  )  GO  TO  100 
R00T2* (R+SORT(OISC ) )/(2.*A> 

R00T1  =  (R-S0RT (DISC ) )/(2.*A  ) 

DR 00 T= ROOT 2 -ROOT  1 
C  COMPUTE  ARSORPTION  PROR 

C - P23 (  T  ) 

TEMPI =( 1 .-EXPI-TAL^ROOTl ) ) /R00T1 
TFMP2* ( l ,-EXP( -T  AL*ROOT  2 ) )/ROOT? 

1FMP  =  SR (KK ) *R ATE ( KK ) * ( TE MP 1 -T E MP Z  )  / OR OOT 
C - PI  3(  T) 

SAVE "R A TF(KK ) *( SR ( KK ) -ROOT  1)*TEMP l /OR  DOT 
SAVE  =  S A VE- ( SR ( KK 1-ROnTZ )*TEMP?*R  ATE i KK )/OROnT 
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C  COMPUTE  STATE  PROP. 

RESUL T» TEMP* ( 1 ,-SPHI I KK ) ) 

RESUn«RESULT  +  SAVE*SPHUKK) 

RESUL T*PL (KK )*RESULT 
RETURN 

100  RESUL T«-20. 

RETURN 

END 

C -  COMPUTE  EXPT.  TIME  TO  DETECT  KOOPMAN  MODEL 

SUBROUTINE  TKOOP (Xl.X2tYl.Y2.EC) 

P1*X1 
P2  =  X2 
R1*YI 
R2*Y2 

R-PI*R1/ <P2*R2> 

0=(R1+R2)/(R1*R2) 

IFIR.FO. 1.  t  GO  TO  15 
IFIR.GT.l.)  GO  TO  10 

C -  INTERCHANGE  PARAMETERS 

SAVE1 =  P1 
SAVE2=R1 
Pl*P2 
R 1  =R  2 
P2*SAVE1 
R  2=  SAVE2 

in  R=P1*R1/(P2*R2) 

TaALOGIR )/Rl 
Z=(Rl+R2l/R2 
FC=Z+0*EXP(-T/OI 

EC=EC*R**<-( 1 .-l ./Z ) >♦< l.-EXP( -R 1*T  >  > /« 1 
EC=EC*P1 ♦  P2*T 
GO  TO  20 
15  EC=0 
20  return 
END 


Appendix  F 


NUMERICAL  COMPARISON  WITH  THE  KOOPMAN  MODEL 

F.l  Introduction 

In  this  appendix  we  investigate  the  situation  in  which 
a  partially  informed  searcher  being  aware  of  the  earlier 
results  of  Koopman  (which  assume  continuously  visible  tar¬ 
gets)  applies  them  to  situations  in  which  the  target  be¬ 
havior  is  actually  characterized  by  one  of  the  intervisibil¬ 
ity  processes.  The  consequences  (in  terms  of  the  prob¬ 
ability  of  detecting  the  target  under  a  constraint  on  the 
total  available  search  effort)  of  this  application  of  the 
Koopman  results  will  be  compared  to  those  obtained  from 
the  optimal  allocation  procedures  for  these  models.  In 
this  appendix  these  comparisons  are  made  from  the  results 
of  a  numerical  analysis,  rather  than  the  approximation 
analyses  of  Chapters  4  and  5. 

This  method  of  comparison  has  a  great  deal  of  practical 
significance  (in  addition  to  being  a  useful  mathematical 
device  for  comparing  the  two  models).  For  example,  one  may 
view  each  of  the  models  under  study  as  being  composed  of  two 
types  of  parameters:  those  which  the  searcher  may  be  ex¬ 
pected  to  readily  obtain  or  generate,  e.g.,  the  prior  prob¬ 
abilities  on  target  location,  and  the  regional  detection 
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capabilities  ;  and  those  which  essentially  characterize  the 
visibility  processes,  e.g.,  the  distributions  on  the  lengths 
of  the  masked  and  visible  periods.  The  former  group  may 
be  labeled  the  "searcher"  parameters;  the  latter,  the  "tar¬ 
get  behavior/environmental"  parameters.  It  is  not  unrea¬ 
sonable  to  assume  that  the  searcher  may 

(a)  have  imperfect  knowledge  of  "target  behavior/en¬ 
vironmental"  parameters,  and 

(b)  not  be  able  to  obtain  estimates  of  these  param¬ 
eters  or  be  unaware  of  the  fact  that  the  target 
is  not  continuously  visible.^- 

F. 2  Description  of  the  Technique 

In  making  a  comparison  such  as  this,  the  decision  maker 
might  generate  the  following  list  of  questions  relative  to 
the  appropriateness  of  the  Koopman  policy  (denoted  SKA)  in 
situations  in  which  the  target  behavior  is  characterized  by 
one  of  the  visibility  processes. 

(1)  Under  what  conditions,  if  any,  does  the  use  of  tne 
SKA  policy  lead  to  small  errors?  By  small  errors, 
the  decision  maker  may  mean  a  relative  error  <  5%, 
at  the  peak  difference  in  the  probability  of  de¬ 
tection  . 

(2)  Which,  if  any,  of  the  following  combinations  of 
"searcner"  and  "target"  parameters  yield  small 
errors  ? 


In  Section  2.2.3,  we  oiscuss,  conceptually ,  tne  implications 
of  thi  analysis  in  terms  of  the  various  options  open  to  tne 
f.earchf*  as  well  as  the  associated  cost-cf fectiver.ess  i,. en¬ 


sures  . 
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(  Identical  regional  detection  capability! 

> 

Non-identical  regional  detection  cape-  I 
bility 

(Identical  regional  behavior/environment 

Non-identical  regional  behavior/environ¬ 
ment 

(3)  In  those  situations  in  which  the  mean  time  to  de¬ 
tect  is  much  less  than  the  mean  length  of  the 
visible  period,  can  the  searcher  safely  assume  the 
SKA  to  be  adequate? 

(4)  In  those  situations  in  which  the  SKA  is  shown  to 
be  inadequate,  are  there  any  simple  relationships 
between  the  detection  and  target  behavior  param¬ 
eters  whioh  indicate  this  inadequacy? 

These  questions  apply  to  two  situations:  a  abort- term 
search  situation  in  which  the  total  available  search  time 
is  less  than  the  Koopman  expected  time  for  detection;  and, 
a  long-term  situation  in  which  the  decision  maker  has  an 
amount  of  time  much  greater  than  the  Koopman  expected  time. 

In  order  to  answer  any  of  these  questions,  one  has  to 
decide  on  certain  measures  of  the  effectiveness  of  using 
the  SKA.  As  a  measure  of  the  worst  case  situation  in  using 
the  SKA,  consider 

(a)  the  percent  relative  error  at  the  peak  difference 
in  the  probability  of  detection  (%  rel.). 

However,  the  decision-maker  also  needs  to  know  at  what  level 

of  search ,ef fort  this  peak  occurs  in  order  to  judge  its 
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significance  relative  to  the  total  amount  of  search  time 
he  has  available.  Thus  we  take  as  our  second  measure, 

(b)  that  level  of  total  available  search  time  at 
which  the  peak  difference  occurs  (Peak  Time) . 

The  analysis  of  the  models  of  Chapters  2  and  3  indicated 

that  the  error  resulting  from  the  SKA  could  be  reduced 

by  increasing  the  total  available  search  time.  Thus  the 

decision  maker  (searcher)  is  interested  in  determining 

(c)  the  level  of  total  available  search  time  at 
which  the  percent  relative  error  is  less  than 
some  specified  value. 

Assuming  that  the  searcher's  strategy  is  to  allocate 
an  amount  of  time  at  least  equal  to  the  expected  time  to  de¬ 
tect  the  target  under  the  Koopman  strategy,  the  following 
results  might  occur:  the  percent  relative  error  is  moderate 
but  the  peak  time  is  much  greater  than  the  Koopman  expected 
time;  or  the  percent  relative  error  may  be  high  and  occur 
at,  or  before,  the  Koopman  expected  time.  Both  of  these 
cases  would  appear  to  be  significant  to  the  decision  maker. 
The  following  measure  is  used  to  describe  these  situations; 

(d)  R  =  - mm -  •  (%  rel.)  . 


In  a  certain  sense,  the  Koopman  expected  time  may  be  used 
to  characterize  the  classical  search  situation  as  to  the 
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degree  of  difficulty.  Thus  it  was  chosen  to  normalize  the 
time  at  which  the  peak  differences  occur. 

The  limited  analytical  results  for  the  models  of  Chap¬ 
ters  4  and  5  provide  "explicit"  answers  to  the  above  ques¬ 
tions  in  very  specific  cases.  In  particular,  the  approxi¬ 
mations  (valid  for  large  quantities  of  search  effort)  yield 
analytical  expressions  which  can  be  studied  to  provide  the 
required  answers.  Situations  in  which  the  available  effort 
is  limited  to  the  extent  that  under  the  optimal  policy  all 
the  effort  is  placed  in  a  single  region  will  also  lend  them¬ 
selves  to  such  analysis.  However,  in  order  to  study  the 
error  function  over  the  spectrum  of  search  time,  numerical 
techniques  are  required.  Since  this  type  of  problem  is 
readily  solved  using  dynamic  programming,  this  procedure  is 
used  in  the  following  numerical  analysis. 

Having  obtained  the  optimal  allocation  policy  and  re¬ 
turn  for  a  given  level  of  search  effort,  the  return  from 
the  SKA  at  this  level  of  effort  and  the  difference  in  the 
two  returns  is  computed.  If  interest  centers  on  the  peak 
differences,  as  soon  as  the  difference  function  begins  to  de¬ 
crease  the  computation  is  ended.  If  one  is  interested  in 
determining  the  amount  of  effort  required  tc  reduce  the 
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percent  relative  error  below  some  specified  value,  the 
computation  continues  until  that  point. ^  In  the  peak  dif¬ 
ference  situation,  the  nature  of  a  dynamic  programming 
solution  requires  that  we  only  compute  the  optimal  solution 
for  the  last  region  until  the  peak  is  passed.  A  flow  chart 
for  these  computations  is  given  in  Figure  F.l. 

F.3  Summary  of  the  Numerioal  Results 

The  charts  and  tables  given  in  this  section  contain 
the  results  of  a  series  of  computer  runs  for  each  of  the 
models  represented  in  Figure  F.l.  Because  the  dimension¬ 
ality  required  to  describe  the  search  and  target-environ¬ 
ment  parameter  space  is  extremely  large,  only  the  two- 
region  case  is  considered.  Figure  F.2  is  a  schematic  repre¬ 
sentation  of  the  parameter  ranges  used. 

A  summary  of  the  results  for  each  model  relative  to 
the  questions  formulated  in  Section  F.2  is  given.  These  re¬ 
sults  are  identified  by  the  ratio  of  prior  probabilities  on 
target  location  and  the  values  of  the  detection  rates  for 
each  region.  Finally,  a  series  of  tables  containing  the 
measures  introduced  in  Section  F.2  are  given. 

I - : - : - 

The  unimodality  of  the  error  function  is  determined  via  an 
analysis  of  the  approximate  error  functions  given  for  each 
of  the  models. 
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Figure  T.  1  Sensitivity  Computations 
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(I)  Random  Interval /Random  Initiation  and  Limit 

Exponential  distributions  are  assumed  on  the  start 
time  as  well  as  on  the  length  of  the  visible  period  and  the 
detection  devices.  The  following  results  were  obtained. 

The  labeling  corresponds  to  the  respective  question  number 
of  Section  F.2. 

(1)  The  availability  of  search  time  on  the  order  of 
2-KET  (Koopman  expected  time)  will  not  reduce 
the  relative  error  below  5%  in  using  the  SKA. 

(2)  In  those  cases  ir.  which  the  mean  time  to  detect 
is  much  less  than  the  mean  length  of  the  visibil¬ 
ity  period,  large  errors  are  obtained  from  the  use 
of  SKA. 

(3)  For  the  short-term  search  situation- 


Pq/P?  s  i 


Over  the  visibility  parameter  space  under  investigation, 
none  of  the  combinations  studied  led  to  small  short-term 
errors  in  using  the  Kocpman  policy. 

Note,  in  many  of  these  cases,  the  extreme  sensitivity  of 
the  error  function  measures  to  changes  in  the  visibility 
parameters. 
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From  the  tables,  we  observe  that  the  greatest 
errors  in  using  the  SKA  occur  with  non-identical 
detectors  and  that  level  of  total  available 
search  effort  at  which  they  occur  is,  in  many 
cases,  much  greater  than  the  Koopman  expected  time 
(KET).  The  approximation  analysis  of  Section 
•+.2.2  gives  insight  into  the  causes  of  such  sus¬ 
tained  errors.  Consider  the  following  example: 
p  X  k  8 

2/3  .1  1.  .1 

1/3  1  .1  .1 


From  the  analysis  of  Section  4.2.2,  the  long¬ 
term  approximate  policies  are 

_  62t  .  6,t 


X.  **  - - 

i  e,  ♦  e. 


and  t 


2  "  Bi  +  8,  ’ 


while  the  similar  results  for  the  Koopir.an  policy 


1  kl  *  k2  *  “d  l2  1 
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Thus,  under  the  Koopman  policy  region  1  doesn't 
receive  enough  of  the  search  effort.  Also  note 
that  if  B,  "  1*  then  the  long-term  policies  are 
identical  under  both  methods.  To  summarise, 
an  investigation  of  the  relative  magnitudes  of 
the  conditional  detection  rate  (A^  ♦  k^)  and 
the  rate  of  masking  interval,  determines  the 
long-term  allocation  policy.  When  this  policy 
greatly  differs  from  the  Koopman  policy,  the 
latter  will  be  inadequate  over  a  large  range  of 
total  available  search  effort. 

Tables  F.l  and  F.2  summarize  the  main  effects  due  to 
the  various  search  parameters;  measure  (d)  is  used  in  the 
tables.  The  following  observations  are  of  interest. 

(a)  For  =  k2  =  * 1  »  note  the  increasing  sensitivity 
of  measure  (d)  to  A  ^  and  with  increasing  prior 
positional  probability  ratios  p^/p^. 

(b)  For  k^  =  .1,  and  k2  =  1.,  note  the  sensitivity  to 
$2  and  the  reversal  of  its  effect  at  Pj/P2  5  10* 

(c)  For  k^  =  1,,  k2  =  .i,  note  the  extreme  sensitivity 
of  measure  (d)  to  3^.  If  one  uses  the  approxi¬ 
mate  solutions  of  Section  4.2.2,  then  it  is  ap¬ 
parent  that  at  the  lower  level  of  p^  the  Koopman 
and  optimal  policies  are  very  different. 

(d)  For  k^  =  1.  =  k2>  we  note  the  increasing  sensi¬ 
tivity  to  p^. 


^Which  explains  the  senstivity  to  p^  in  tne  tables. 


1 
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Table  F.l 


Random  Interval  Sensitivity 


k1  =  .1 

k1  =  .1 

k,  «  1. 

k|  *  1, 

p,/p2=1 

• 

n 

CM 

X 

k2  =  1. 

• 

it 

CM 

X 

k2  =  1. 

.1 

92.9 

149.6 

570.3 

315.5 

X1  = 

945.8 

1. 

71.3 

525.2 

291. 

.1 

92.9 

569.9 

149.7 

315.5 

>- 

fO 

II 

1. 

71.3 

525.5 

945.8 

291. 

.1 

115.1 

582.9 

1035.5 

355.5 

61M. 

52.7 

513. 

60. 

251. 

•* 

112.5 

1035.5 

589.2 

355.5 

1. 

54.6 

60.2 

506.3 

■  " 

251 . 

p1/p2=2 

.1 

A,  = 

63.8 

103.8 

1137.9 

540.6 

1 

168.3 

1  . 

485.2 

662.5 

193.7 

.1 

X2 

167.8 

306.6 

568.6 

44  5. 

1  . 

64.3 

255.4 

1211.9 

289.3 

.1 

131.5 

497.2 

1747.1 

522.4 

% 

1  . 

100.6 

64.8 

53.4 

1 

211.9 

.1 

e2  = 

138.4 

491 .? 

! 

j  812.7 

t 

342.3 

i. 

93.7 

I  .  — 

70.3 

j  987.8 

392 . 

Table  F.2 

Random  Interval  Sensitivity 


p-,/p2-lo 


k1  *  -1 

k1  =  .1 

k1  =  1. 

k1  ■  1 . 

k2  =  * 1  ! 

• 

h 

CM 

X 

• 

it 

CM 

X 

• 

ii 

CM 

X 

49.2 

91.6 

1418.6 

492.1 

195.6 

431.6 

1197.7 

339.5 

188.2 

291.2 

1143.4 

390.4 

56.5 

232.0 

1472.9 

44.2 

124.4 

457.4 

2566.0 

639.4 

120.3 

65.8 

50.5 

191.4 

135.2 

447.8 

1090.8 

559.9 

109.5 

75.4 

1525.7 

270.Q 

54.0 

218.9 


205.9 

57.0 


107.5 

148.6 


124.2 

14-5.7 


56.9 

80.2 


91  .8 

45.3 


88.3 

48.8 


35.1 

102.5 


2620.0 

1113. 

2455. 

721. 

2454. 

784. 

2621. 

1050. 

5035. 

1710. 

40. 

124. 

2368. 

980. 

2707. 

864. 
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Table  F.2  suggests  the  following  comments : 

(a)  Note  the  insensitivity  of  the  situation  in  which 
ki  =  k2  s  .1  to  changes  in  the  prior  probabilities 
on  target  location,  as  contrasted  with  the  approx¬ 
imate  linear  effect  of  such  changes  when  k^  *  k2  = 
1.  Essentially,  this  difference  results  from  dif¬ 
ferences  in  the  peak  time  relative  to  the  Koopman 
expected  times  in  the  two  cases.  The  peaks  occur 
early  in  the  former  case. 

(b)  Note  the  decreasing  rate  of  change  of  measure  (d) 
with  increasing  p^/p^  f°r  the  conditions  *  1., 


In  contrast  to  the  models  of  Chapters  2  and  3,  we  ob¬ 
serve  that 

(a)  the  use  of  the  Koopman  policy  will  not  be  adequate 
in  cases  in  whicn  one  has  homogeneous  visibility 
conditions , 

(b)  the  error  function  is  net  reduced  by  increasing 
the  available  searen  time  (unless  extremely  large 
increases  are  made), 

(c)  the  maximum  errors  do  not  occur  in  situations  in 
which  the  total  available  search  time  is  con¬ 
strained  . 

(d)  the  availability  of  extremely  "good"  detection  de¬ 
vices  will  not  imply  tnat  the  Koopman  scheme  will 
yield  small  errors. 

The  above  results  imply  that  the  decision  maker,  in 
general,  must  obt-in  aauidU  estimates  of  tn<_  visibility 
parameters  in  order  lo  conduct  an  effective  searen,  since 
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the  option  of  increasing  the  available  search  time  may  no 
longer  be  cost-effective.  The  sensitivity  analysis  of  <+.2.3 
will  give  some  insight  into  the  sensitivity  of  the  optimal 
policy  and  return  to  these  estimates  as  well  as  the  numerical 
results  just  reviewed.^ 


(II)  General  Single  Interval  Model 

Here  the  two  single-interval  models  of  Chapters  3  and  4 
are  combined  using  the  limiting  values  fcr  the  state  prob¬ 
abilities  of  an  associated  alternating  renewal  process  (see 

ai  2 

Section  4.4.2,  II.  =  -■ — --g—  ).  These  results  were  obtained. 

i  a.  +  ei 

(1)  The  availability  of  search  time  on  the  order  of 
2-KLT  (Koopman  expected  time)  will  not,  in  general, 
reduce  the  relative  error  below  5%,  in  using  the 
SKA.  The  only  exception  is  the  situation  in  which 

pl/'p2  =  1  and  kl  S  k2  = 

(2)  In  those  cases  in  which  the  mean  time  to  detect  is 
mucn  less  than  the  mean  length  of  the  visibility 
period  (e.g.,  k^  =  k~  =  1,  and  X^  -  X^  =  »1)»  the 
SKA  can  be  used.  Under  these  conditions  the  prob¬ 
ability  that  the  target  is  visible  at  the  start 

of  the  searcn  is  at  least  0 . F  for  the  levels  of 
p  used. 

All  of  the  above  observations  hold  for  the  situation  in 
whicn  the  start  of  the  visibility  period  in  the  ith  region 
is  uniformly  distributed  on  (0,S^).  Section  F.4  contains 

the  results  of  a  sensitivity  analysis  of  this  situation 
(Tables  F*G  and  F.v). 

2 

Une  could,  of  course,  use  any  prior  estimate  on  i,  .  ,  e.g., 
one  which  is  independent  of  X ■  and  £..  1 
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(3)  For  the  short-term  search  situation*  one  has  the 
following  results: 

px/p2  =  1 


1 

0.1 

1.0 

0.1 

Homogeneous  visibility 
conditions  yield  small 
errors 

See  table  F.10 

1.0 

See  table  F.1Q 

Homogeneous  visi¬ 
bility  parameters  . 

yield  small  errors1 

-  —  - 

Pj/P2  =  2 


B 

0.1 

1.0 

0.1 

Homogeneous  visibility 
conditions  (fi^  *  = 

.1)  -*■  small  errors 

See  table  F.ll 

1.0 

_ 

See  table  F,ll 

Homogeneous  visibility 
conditions  with 

<S1  =  S2  *  1')  * 
small  errors L 

■^Recall  that  for  the  model  of  Chapter  3,  such  conditions 
implied  the  optimality  of  the  Koopman  policy. 

2 

Here  one  notes  tnat  the  long-term  allocation  policies  are 
identical  and  that  the  probability  of  the  target  being  visi¬ 
ble  at  the  start  of  the  search  is  almost  0.5. 
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Table  F. 3  summarizes  the  main  effects  in  terms  of  mea¬ 
sure  (d)  due  to  the  various  search  parameters.  It  suggests 
the  following  comments. 

(a)  For  k^  *  k2  =  .1,  note  that  the  sensitivity  to 
changes  in  X^  and  X2  increases  with  increasing 
p1/p2.  Changes  ir.  the  X's  affect  the  prior  prob¬ 
abilities  on  target  visibility  at  the  start  of 
the  search.  Thus,  the  general  model  tends  either 
toward  the  model  of  Chapter  3  or  Chapter  4  de¬ 
pending  upon  whether1  n  can  affect  the  FAR  for 
the  general  random  interval  model. 

(b)  For  k,  =  1.  and  k2  =  0.1,  note  the  extreme  sen¬ 
sitivity  to  This  causes  the  general  model  to 

tend  toward  that  of  Chapter  3  by  increasing  II. 

The  reader  will  recall  from  our  earlier  discussions 
that  the  model  of  Cnapter  3  has  primarily  short¬ 
term  errors.  From  approximation  policies  of  Sec¬ 
tion  4.4.2,  observe  that  for  8^  =  1,  the  approxi¬ 
mate  long-term  allocation  tends  to  agree  with  the 
Koopman  allocation. 

To  summarize,  we  have  observed  that 

(a)  the  Koopman  policy  can  be  used  effectively  in  the 
homogeneous  detection,  homogeneous  visibility  con¬ 
dition  situation,  ana 

(b)  it  will  also  prove  adequate  in  the  situations  in 
which  the  mean  time  to  detect  is  much  less  than 
the  mean  length  of  the  visible  period. 

The  values  of  II,  the  prior  probability  vector  on  target  vis¬ 
ibility  at  the  start  of  the  search,  are  of  importance  here. 
Since  for  11^  -*• 


i,  the  general  model  reduces  to  the  random 


-2  8(i 


I 

E 

K 


I 

I 
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interval,  initially  visible  model,  and  this  model  has  pri¬ 
marily  short-term  errors  under  the  Koopman  policy.  If, 
on  the  other  hand,  11^  -*•  0,  one  has  the  random-interval, 
random-start-time  model  which  has  significant  long-term 
errors  under  the  Koopman  policy. 


(Ill)  Multiple  Interval  Model 

Here  it  is  assumed  that  the  visibility  process  is 
characterized  by  an  alternating  renewal  process  with  the 
residency  times  being  exponentially  distributed.  Again, 
the  probabilities  of  the  target  being  either  visible  or 
masked  are  taken  to  be  the  limiting  state  probabilities  of 
the  associated  alternating  renewal  process.  The  following 
results  were  obtained. 

(1)  The  availability  o  1  searcn  time  on  the  order  of 

2-KLT  (Koopman  expected  time)  will  in  general, 

reduce  the  relative  error  below  5%  in  using  the 
SKA. 

(2)  The  SKA  can  be  effectively  used  in  those  cases 

in  which  the  mean  time  to  detect  is  much  less  than 
the  meat,  length  of  the  visible  periods. 

(3)  For  the  short-term  situation,  one  has  the  following 
results: 
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P1''P2  s  1 


0.1 

1.0 

0.1 

Homogeneous  visibil¬ 
ity  conditions  -*• 
small  errors 

See  table  F.12 

1.0 

See  table  F . 12 

Homogeneous  visibil¬ 
ity  conditions  -*• 
small  errors 

PX/P2  =  2 


1 

0.1 

1.0 

0.1 

Homogeneous  visibil¬ 
ity  conditions  -*• 
small  errors 

See  table  F.13 

1.0 

See  table  F.13 

Homogeneous  visibil¬ 
ity  conditions  with 

(Xx  =  A2  s  •!> 

small  errors 

Table  F  .  4  summarizes  the  main  effects  in  terms  of  mea¬ 
sure  (d)  due  to  the  various  search  parameters.  It  suggests 
the  following  comments. 

(a)  For  k^  =  =  0.1,  note  the  increasing  sensitiv¬ 

ity  to  >-1  and  6^  with  increasing  p^/p2  (an  increase 
in  p^  increases  the  contribution  to  the  optimal 
return  function  of  the  first  region). 

(b)  For  k^  =  1.  and  k2  =  0.1,  note  the  increasing  sen¬ 
sitivity  to  changes  in  £.  (increasing  i,y  tends  to 

J-  ▲ 


Table  F.4 


yield  long-term  approximation  policies  which  are 
close  to  the  Koopman  policy). 

(c)  For  =  kj  =  1»  note  the  general  increase  in 

the  sensitivity  of  all  the  visibility  parameters 
X^,  8^,  X2 »  and  82* 

The  SKA  yields  small  to  moderate  rors  for  homogeneous 
detection  and  visibility  conditions.  Homogeneous  visibil¬ 
ity  conditions  will  yield,  via  equation  44  of  Section  5.2.1, 
equal  rates  (y^)  for  use  in  the  long-term  approximate 
allocations.  Thus  whenever  the  detection  rates  are  identi¬ 
cal,  only  short-term  errors  will  occur.  On  the  other  hand, 
heterogeneous  visibility  conditions  yield  heterogeneous 
rates  (yi>  which  may  differ  significantly  from  the  detec¬ 
tion  rates  used  by  the  Koopman  policy,  resulting  in  error 
functions  which  increase  beyond  the  Koopman  expected  time. 
Thus,  in  certain  cases,  the  decision  maker  has  the  full 
range  of  options  given  in  Section  2.2.3.  For  the  situation 
in  which  the  visibility  conditions  are  homogeneous  the 
most  cost-effective  approach  may  well  be  that  of  increasing 
the  available  search  effort  as  opposed  to  obtaining  esti¬ 
mates  of  the  visibility  parameters.  The  data  also  indicate 
the  sensitivity  of  the  error  function  to  changes  in  the 
visibility  parameters  in  the  heterogeneous  case.  Thus,  an 
erroneous  assumption  on  the  homogeneity  of  the  visibility 
conditions  could  lead  to  extreme  errors  if  the  searcher  is 
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using  the  Koopman  saheme.  The  sensitivity  analysis  of  Sec¬ 
tion  5.2.3  and  the  data  of  Table  F.4  provide  insight  into 
the  sensitivity  of  the  optimal  policy  and  return  to  varia¬ 
tions  in  the  estimates  of  the  visibility  parameters. 

F.  4  Tab  lea 

This  section  contains  the  data  summarized  in  the  pre¬ 
ceding  section.  For  each  model  the  data  are  arranged  in 
order  of  increasing  ratios  of  p1/p2-  The  data  are  arranged 
in  the  following  order  within  each  cell  of  the  table  (for  a 
given  ratio  of  p^/pj): 


where 

1  -  maximum  difference  in  the  probability  of  detection, 

2  -  time  at  which  the  maximum  difference  occurs, 

3  -  percent  relative  error  at  the  peak  difference, 

4  -  measure  (d),  defined  in  Section  F.2. 


Table  F • 5 

Random  Interval  Sensitivity  Analysis 


014  48  .004  31  .03  Ifc  .014  6  .14  50  .014 

5  2.6  \  2  i  222 


Table 


Table  F.9 


19840  .11244  40j  .01 


Table 


Appendix  6 

SOME  RESULTS  FROM  THE  THEORY  OF  SEMI-MARKOV  PROCESSES 

In  this  appendix ,  we  list  some  theorems  on  Semi -Markov 
processes  due  to  Pyke  (1961).  First  some  definitions)  let 
G^(t)  denote  the  distribution  function  for  the  first  pass¬ 
age  time,  i.e., 

Gij(t)  *  PrCHj(t)  >  0 1 XQ  =  i]  =  Pr{t.^  <  t|X0  *  i}  , 

where  t.  denotes  the  time  of  the  first  passage  to  state  j 
31 

and  Nj(t)  denotes  the  number  of  entries  to  state  j  in  time 
t.  Let  P^(t)  be  defined  as 

Pij(t)  *  Pr{Xt  =  j|XQ  *  i)  . 

The  Laplace  transforms  of  these  are,  respectively, 

gjL.(s)  =  /  <-st  dGi.(t)  , 

0 

and 

nij(s)  =  J  e'st  dPij(t)  . 

0 

The  Laplace  transform  of  Q,  the  associated  semi-Markov  matrix, 
is  denoted  by 

q  =  =  f  e”st  dQ..(t)  . 

yo 
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Pyke  (1961)  proves  the  following  theorems  relating  P  and 
G  • 


Lemma  1.0 

For  all  t  >_  0,  s  >  0 

m 

pij  *  sij  -  E  uij  -  vtn,<3iK(t> 

K=1 

m 

nij(s)  *  {ij  -  £  ■  vs)]qiK(s>  • 

K=1 

Lemma  2.0 

For  t  ^  0  ,  s  >  0 , 

m 

Gij(t)  =  £  SKj(t)«QiK(t)  ♦  [1  -  G  (t) 

K=  1 

m 

gij(s)  s  2  gKj(s)cliK(s)  +  C1  "  8jj(s)]^ij(s)  • 
K=  1 

Theorem  1 

For  t  >_  0 ,  s  >  0 , 

Pij(t)  =  Pjj(t)*Gij(t)  +  6..C1  -  A.(t)] 


and 


nij(s)  s  Ilj j(s)gij(s) »  i  *  j 


1  -  h.(s> 

"}j<9>  =  i  - 

where 

M 

*i(t>  hij<s)  * 

j=l 

Next  we  define  the  convolution  on  matrix-valued  func¬ 
tions  as 

m 

(K*L)ij  =  £  KiK,LKj  • 

K=1 

and 

K°  =  X,  K<N>  *  K(N-1)  *  K,  (I  -  K)'-1’  =  E  K(N). 

n*0 


Theorem  2 

Given  P  =  { j  >  ,  Q  =  {Q—  },  H  =  {S^A.^}  *nd  their 
L  -  S  transforms  n,  q,  h,  then  the  following  relationship 


holds 


P  =  (I  -  Q)"1  *  (I  -  A),  n  =  (I  -  q)'1(I  -  h)  . 

For  any  square  matrix  (or  matrix  valued  function)  A  = 
define  the  diagonal  and  off-diagonal  parts  of  A  by 


dA  =  <«ijAij) 


A  =  A  '  dA  . 
o 

Theorem  3 

As  defined  on  s  e  (0,«), 

g  =  qlKdll)"1 

As  a  result  of  this  theorem,  one  can  obtain  the  mean 
recurrence  times  u  =  (u^)  from 

u  =  lim  [  JL  -  g]  , 
s-0  S 

where  tL  is  an  nxn  matrix  each  entry  being  unity. 
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FRAGMENTATION  HAZARDS  TO  UNPROTECTED  PERSONNEL 


I.  INTRODUCTION 

Existing  quantity-distance  standards  for  the  manufacture, 
handling,  and  storage  of  munitions  are  based  on  the  net  weight 
of  explosive  filler  contained  in  the  devices  in  an  unsubdi¬ 
vided  magazine,  or  operating  building  unit.  Safe  distances 
are  prescribed  in  tabular  form  essentially  proportional  to 
the  cube  root  of  the  explosive  weight. 

Because  peak  blast  pressures  from  explosions  of  different 
yield  are  the  same  at  distances  scaled  by  the  cube  root  of 
the  respective  explosive  weights,  existing  standards  imply 
that  the  acceptable  risk  to  a  given  target  is  based  on  a 
peak  blast  overpressure  criterion  alone.  On  the  other  hand, 
the  field  of  fragments  projected  to  the  far  field  from  accidental 
explosion  of  a  munition  store,  consisting  of  inert  munition 
component  fragments  and  secondary  fragments  from  any  enclosure, 
does  not  satisfy  the  same  similarity  rules  as  does  the  airblast. 
Thus,  defining  an  acceptable  blast  overpressure  level  at  a 
target  implies  the  acceptance  of  different  levels  of  risk  of 
damage  by  fragments,  depending  on  the  quantity  and  composition 
of  the  munition  store  and  its  enclosure. 

To  develop  quantity-distance  standards  based  on  con¬ 
sistent  blast  and  fragment  hazard  levels  requires  determination 
of  the  damage  risk  due  to  fragments  from  accidental  explosions 
as  a  function  of  the  quantity  and  type  of  munitions,  and  of 
the  characteristics  of  the  source  environment  and  the  vulner- 
ability  of  the  target.  A  previous  report  (Ref.  1),  was  a 
first  attempt  aimed  at  applying  engineering  analysis,  supple¬ 
mentary  experimental  efforts,  and  currently  available  data  on 
fragmentation  and  damage  criteria  to  the  problem  of  estimating 
fragment  hazards  at  explosives  manufacturing  and  storage  sites. 
While  that  report  resulted  in  a  fragment  hazard  model  and  a 
set  of  fragment  density  and  damage  probability  maps  for  a 
variety  of  weapons  and  targets,  this  report  is  concerned  with: 


References  listed  at  the  end  of  the  text. 
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(1)  Refining  that  model  and  making  its  corresponding 
computer  algorithm  usable  by  personnel  moderately 
experienced  at  ballistic  calculations, 

(2)  Revising  near-field  fragment  mass  distributions 
to  more  accurately  reflect  their  use  as  input  ii 
estimating  fragment  hazards, 

(3)  Developing  a  new  set  of  fragment  density  and 
damage  probability  maps;  studying  the  effect 
of  specific  personnel  protection  criteria  for 
unprotected  personnel,  and 

(4)  Developing  simplified  two-dimensional  relation¬ 
ships  of  fragment  density  and  damage  probability 
as  a  function  of  range. 

1 . 1  Problem  Background 

Under  Contract  No.  DAHC-04-69-C-0056  with  the  U.S. 

Army  Research  Office-Durham,  IITRI  has  been  conducting  a 
series  of  investigations  concerning  fragment  hazards  associated 
with  accidental  detonation  of  munitions.  This  work  has  been 
performed  under  the  direction  of  the  Department  of  Defense 
Explosive  Safety  Board. 

Phase  I  of  this  study  was  concerned  with  establishing 
quantitative  damage  criteria  in  terras  of  fragment  mass, 
velocity,  and  attack  angle  for  various  targets  including 
standing  personnel,  vehicles,  aircraft,  buildings  and  open 
weapon  stores.  In  Phase  II  an  analytical  model  was  developed 
to  predict  the  density  of  fragments  and  the  probability  of 
damage  to  the  targets  considered  in  Phase  I  from  explosion 
of  individual  munitions  of  various  types.  These  included 
gun  projectiles  and  general-purpose  bombs.  Here  damage 
probability  contours  were  obtained  in  polar  coordinates  for 
a  horizontal  orientation  of  the  munition  axis  in  each  case. 
Phase  III  attempted  to  extend  the  fragment  hazard  model  for 
individual  munitions  to  the  case  of  multiple  munitions  in  open 
stores  (Ref.  2).  The  result  was  a  limited  demonstration  that 
an  analytic  model  could  be  developed  to  describe  the  initial 
fragment  field  of  a  stack  of  munitions.  However,  it  was 
also  brought  out  that  this  initial  fragment  field  was  often 
related  to  munition  case  design,  stack  configuration  and 
mode  of  initiation. 
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1.2  Program  Objectives 

In  the  current  research  activity  the  intent  has  been 
to  develop  an  analytic  tool,  usable  by  personnel  moderately 
experienced  at  ballistic  calculations,  and  capable  of  generating 
the  information  necessary  to  establish  the  minimum  separation 
distance  to  personnel.  The  objectives  of  the  study  were: 

(1)  To  develop  and  document  a  computer  algorithm 
which  uses  munition  effectiveness  tables  as 
input  and  computes  fragment  densities  and 
damage  probabilities  to  unprotected  personnel 
based  upon  the  following  criteria: 

•  A  hazardous  fragment  has  a  kinetic  energy 
of  58  £t-lbs  or  greater,  and 

e  An  acceptable  density  of  hazardous  fragments 
is  not  more  than  one  per  600  sq  ft. 

(2)  To  develop  a  rational  scheme  for  revising  published 
munition  effectiveness  data  to  more  accurately 
reflect  its  use  as  input  in  estimating  fragment 
hazards. 

(3)  To  develop  a  simplified  means  of  relating 
fragment  density  and  damage  probability  to  a 
radial  distance  over  a  fixed  sector  of  the 
ground  plane. 

(4)  To  utilize  the  computer  algorithm  and  the  revised 
data  in  order  to  compute  the  fragment  density 
and  damage  probability  from  the  explosion  of  a 
single  round  of  each  of  the  following  seven 
munitions : 


•  500  lb  low  drag  bomb  Mark  S2  Mod  1  (H-6  load) 

®  750  lb  Bomb  M117A2  (Tritional  Load) 

9  105mm  Howitzer  Shell  Ml  (Composition  B  Load) 

•  155mm  Howitzer  Shell  M107  (Composition  B  Load) 

•  175mm  Gun  Shell  M437A2  (Composition  B  Load) 

•  5"/38  Projectile  Mark  49  (CCMP  A-3  Load) 

•  8"/55  Projectile  Mark  25  (Explosive  D  Load) 
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1.3  Program  Accomplishments 

The  major  result  of  this  study  has  been  the  de¬ 
velopment  and  documentation  of  a  computer  algorithm  which 
will  allow  safety  personnel,  moderately  experienced  at 
ballistic  calculations,  to  make  the  computations  necessary 
to  establish  separation  distances  for  personnel  due  to 
fragment  hazards.  A  rational  statistical  scheme  has  also 
been  developed  and  demonstrated  which  revises  published 
munition  effectiveness  data  to  more  conservatively  reflect 
its  use  in  estimating  fragment  hazards.  A  set  of  computa¬ 
tions  were  made  for  seven  munitions  and  the  results  are 
presented  as  contour  maps  of  total  fragment  number  densities, 
damaging  fragment  number  densities  and  injury  probabilities. 

The  contour  maps  have  also,  been  simplified  to  yield  curves 
of  number  density  and  injury  probability  as  a  function  of 
radial  distance  from  the  munition  source  within  a  constant 
sector  of  the  ground  plane.  (i.e.,  the  nose,  base  and  side- 
spray  sectors)  These  results  serve  both  to  demonstrate  the 
capability  of  the  computer  algorithm  and  also  as  design  aids 
for  explosive  safety  personnel. 

1 .A  Program  Highlights 

The  following  sections  of  this  report  are  organized 
in  such  a  way  as  to  first  present  the  analysis  on  which 
the  fragment  hazard  computer  model  is  based,  to  next  present 
an  analysis  of  the  munition  effectiveness  data  which  is  input 
to  that  computer  model  and  to  finally  summarize  the  study 
in  the  form  of  conclusions  reached  and  recommendations  as 
to  model  improvement. 

Appendices,  covering  the  study’s  deliverable  items, 
are  included  following  the  conclusion  of  the  report.  These 
appendices  include  a  user  manual  for  operation  of  the  fragment 
hazard  computer  program,  a  listing  of  the  computer  program, 
the  contours  and  simplified  curves  describing  the  fragment 
hazard  associated  with  unprotected  personnel  exposed  to  these 
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seven  munitions.  The  revised  munition  effectiveness  data 
for  the  seven  munitions  were  published  as  a  separate  classi¬ 
fied  document. 

2.  THE  FRAGMENT  HAZARD  MODEL 


This  section  describes  the  analysis  which  forms  the 
basis  for  the  computational  model  for  predicting  fragment 
density  and  injury  probability  contours  for  various  munitions 
The  mathematical  model,  illustrated  in  Tig.  1,  is  limited  to 
the  consideration  of  the  single  munition  without  environmenta 
protection.  The  model  has  been  programmed  for  digital  computa 
tion,  is  modular  and  accepts  as  inputs: 

(1)  The  spatial  distribution  of  fragment  masses 
and  velocities  for  single  munitions,  which  are 
defined  for  intervals  of  polar  angle,  (i.e., 
munition  effectiveness  tables) 

(2)  The  k- factors  for  the  individual  munitions,  which 
express  the  relationship  between  fragment  masses 
and  projected  areas  for  various  munition  types. 

(3)  Vulnerability  criteria  for  targets  of  interest, 
(e.g.,  kinetic  energy  and  critical  densities) 

Output  of  the  model  includes: 

(1)  Fragment  density  contours  showing  distances 

to  isodensity  lines  for  all  azimuths.  Contours 
can  be  printed  for  all  fragments  or  for  various 
classes  of  fragments. 

(2)  Injury /damage  probability  contours,  showing 
ground  distances  to  isoprobability  curves  at 
all  azimuths  for  various  munition/target 
combinations . 

Elements  of  this  model  include  the  following  steps: 

(1)  Munition  performance  data  is  converted  to  an 
internal  form.  All  data  is  normalized  into  a 
a  common  internal  form,  wherein  the  average 
fragment  velocity  and  the  average  mass  and 
number  density  for  each  of  several  fragment 
mass  categories  are  represented  as  tabular 
functions  defined  everywhere  on  the  surface 
of  a  sphere  uf  unit  radius  located  at  the 
origin.  Gaps  in  the  original  data  are  filled 
in,  and  in  addition  the  data  may  be  smoothed 
if  this  seems  desirable. 
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TIN  PUT  MUNITION  &  TARGET 


MUNITION  EFFECTIVENESS 

_ DATA  _ 

Hasses,  Humbers, 
Initial  Velocities, 
k-Factor 


SPHERICAL  TRANSFORMATION 

_  ROUTINE  _  _ 

Tran's  for ms“bata  on  to 
Surface  of  a  Sphere  with 
Unit  Radius 


’  f 


~1 


]  TRAJECTORY  COMPUTATIONAL 

ROUTINE  _  _ 

Terminal  Fragment  FielcT 
is  Computed  on  a  Horizontal 
Plane-Range,  Velocity, 

Impact  Angle,  Density 

-  t.  ~~  ~ 


'STORED  INJURY  AND  DAMAGE 
i  FUNCTION 


i 


(VULNERABILITY  DISCRIMINATOR  AND  SORTING  ROUTINE 

'Selects  Damaging  Fragments  and  Sorts  on  Terminal 
i  Distance  for  Each  Azimuth 


J 


INJURY /DAMAGE  PROBABILITY  COMPUTATIONAL  ROUTINE 

Fragment  Densities,  Probabilities  for  Each 
_  _  Azimuth _ _ 


CONTOUR  PRINTING  ROUTINE 


1 


OUTPUT 

Isoprobability  Contours  for  Injury /Damage , 
Isodensity  Fragment  Contours 


Fig.  1  FLOW  CHART  FRAGMENT  HAZARD  MODEL 
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(2)  A  terminal  fragment  field  is  computed  on  a 
selected  horizontal  plane  (i.e.,  the  plane 
is  above,  below  or  passing  through  the 
origin)  utilizing  routines  for  evaluating 
fragment  trajectories.  The  quantities 
computed  for  each  mass  category  are  impact 
velocity,  impact  angle  and  number  of  fragments 
per  sq  ft  in  a  plane  normal  to  the  impa'  ngle. 
These  quantities  are  expressed  as  tabul 
functions  of  range  and  azimuth  for  outp,_ 
processing. 

(3)  Selected  functions  of  the  fragment  field 
quantities  computed  in  step  2  are  computed  and 
plotted  in  this  step.  A  wide  range  of  functions 
are  available.  The  basic  functions  involve  the 
fragment  field  alone,  and  do  not  consider  charac¬ 
teristics  of  a  target.  Examples  of  these  func¬ 
tions  are  number  of  fragments  per  sq  ft,  and 
total  fragment  kinetic  energy  per  sq  ft. 

The  target  functions  use  target  characteristics 
to  determine  the  number  of  damaging  fragments 
and  the  probability  of  damage  at  every  point 
in  the  field.  These  functions  use  tables  or 
formulas  to  determine  whether  or  not  a  fragment 
is  damaging,  by  finding  the  minimum  velocity 
required  by  that  fragment  to  damage  the  target. 

The  fragment  is  considered  to  be  damaging  if  its 
velocity  exceeds  the  threshold. 

(4)  Fragment  field  functions  may  be  plotted  either  on 
the  printer,  or  on  an  off-line  plotter  if  the 
output  tape  is  run  through  an  appropriate  post¬ 
processor. 

2 . 1  Trajectory  Analysis 

Large  quantities  of  terminal  ballistic  property  data 
are  used  in  developing  the  outputs  of  the  computational  model 
described  above.  These  data  are  generated  from  the  equations 
of  motion  for  the  fragments.  Since  these  computations  represent 
the  bulk  of  the  computational  burden  involved  in  exercising 
the  model  and  their  accurate  evaluation  is  essential,  it  is 
desirable  to  utilize  a  highly  efficient  numerical  procedure  for 
calculating  trajectories. 

Figure  2  illustrates  the  motion  of  a  fragment  moving 
under  the  influence  of  aerodynamic  drag  and  gravity  forces  in 

nonrotating  local  coordinates  x,  y  tangent  and  normal  to  the 
trajectory.  The  corresponding  equations  of  motion  are: 
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••  • 

x  +  |3v  x  +  g  sina  =  0  (1) 

M  » 

y  +  tiv  y  +  g  cosa  =  0  (2) 

where  dots  denote  differentiation  with  respect  to  time  t.  In 
these  equations,  g  is  the  acceleration  of  gravity,  v  is  the 
speed  in  the  path,  and  a  is  the  angle  between  the  x  -  axis 
and  the  horizontal.  Instantaneously  we  have  x  ■  v  and  y  ■  0. 

The  aerodynamic  coefficient  j  is  given  by 

; -  CpW  A/2W  (3) 

where  is  the  drag  coefficient,  w  is  the  specific  weight  of 
air,  A  is  the  cross-sectional  area  of  the  fragment  normal  to 
the  flight  direction,  and  W is  the  fragment  weight.  The  fragment 
area  and  weight  are  related  empirically  (Ref.  3)  through  a  ballis¬ 
tic  density  k  as  follows 

W  =  k  A3/2  (A) 

In  terms  of  k,  the  aerodynamic  coefficient  becomes 

*  CD  w/2(k2W)1/3  (5) 

An  approximate  local  solution  to  the  equations  of  mo¬ 
tion  is  obtained  by  separating  the  displacement  into  two  parts, 
one  a  basic  solution  satisfying  the  local  initial  conditions 
and  the  equations  of  motion  with  gravity  absent,  and  the  other 
a  pair  of  perturbations  satisfying  the  linearized  residual 
equations  (Ref.  A).  The  results,  applicable  for  small  depar¬ 
tures  of  the  trajectory  from  the  local  initial  tangent,  are 
equivalent  to  difference  equations  appropriate  to  an  arbitrary 
time  step  in  a  numerical  integration  of  the  complete  trajectory. 

The  displacement  x  is  assumed  to  be  of  the  form 

*  *  *o  +  *„  (6) 
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(7) 


where  the  basic  solution  xD  satisfies 

x  +  (3x?  “  0 
o  o 

and  the  initial  condition  xQ  ■  v,  while  the  perturbation  xp 
satisfies  the  associated  residual  of  Eq.  (1). 

The  drag  coefficient  in  general  depends  on  the  Mach 
number,  and  the  atmospheric  weight  density  w  is  a  function 
of  altitude.  If  both  of  these  factors  are  assumed  to  be  con¬ 
stant  during  the  time  interval  of  interest,  however,  the  aero¬ 
dynamic  coefficient  3  is  a  constant  and  Eq.  (7)  is  easily 
integrated.  The  results  are 

xn  «  [log  (1+u)]  /«  (8) 


where 


*o  ■  vo/(1+u> 


u  5  3v  t 


In  these  expressions,  t  is  measured  from  the  time  at  which  the 
fragment  is  at  the  local  coordinate  origin  in  Fig.  l ,  and  v 
is  the  value  of  v  at  that  time. 

Substituting  Eq.  (6)  and  (7)  into  the  equations  of 
motion,  expanding  v  in  binomial  series,  and  neglecting  terms 
of  second  order  and  higher  in  xp  and  y,  we  reach  the  following 
results: 


xp  +  2f3x0xp  +  s  sinu  =  0  (11) 

••  •  • 

y  +  i^oy  +  g  cosa  =  0  (12) 

These  equations  are  linear  in  the  displacement  perturbations 
xp  and  y,  and  can  be  integrated  analytically  by  standard 
methods.  The  displacement  and  velocity  perturbations  are 

*-(g/2)  t2  sino  (1-Kj/3) / (1+u)  (13) 

y  "”(g/2)  t“  cosa  [  u(H-u/2)-iog(l-Ki)  ] /u2  (U) 

xp  =*  -gt  sina  [  1+u (l-Ki/3)  ]/(l+u)2  (15) 


y  -  -gt  cosa  (l+u/2)/ (1+u) 


(13) 

(U) 

(15) 

(16) 
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where  u  is  defined  as  before  by  Eq.  (10). 

Th-s  leading  factors  on  the  right  in  the  foregoing  equations 
expre  the  position  and  velocity  changes  due  to  gravity  in  the 
elementary  case  of  a  drag-free  trajectory.  The  multipliers  con¬ 
taining  u  all  approach  unity  as  u  vanishes,  and  can  be  viewed  as 
corrections  on  the  effect  of  gravity  due  to  drag. 

The  drag  coefficient  and  atmospheric  density  are  assumed 
to  be  constant  during  each  time  step  at  their  values  at  the 
beginning  of  the  step.  The  method  is  self-starting  in  that  the 
position  and  velocity  changes  are  computed  from  initial  values 
at  the  current  step  only. 

Initial  values  v  »  VQ  and  a  ■  aQ  are  assumed  to  be  given 
at  the  fixed  coordinate  origin  in  Fig.  2.  Equations  (8),  (9), 
and  (13)  through  (16)  give  directly  the  displacement  and 
velocity  components  after  a  typical  time  step  t  in  the  local  co¬ 
ordinates.  With  respect  to  the  fixed  coordinates,  the  displace¬ 
ments  during  the  time  step  are  obtained  from  the  relations 

..x  *  x  cosu  -  y  sino  (17) 

<  .y  =  x  sina  +  y  cosu  (18) 

while  the  rotation  of  the  trajectory  tangent  is  given  by 

*  =  tan"1  (y/xj  (19) 

For  low  register  trajectories,  (i.e.,  those  launched  at 
angles  less  than  that  corresponding  to  maximum  range)  the  above 
analytic  perturbation  equations  with  a  ■  -x  furnish  an  approximate 
solution  for  the  complete  trajectory  in  one  time  step  t,  the 
total  time  of  flight.  At  impact,  the  expressions  for  the  position 
coordinates  x  and  y  are  of  the  form: 

x  *  (xQ  +  xp)  cosuo-  7  sinao  (20) 

y  =  (xq  +  xp)  sinaQ+  y  cosao»=  0  (21) 

where  xQ,  xp,  and  y  are  given  by  Eq.  (8),  (13),  and  (14). 
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2.2  Fragment  Density  Computation 

Munition  effectiveness  data  are  used  to  derive  initial 
conditions  for  the  ballistic  trajectories  of  fragments.  These 
data  are  in  the  form  of  initial  velocity  and  number  of  fragments, 
in  each  of  several  mass  categories,  and  are  functions  of  polar 
angle  measured  from  the  nose  of  the  munition.  The  resulting 
fragment  density  at  any  point  of  interest  can  be  computed 
deterministically  from  the  known  terminal  points  of  fragments 
in  all  the  mass  intervals  in  each  polar  zone. 

An  individual  munition  is  regarded  as  a  nonisotropic  point 
source  of  fragments  which  is  rotationally  symmetric  about  its 
longitudinal  (nose-to-base)  axis.  Thus,  the  properties  of  the 
fragments  emitted  by  a  single  munition  are  functions  of  polar 
angle  9  measured  from  the  nose.  The  format  of  typical  munition  ef¬ 
fectiveness  data  (Ref .  5)  is  shown  in  Table  1.  Fragments  in  all  mass 
intervals  are  assumed  to  be  emitted  from  a  given  polar  2one  at 
the  same  velocity. 

A  single  munition  is  assumed  to  be  detonated  at  a  level 
ground  surface,  with  the  munition  axis  horizontal.  ,  In  order  to 
determine  the  probability  of  damage  to  targets  at  various  dis¬ 
tances  and  directions  from  the  source,  it  is  first  necessary  to 
calculate  the  number  densities  of  fragments  of  different  terminal 
ballistic  properties  in  the  field  surrounding  the  source. 

The  fragments  from  a  munition,  considered  as  a  point 
source  on  the  ground,  may  be  regarded  as  originating  from  posi¬ 
tions  on  a  hemispherical  envelope  enclosing  the  source.  Each 
point  of  origin  on  the  hemisphere  defines  an  elevation  angle 
a0  and  an  azimuth  6  in  the  horizontal  plane  measured  from  the 
nose  of  the  munition. 

In  Fig.  3,  let  u,  v,  and  w  be  rectangular  coordinate  axes 
centered  at  the  source,  with  w  the  vertical  direction  and  the 
nose  of  the  munition  in  the  positive  v-direction.  Let  R  be  the 
(arbitrary)  hemisphere  radius,  and  9  be  the  polar  angle  measured 
from  the  nose  of  the  munition. 
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Fig.  3  FRAGMENT  SOURCE  GEOMETRY 
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Transformation  formulas  between  the  spherical  coordinates 

with  the  munition  nose  at  the  pole  and  the  spherical  co¬ 
ordinates  (a  ,  6)  with  the  pole  vertical  give  the  following 
relations : 

cos  9  =  cos  aQ  cos  4  (22) 

cos  v  •  sin  aQ/sin  9  (23) 

Fragments  on  ballistic  trajectories  in  the  absence  of  wind 
travel  in  planes  of  constant  azimuth 

For  an  individual  munition,  the  initial  fragment  proper¬ 
ties  are  functions  of  polar  angle  9  only.  Therefore,  for  given 
elevation  angle  -.i  and  azimuth  the  associated  polar  angle 
can  be  computed  from  Eq.  (22)  and  all  initial  fragment  properties 
at  that  point  on  the  hemisphere  can  be  obtained  from  munition 
performance  data. 

Now  consider  the  fragments  of  a  single  mass  interval,  all 
having  the  same  average  ballistic  properties,  emitted  from  a 
particular  munition  at  a  point  (u0,  4)  on  the  enclosing  hemis¬ 
phere.  For  simplicity,  consider  target  points  in  the  ground 
olane  of  Fig.  3.  The  terminal  point  corresponding  tc  this 
initial  point  on  the  hemisphere  is  uniquely  determined  for  each 
mass  category  through  the  associated  ballistic  trajectory. 


The  family  of  trajectories  for  fragments  o-f  a  given  average 

mass  (i.e.,  those  in  one  mass  interval)  can  be  thought  of  as  a 

mapping  of  points  on  the  hemisphere  into  points  on  the  ground 

plane.  Fragments  of  one  mass  interval  originating  from  an 

2 

element  of  area  cosaQA^Aoo  on  the  hemisphere  are  projected 

into  the  element  of  area  RA^A.R  on  the  ground  plane.  Thus  if 

n°  is  the  number  density  of  fragments  in  mass  interval  i  at  the 

source  hemisphere  and  n.^  is  the  number  density  at  the  terminal 

point  R,  we  have  j 

'  cos  a 

(24) 


n , 


_  R^  cos  a 
_  o  o  o 

n .  - 

i 


R I  dR/da 
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This  formula  permits  computation  of  the  number  density  of 
fragments  in  each  mass  interval  originating  from  a  point  on 
the  source  hemisphere  at  any  azimuth  4,  since  for  given 
initial  ballistic  properties  the  terminal  point  R  is  known 
from  trajectory  calculations.  To  calculate  the  number  density 
across  a  plane  normal  to  the  final  trajectory  equation  (24)  is 
replaced  by 


ni 


n. 


R  cos  a 

O  0 

R  I  "sin  af  3§H 


(25) 


where  «£  is  the  final  trajectory  elevation  angle. 

For  an  individual  munition  the  mapping  derivative  dR/daQ 


is  given  by 


dR 

3% 


(26) 


where  V  is  the  initial  velocity.  From  Eq.  (22)  we  have 
o 


sin  a  cos  ^/sin  0 
o 


(27) 


The  partial  derivatives  dR/aao  and  5R/5Vo  can  be  obtained 
analytically  for  lower  register  fragments;  however,  for  upper 
register  fragments,  they  must  be  obtained  by  numerical  differen¬ 
tiation  of  a  precalculated  ballistic  file.  The  analytic  ex¬ 
pressions  for  the  lower  register  are 


&o 


2R  -  cosan 
_ o  o 

tan  2  aQ 


x„  cos  a_ 
o  ° 

sin  2aa 


2R-5T  cosa 
o  o 

tan  ci£ 


(28) 


#  -  - 2<R  -XQ  co8a0  +  XQ  sina0/tanaf) /  Q  (  ) 


The  derivative  dVQ/d9  is  determined  from  munition  effectiveness 
data. 

The  computer  model,  moving  along  rays  of  azimuth  in  the 
horizontal  plane,  determines  the  terminal  properties  of  lower 
register  fragments  at  preselected  radial  increments  of  range 
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out  to  maximum  range.  At  maximum  range  the  corresponding 
elevation  angle  is  noted  and  the  remaining  elevation  angle 
up  to  90  degrees  is  divided  into  equal  increments.  The 

model,  utilizing  the  multi-step  trajectory  routine  with  a 
fixed  drag  coefficient  of  1.28,  calculates  the  terminal  prop¬ 
erties  of  the  upper  register  fragments  corresponding  to  each 
increment  of  elevation  angle.  The  fragment  number  density  can 
be  determined  exactly  at  prescribed  terminal  points  for  lower 
register  fragments  and,  by  interpolation,  at  these  same  points 
for  the  upper  register  fragments.  These  contributions  are  ac¬ 
cumulated  to  give  the  total  fragment  density  at  the  preselec¬ 
ted  radial  distances.  By  symmetry  it  is  only  necessary  to 
perform  the  analysis  in  half  the  horizontal  plane  to  one  side 
of  the  munition  axis. 

For  a  particular  target,  nondaraaging  fragments  based  on 
the  applicable  target  vulnerability  criterion  are  excluded 
from  the  accumulated  number  density.  The  number  densities 
so  calculated  represent,  in  a  statistical  sense,  expected 
values  of  the  numbers  of  impacts  per  unit  area.  That  is, 
these  results,  calculated  deterministically  as  a  function  of 
position  in  the  horizontal  plane,  are  the  numbers  of  damaging 
impacts  per  unit  area  to  be  expected  on  the  average.  To 
calculate  the  associated  probability  of  damage  (i.e.,  impact 
by  one  or  more  damaging  fragments)  to  a  particular  target 
requires  a  statistical  representation  of  the  process,  incor¬ 
porating  these  expected  values  of  fragment  number  density. 

In  this  study  the  target  is  a  sphere  of  unit  cross  sectional 
area  and  fragments  are  considered  to  intersect  this  target 
across  a  plane  normal  vo  the  final  trajectory  direction. 

2.3  Target  Damage  Probability 

Calculation  of  the  probability  of  damage  to  a  particu¬ 
lar  target  requires  a  statistical  representation  of  the  process 
of  impact  by  damaging  fragments,  involving  the  target  area 
and  the  expected  number  of  impacts  per  unit  area.  The  number 
density  of  fragments  is  a  function  of  position  of  the 
spherical  target  in  the  horizontal  plane  of  interest. 
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Consider  a  target  of  projected  area  normal  to  the 
trajectory  of  fragments  of  mass  interval  i  at  the  associated 
terminal  point.  Let  nt  be  the  expected  number  of  impacts  per 
unit  area  of  fragments  satisfying  the  applicable  target  vulnera¬ 
bility  criterion.  The  impact  process  is  assumed  to  be  uniformly 
random  in  the  immediate  neighborhood  of  the  point  of  interest. 

That  is,  impact  by  a  damaging  fragment  is  equally  likely  on 
all  equal  elements  of  area  in  the  vicinity  of  the  point. 
Statistically,  we  then  have  what  is  termed  a  Poisson  process. 

The  probability  p^j)  of  exactly  j  impacts  on  the  target  by 
damaging  fragments  of  mass  interval  i  is  given  by 

(^iAi>^  exp 

PjL CJ )  ■  - - - J r -  (30) 

The  probability  of  impact  by  none  of  the  damaging  fragments  of 
mass  interval  i  is  therefore 

Pi(0)  -  exp  (-n±Ai)  (31) 

The  target  is  assumed  to  be  damaged  if  struck  by  one  or 
more  damaging  fragments  of  any  of  the  mass  intervals.  On  this 
basis,  the  probability  of  damage  to  the  target,  q,  is  given  by 

q  -  1  -  exp  (  -Z  n^A^)  (32) 

This  last  formula  permits  direct  computation  of  the  probability 
of  damage  to  a  given  target  at  every  point  of  the  horizontal 
plane  of  interest  from  the  accumulated  number  densities  of 
damaging  fragments  and  the  associated  projected  areas.  The  target 
in  this  study  was  a  standing  man.  The  man  was  considered  to 
present  a  projected  area  varying  from  1.33  sq  ft  in  plan  to  9.0  sq 
ft  frontal  area.  A^  was  then  calculated  as  the  sum  of  the  pro¬ 
jections  of  both  a  vertical  and  a  horizontal  target  on  a  plane 
normal  to  the  final  trajectory  direction.  The  vertical  target 
had  an  area  of  9.0  sq  ft  and  the  horizontal  target  had  an  area  of 
1.33  sq  ft. 
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2.4  Description  of  Model  Output 

Contour  maps,  describing  each  of  the  seven  munitions  of 
interest,  listed  in  Section  1.2,  were  produced  utilizing  the 
computer  model  and  are  included  as  Appendix  B.  For  each  muni¬ 
tion  there  are  three  contour  maps:  one  describing  the  fragment 
flux  (i.e.,  target  hits  per  sq  ft)  due  to  all  fragments;  another 
describing  the  fragment  flux  of  all  fragments  with  terminal 
energy  exceeding  58  ft-lbs;  and  a  third  which  presents  the 
probability  of  serious  injury  to  standing  personnel  computed  as 
described  in  the  previous  section. 

Another  set  of  figures  is  shown  in  Appendix  C.  Here 
again,  there  are  three  sets  of  figures  per  munition.  These 
are  simplified  curves,  derived  from  the  corresponding  contour 
maps,  and  represent  fragment  density  and  damage  probability 
in  certain  sectors  of  the  ground  plane  as  functions  of  radial 
distance  only.  There  are  three  of  these  fixed  sectors:  that 
is,  10-degree  sectors  in  the  base  and  nose  of  the  munition 
and  a  third  sector  representing  a  peak  side-spray.  This  third 
sector  varied  somewhat  among  all  of  the  munitions,  but  was 
usually  defined  by  a  line  of  peak  values  appearing  within 
+  10  degrees  of  the  90-degree  azimuth.  This  line  of  peak 
values  did  not  usually  include  the  outermost  or  lowest  value 
contour.  The  average  value  of  this  contour  in  the  side  spray 
sector  was  determined  by  inspection  from  the  maps. 

Both  the  contours  and  the  corresponding  curves  represent 
the  fragment  field  from  a  minimum  range  of  250  ft  out  to  the 
prescribed  limit  of  effect  (i.e.,  one  hit  pet  6000  sq  ft  for 
fragment  densities  and  a  probability  value  of  0.0001).  The 
minimum  range  is  a  function  of  a  prescribed  input  variable  and 
was  chosen  as  250  ft  in  this  study.  Since  the  results  represent 
a  single  unit  of  munition  and  it  is  anticipated  that  future  use 
of  these  results  may  be  directed  at  multiple  unit  stacks,  it  seems 
reasonable  to  assume  that  the  far  fields  results  will  be  of  more 
interest  and  the  minimum  range  of  250  ft  will  be  quite  sufficient. 


19 


3. 


MUNITION  EFFECTIVENESS  DATA 


Previous  studies  (Ref.  2)  have  indicated  published  munition 
effectiveness  data,  in  their  present  form,  are  not  suitable 
for  far- field  fragment  hazard  analysis.  In  general,  these  data 
place  heavier  fragments  into  one  or  two  broad  weight  intervals 
with  a  corresponding  average  weight.  Since  the  heavier  frag¬ 
ments  travel  greater  distances  and  their  resulting  terminal 
kinetic  energy  effect  is  high,  it  is  necessary  that  these  frag¬ 
ments  be  resolved  into  an  adequate  number  of  weight  intervals. 

This  section  of  the  report  describes  several  tasks  which 
were  undertaken  to  provide  a  systematic  approach  to  both  illus¬ 
trating  the  need  for  and  subsequently  the  methods  utilized  in 
revising  munition  effectiveness  tables. 

3.1  Documentation  of  Original  Fragmentation  Arena  Data 

In  collaboration  with  the  Ballistics  Research  Laboratory 
at  Aberdeen  Proving  Grounds,  the  fragmentation  arena  test 
procedure  and  data  analysis  techniques  used  to  obtain  munition 
effectiveness  data  were  reviewed.  Arrangements  were  made  to 
examine  the  original  arena  test  firing  records  at  the  APG 
Technical  Library  for  the  following  munitions: 

e  105  mm  Howitzer  Projectile  Ml 

•  155  mm  Howitzer  Projectile  M107 

•  175  mm  Gun  Projectile  M437A2 

•  750  lb  General  Purpose  Bomb  M117A2  (APG  Data) 

Subsequently,  contacts  were  established  at  NWL  to  obtain  similar 
arena  test  data  for  the  following  munitions. 

•  5-in/38  Projectile  Mark  49  Mod  0  (VT) 

•  8  in/55  Projectile  Mark  25  Mod  1  (HC) 

•  500  lb  Low  Drag  Bomb  Mark  82  Mod  1 

•  750  lb  General  Purpose  Bomb  M117A2  (Eglin  AFB  Data) 

For  each  munition  the  following  information  was  documented. 
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•  Test  munition  physical  measurements 

•  Specifications  for  each  arena  test  facility 

•  Listing  of  mass  groups  and  polar  zones 

•  Individual  listing  of  fragment  weights  greater  than 
150  grains. 

An  understanding  of  the  fragmentation  arena  test  techniques 
is  an  important  factor  in  the  proper  assessment  of  the  larger  and 
more  hazardous  fragments.  The  arena  test  is  used  to  determine 
fragment  mass,  velocity  and  spatial  distribution  of  high-explosive 
munitions.  The  munition  axis  of  symmetry  is  located  horizontally 
and  is  taken  as  the.  polar  axis.  Designating  the  polar  angle  by 
0  and  the  azimuth  angle  as  4,  the  fragmentation  characteristics 

are  a  function  of  9,  and  gravity  effects  are  assumed  negligible. 

An  arena  is  constructed  of  an  appropriate  size  as  illustrated 
in  Fig.  4.  The  arena  test  is  designed  to  sample  fragmentation 
characteristics  in  various  polar  angle  intervals  ranging 
between  0=0  degree  at  the  nose,  and  0  *  180  degrees  at  the 
base  of  the  munition.  These  data  samples  are  used  to  predict 
the  fragmentation  characteristics  for  the  entire  munition. 

An  important  aspect  of  the  arena  test  procedure  is  the 
relationship  between  the  sample  size  obtained  from  the  incremental 
polar  zone  on  the  arena  recovery  panel  and  the  corresponding 
munition  polar  zone.  Calculations  were  made  from  actual  arena 
setup  data  to  estimate  the  magnification  factor  associated  with 
the  integrated  munitions  data.  These  data,  summarized  in  Table  2, 
indicate  that  only  about  2  to  7  percent  of  the  fragments  are 
sampled  in  the  90  degree  polar  angle  region  (side  spray)  for  each 
test.  Thus,  each  fragment  must  be  multiplied  by  a  factor  of  15 
to  60  to  obtain  integrated  data.  It  should  be  noted  that  the 
fragment  sample  size  is  about  doubled  at  the  30  or  150  degree 
polar  angle  regions,  and  then  increases  rapidly  to  near  100  percent 
at  0  and  180  degrees  (nose  and  base  regions). 

Table  3  summarizes  data  associated  with  fragments  in  excess 
of  150  grains  for  the  munitions  of  interest.  The  150  grain 
fragment  was  assumed  to  be  the  minimum  damaging  fragment  mass 
projected  at  low  elevations.  Table  3  indicates  that  fragments 
in  excess  of  150  grains  represent  only  5  to  18  percent  of  the 
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total  number  of  fragments  but  comprise  52  to  93  percent  of 
(.lie  total  case  metal  weight  considered.  In  general,  the  weight 
groups  beyond  150  grains  are  few  in  number  and  wide  in  weight 
interval.  Since  these  heavier  fragments  are  few  in  number  and 
averaged  over  wide  weight  intervals,  the  data  samples  developed 
from  arena  tests  are  statistically  inadequate  in  describing 
the  characteristics  for  these  potentially  damaging  fragments. 

As  an  example,  the  munition  effectiveness  data  may  list  60 
fragments  in  one  polar  zone,  each  weighing  1100  grains  and  with 
a  common  velocity,  while  all  other  zones  are  free  from  that 
category  of  fragments.  As  input  to  the  hazard  model,  these  data 
could  yield  a  ring-shaped  hazardous  region  in  the  far  field. 

It  may  be  more  reasonable  to  assume  these  fragments  to  be  dis¬ 
tributed  statistically  such  as  30  units  at  900  grains,  20 
units  at  1200  grains,  and  10  units  at  1500  grains,  with  the 
fragments  being  dispersed  over  three  polar  zones.  In  this 
regard,  the  distribution  characteristics  associated  with  frag¬ 
ments  less  than  150  grains  could  be  used  to  predict  the  statis¬ 
tical  distribution  characteristics  for  the  heavier  fragments. 

It  should  be  emphasized  that  the  munitions  effectiveness 
data  are  valid  statistically  for  characterizing  munition  per¬ 
formance  for  fragments  of  interest  to  the  user.  In  general, 
the  heavier  fragments  are  only  considered  in  the  arena  test 
procedure  to  assure  that  a  conservation  of  weight  is  maintained 
between  the  recovered  fragments  in  the  arena  sample  and  the 
integrated  munition  effectiveness  data. 

3 . 2  Revision  of  Munition  Effectiveness  Data 

Seven  sets  of  data,  corresponding  to  the  seven  munitions 
of  interest,  were  considered  and  of  these,  six  were  altered 
to  overcome  one  of  the  following  two  fundamental  deficiencies: 

1)  Gaps  -  Toward  the  heavier  mass  categories,  "data 
voids"  appeared  making  it  difficult  to  approximate 
the  cumulative  distribution  of  mass  as  a  continuous 
function. 

2)  Refinement  -  The  cumulative  distribution  of  mass 
loses  definition  where  the  final  mass  categories 
are  an  amalgam  of  all  mass  greater  than  the  upper 
limit  of  the  preceding  category. 
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The  first  of  these  deficiencies  were  more  predominate  in 
the  175  mm  and  155  mm  munitions  while  the  remaining  sets  of  data, 
with  the  exception  of  the  105  mm,  had  poor  refinement  in  the  heaviest 
mass  category.  Each  problem  was  handled  differently,  and  in 
general,  the  problem  of  refinement  was  the  most  amenable  since 
it  was  not  necessary  to  add  "fictitious"  mass  categories  as  it 
was  in  the  case  of  data  with  void  deficiencies. 

It  is  prudent  to  comment  that  the  best  improvement  which 
can  be  made  on  the  experimental  data  is  increasing  the  sample 
size.  It  is  recognized  then  that  with  restricted  data  collec¬ 
tion  techniques  and  limited  sample  sizes,  extrapolation  and  sta¬ 
tistical  inference  must  be  conservative  and  cautious. 

The  basic  indicators  which  were  used  to  establish  trends 
and  to  make  decisions,  were  the  average  mass  (m)  per  mass 
category,  the  associated  standard  deviation  (o),  the  ratio 

and  the  average  mass  frequency  (f)  for  each  mass  category. 

The  primary  data  for  a  particular  munition  was  processed 
to  print  out  a  matrix  of  fragment  weights  and  frequencies  with 
mass  categories  as  columns  and  polar  zones  as  rows.  Calculated 
information  consisted  of  average  mass  nu  over  all  polar  zones  j 
within  each  mass  category  i,  the  corresponding  average  frequency 
fi,  the  standard  deviation  ’i>  a  ratio  for  each  mass 

category,  the  total  weight  W  *  m^.f^. ,  anu  the  cumulative  dis¬ 
tribution  of  weight  J  J 

k  5  m .  .  f .  . 

Fk  =  ^  —  ()  1  k  =  1,2  . N  (33) 

for  all  N  mass  categories.  The  two  fundamental  deficiencies  noted 
in  the  data  were  identified  by  inspecting  the  cumulative  frequency 
curve  for  obvious  gaps  in  the  domain  of  the  function  and  by 

observing  anomalies  in  trend  of  standard  deviation  values  for  the 
mass  categories. 

Two  cases  which  will  serve  to  illustrate  the  method. 

A .  The  L55  mm  Munition 

The  cumulative  distribution  curve  (Fig.  5)  was  plotted  and 
1 1  was  noted  that  although  the  average  mass  categories  range  up 
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to  about  2800  grains,  almost  100  percent  of  the  weight  has  been 
accumulated  at  about  1200  grains.  By  inspection  of  the  curve 
in  Fig.  5  it  was  decided  to  start  by  adding  a  data  point  at 
about  2000  grains  so  that  that  portion  of  the  curve  would  be 
less  sparcely  populated.  The  next  decisions  must  phrase  an 
answer  to  the  questions:  how  much,  and  in  what  manner? 

First  and  second  moments  were  used  as  the  indices  of 
central  measure  and  dispersion  of  the  distribution  of  mass 
and  frequency  across  the  polar  zones  within  a  mass  category. 

In  general,  the  data  available  in  the  higher  mass  categories 
is  not  sufficient  to  construct  a  reasonable  frequency  histo¬ 
gram.  In  the  lower  mass  categories  it  becomes  possible  to  do 
this  and  in  order  to  obtain  a  graphical  sense  for  the  distribu¬ 
tion  of  this  mass,  histograms  were  constructed  for  several 
categories.  Figure  6  depicts  the  weight  distribution  in  the 
200-250  category  for  the  155  munition.  There  is  another  dis¬ 
tribution  which  will  be  used  as  a  decision  aid.  This  is  the 
frequency  of  mass  over  all  mass  categories  with  polar  zones 
constant.  This  curve  is  shown  in  Fig.  7. 

Essentially  then,  we  have  a  two-dimensional  polar  zone  - 
mass  frequency  matrix  in  which  we  would  like  to  make  additional 
entries.  Toward  this  end  trends  are  identified  in  two  direc¬ 
tions:  across  columns  (mass  categories),  and  across  rows 
(polar  zones).  The  intersection  of  these  trends  at  the  point  in 
question  allows  an  estimate  of  the  permissible- entries  which 
can  be  made  at  this  point. 

It  was  noted  that  the  ratio  °’^/m^  tended  to  be  fairly 
constant  and,  in  case  of  the  155  mm  munition,  the  average  ratio 
was  on  the  order  of  .061.  Using  this  in  conjunction  with  the 
intention  of  adding  mass  at  m  »  2000,  the  dispersion  measure  is 
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Mass  Category  (grains)  x  100 
Fig.  7  POLAR  ZONE  FREQUENCY  VERSUS  MASS  CATEGORY 
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estimated  as  .061  x  2000  ■  122.  The  plot  of  polar  zone  fre¬ 
quency  versus  mass  category  (Fig.  7)  was  consulted,  and  a 
frequency  of  30  was  associated  with  the  average  mass  of  2000 
grains.  By  observing  the  trend  across  the  mass  categories, 
attention  focused  on  polar  zone  7  (60-70  degrees)  and  polar  zone 
11  (100-110  degrees).  Further,  by  noting  the  distribution  of 
frequencies  across  the  polar  zones  in  the  previous  categories,  the 
same  proportions  are  used  to  obtain: 


Mas 8  Category  m 
Frequency  f 

Polar  zones  receiving  entries 

The  frequency  in  previous  1 

'■ass  category  ' 

in  -  1230  I 

Distribution  of  mass  in  j 

zones  7  and  11  for  ) 

m  -  1230 


Distribution  of  mass  in 
zones  7  and  11  for 
m  z  2000 


2000  grains 
30 

7  and  11 

79 

| 11/79  for  zone  7 
|^68/79  for  zone  11 

111/79  x  30:3  4,  zone  7 
\68/79  x  30~26,  zone  11 


Now  using  c  estimated  at  122  for  ra  -  2000,  we  obtain 

m  +  o  «  2122 

in  -  o  -  1878 

It  should  be  noted  at  this  point  that  the  selection  of  m,  * 
and  consequently  ra  +  *  impose  an  implied  condition  of  symmetry 
for  the  distribution  of  mass  in  that  particular  ro  category. 

This  mass  is  further  apportioned  so  as  to  agree  with  the  trend 
generally  defined  by  the  preceding  adjacent  category  thus 
bending  the  implied  symmetry  to  conform  with  a  distribution 
which  is  most  likely  not  symmetrical.  When  data  is  added  in 
this  way  the  recalculated  average  mass  will  not  generally  agree 
with  the  original  average  mass  m,  which  was  a  somewhat  arbitrary 
selection  to  begin  with.  The  new  m  will  be  fairly  close  and 
in  case  of  the  155  munition  the  data  point  was  added  at  2090 
Instead  of  ro  •  2000.  The  completed  profile  for  the  new  "fic¬ 
titious"  mass  category  consists  of  the  following: 

1.  All  polar  zones  empty  except  7  and  11 
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2. 


A  mass  of  1878  grains  with  a  frequency  of  4  is 
entered  in  po1ar  zone  7 

3.  A  mass  of  2122  grains  with  a  frequency  of  26  is 
entered  in  polar  zone  11. 


To  complete  the  addition  of  this  new  mass  category  wc  now 
consider  the  conservation  of  total  mass  effects.  Obviously  after 
the  addition  of  a  new  mass  the  total  mass  has  been  increased 
by  some  increment  T2.  Thus,  we  have  from  the  original  or 
primary  data 


EL 


(34) 


wher?  is  the  fragment  mass  in  the  jth  polar  zone  in  the 
ith  mass  category,  and  is  the  associated  frequency.  Now 
with  the  added  data  points  we  have 


fijraij  +  fij  mi j 


-  T1  +  T2 


(35) 


>v 

where  m^j  and  are  the  added  data  for  the  additional  mass 

categories  m . .  The  objective  is  to  scale  down  all  f . , ,  and 
■>v  t  1 J 

fij  proportionately  such  that  for  new  f ^ , 


-  Eijmij  + 


fij  mij 


T. 


(36) 


Toward  this  end,  let  p^  be  that  proportion  of  f^  which  generate 
the  new  f^j  .such  that  Eq.  (36)  is  satisfied  for  new  f  . 

Then  for  original  f^, 

i:m  l  +  iikPijfijn’ij  "  T1 


(37) 


Dividing  both  sides  of  (37)  by  T^ 

yr  P. 


f^^m^j,  we  have 


*  * 
f  .  ♦  CT1  j 


Pi)fi.iroii ,  /ij-u-ij 

y>.  f i jmi j  ‘  ‘  fijmij 


recalling  that  x 


(38) 


the  first  term  in  (38)  is  p. 

N  *  * 

_  f*k  pij  £umij 

P  +  — E - 

fijraij 


Hence, 

1 


(39) 
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x  X 

Since  the  sum  ZZ  jmi j 

error  will  be  small  if  we 


+ 


_*  * 
fiim11 

zz  rrnsr 


or 


tijraij 

p  +  p  (Tj/Tj^)  -  1 


ia  over  small  ranges  of  i  and  j 
substitute  p  for  p^j 

1 


the 


(40) 


and 


P 


T.  +  T, 


(41) 


The  result  shows  that  we  can  readjust  all  the  frequencies 
by  one  constant  of  proportionality.  Hence,  a  complete  set  of  new 
data  is  generated  with  an  added  data  point  on  the  cumulative  curve 
with  the  conservation  of  mass.  The  new  cumulative  curve,  plotted 
from  the  revised  data  set,  is  shown  in  Fig.  5.  As  in  every  other 
case,  the  curve  is  shifted  downward,  which  introduces  a  conservative 
element  into  the  interpretation  of  the  data. 

B.  The  500  lb  Bomb 

The  cumulative  distribution  for  this  munition  was  plotted 
from  the  original  data  and  is  shown  in  Fig.  8.  Without  modification, 
the  original  data  was  divided  into  ten  mass  categories: 

0-10,  10-20,  20-40,  40-80,  80-120,  120-150, 

150-190,  190-230,  230-310,  310  +  grains 

The  problem  in  this  case  is  poor  resolution.  The  standard  deviation 
for  example  is  3.26  for  category  number  4,  8.33  for  category 
number  6,  7.93  for  category  number  8  and  698.5  for  category  number  10. 
The  standard  deviation  of  698.5  is  not  in  itself  unexpected.  Because 
of  its  magnitude,  it  is  an  anomaly  since  its  ratio  a /in  =  .754 
is  more  than  ten  times  the  expected  value  of  approximately  .06. 
Moreover,  it  is  a  sharp  break  in  the  standard  deviation  trend. 

If  we  focus  on  mass  category  No.  10,  then  we  find  it  labeled  as 
310  +.  This  is  misleading  since,  in  fact,  mass  category  number  10 
contains  fragments  which  weigh  as  much  as  5000  grains.  To  over¬ 
come  this  resolution  deficiency,  the  10th  category  was  expanded  into 
five  additional  categories  such  that  the  total  number  of  mass 
categories  became  15. 
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Category 

10 

11 

12 

13 

14 

15 


Range 
310-450 
450-750 
750-1000 
1000-2000 
2000-3000 
3000  + 


These  mass  categories  were  then  added  on  to  the  data,  replacing 
the  former  category  number  10.  The  result  was  a  better  than 
50  percent  improvement  in  the  average  a/ra  for  categories  10 
thru  15  and  a  smoothing  of  the  expected  standard  deviation  trend. 

The  altered  cumulative  distribution  is  shown  in  Fig.  3. 

The  data  received  from  the  Navy  was  not  directly  usable  with 
out  extensive  recoding  and  key  punching.  This  was  done  for  the 
750  lb  bomb  and  the  cumulative  distribution  appears  in  Fig.  9. 

This  curve  falls  below  the  curves  for  the  original  data  and  its 
altered  form.  Since  the  lower  curve  implies  more  mass  in  the 
higher  mass  categories  it  also  implies  a  greater  damage  influence 
range.  In  3ll  cases  the  alteration  of  the  data  produced  the  same 
effect  by  lowering  the  cumulative  distribution  curve. 

The  following  is  a  summary  of  how  the  remaining  data  were  altered. 
No  alterations  were  necessary  for  the  105  mm  shell. 

750  lb  bomb:  originally  had  12  categories.  The  label  on 

category  12  was  450+.  Six  additional  categories  were  added 

as  follows: 

12  450-700 

13  700-900 

14  900-1200 

15  1200-1500 

16  1500-2000 

17  2000-3000 

18  3000  + 
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The  cumulative  distribution  is  shown  in  Fig.  9 

5  inch  Munition:  11  mass 

categories  were  expanded  to  14  as  follows: 

11  250-450 

12  450-700 

13  700-1500 

14  1500-2000 

The  cumulative  distribution  is  shown  in  Fig.  10. 

The  8  inch  Munition:  10  mass 

categories  were  expanded  to  16  as  follows: 

10  160-300 

11  300-500 

12  500-700 

13  700-1000 

14  1000-2000 

15  2000-3000 

16  3000+ 

The  cumulative  distribution  is  shown  in  Fig.  11. 

The  175  mm  munition:  two  data  points  were  added 

to  the  cumulative  distribution  as  shown  in  Fig.  12. 

The  technique  was  the  same  as  described  for  the  155  mm 

munition. 

A  complete  set  of  the  revised  munition  effectiveness  tables 
are  presented  in  Appendix  E  to  this  report.  Their  format  is 
similar  to  that  shown  in  Table  1. 

3 . 3  Model  Sensitivity  to  Input  Data 

In  order  to  gain  an  appreciation  for  the  sensitivity  of 
the  fragment  hazard  model  output  to  alteration  of  munition  effective¬ 
ness  data,  which  is  input  to  the  model,  a  computational  experiment 
was  conducted.  The  unaltered  and  altered  data  sets  for  the  175  nun 
gun  shell  were  used  as  input  to  the  model.  The  results  of  these 
two  cases  are  shown  respectively  in  Figs.  13  and  14.  The  primary 
difference  between  the  two  sets  of  contours  is  the  location  of 
the  lowest  value  contour  line. 
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Fig.  12  CUMULATIVE  DISTRIBUTION  OF  MASS  FOR  THE  175  MM  MUNITIONS 
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Fig.  13  175  MM  GUN  SHELL  M437A2  (COMP.  B  LOAD) 

(UNALTERED  DATA) 
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The  altered  data  set  represents  an  emphasis  on  the  resolution 
of  the  heavier  fragments,  (e.g.,  note  Fig.  12)  at  the  expense 
of  lower  weight  fragments.  This  has  the  pronounced  effect  of 
shifting  the  location  of  the  lowest  value  contour  line  outward 
for  the  altered  data  set.  In  terms  of  safety,  then,  the  altered 
data  set  results  in  a  more  conservative  set  of  contours. 


4.  RESULTS.  CONCLUSIONS.  AND  RECOMMENDATIONS 

This  study  has  resulted  in  the  development  of  a  computer 
model  which  generates  the  information  necessary  in  establishing 
minimum  separation  distances  between  various  munition  types 
and  personnel  in  order  to  mitigate  fragment  hazards.  The 
model  specifically  treats  the  fragment  hazard  associated  with 
a  single  munition  and  has  been  utilized  to  generate  single  unit 
fragment  hazard  data  for  seven  common  military  munitions.  While 
single  unit  detonation  does  not  represent  a  realistically  severe 
accident  situation,  previous  work  indicates  that  multiple  unit 
(i.e.,  stacks)  fragment  hazards  may  be  proportional  to  single 
unit  results.  If  this  is  true,  and  there  is  evidence  to  support 
such  a  hypothesis  in  the  case  of  thin  wall  munitions,  then  the 
results  obtained  herein  are  directly  applicable  to  estimating 
the  fragment  hazards  associated  with  openly  stored  munitions. 

4.1  Results 


•  Contour  maps,  expressing  number  density  and  injury 
probabilities  (i.e.,  Appendix  B) ,  are  seen  to  be 
particularly  pronounced  in  three  fixed  sectors  of 
the  ground  plane;  that  is,  the  nose,  tail  and  side- 
spray  sectors.  Average  values  within  each  of  these 
sectors  have  been  expressed  as  functions  of  the  radial 
distance  from  the  explosive  source,  (i.e.,  Appendix  C) 

•  Examination  of  the  relationships  in  Appendix  C  Indicate 
that  the  side  spray  sector  is  the  critical  area  in  the 
case  of  thick  wall  "shell  type"  munitions  and  to  a 
limited  degree  in  the  thin  well  "bomb"  munitions. 

•  The  curves  in  Appendix  C  also  serve  to  illustrate  how 
the  kinetic  energy  criterion  for  personnel  injury 

58  ft-lbs)  reduces  the  applicable  number 
density.  At  a  given  range  the  number  density  is  re¬ 
duced  as  much  as  an  order  of  magnitude.  It  should  be 
recognized  that  consideration  of  a  less  severe  kinetic 
energy  criterion  will  lead  to  lesser  reduction  in  num¬ 
ber  density  and  thus  a  more  conservative  injury  cri¬ 
terion  in  terms  of  safety. 

•  Table  4  summarizes  the  results  available  in  Appendix  C 
for  each  of  the  seven  munitions  considered.  Tne  table 
gives  the  computed  distances  corresponding  to  a  fragment 
density  of  one  hit  in  600  ft^  for  all  fragments  and  frag¬ 
ments  with  a  terminal  energy  in  excess  of  58  ft  lbs. 


TABLE  4 


SUMMARY  TABLE  FOR  THREE  PRINCIPAL  DIRECTIONS  AT  1  HIT 
PER  600  SQ  FT  (ENTRIES  ARE  IN  RADIAL  FEET) 


Munition 

All 

Fragments 

'k'k 

Hazardous  Fragments 

Nose 

Side 

Tail 

Nose 

Side 

Tail 

750 

(D* 

440 

1060 

740 

220 

690 

500 

500 

(i) 

220 

825 

595 

210 

670 

450 

175 

(1) 

250 

840 

575 

250 

450 

200 

155 

(l) 

290 

810 

510 

120 

400 

230 

105 

(0) 

240 

650 

360 

100 

270 

150 

8 

(i) 

325 

660 

240 

140 

520 

120 

5 

(l) 

310 

720 

340 

140 

275 

150 

*<0)  *  Unaltered  Data 
(I)  *  Altered  Data 

Hazardous  fragments  are  defined  as  having  in  excess  of 
58  ft  lbs  kinetic  energy 
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4.2  Conclusions 

•  By  utilizing  trajectory  analysis  in  conjunction  with 
stochastic  treatment  of  experimental  input  data  and 
damage  functions,  a  mathematical  model  has  been  de¬ 
veloped  for  estimating  injury/damage  contours  for 
various  single  unit  munitions. 

•  The  mathematical  model  currently  utilizes  published 
munition  effectiveness  data  which  has  been  altered 
to  give  more  emphasis  to  heavier  fragments.  It  has 
been  observed  that  this  results  in  extending  contour 
levels  outward  giving  a  more  conservative  result 
insofar  as  fragment  safety  is  concerned. 

4.3  Recommendations 

Before  making  specific  recommendations  concerning  the 
results  generated  in  this  study  and  future  research  efforts  it 
is  prudent  to  discuss  the  adequacy  of  munition  effectiveness  data 
as  input  to  the  model. 

The  results  generated  by  the  computer  model  are  dependent 
upon  and  quite  sensitive  to  the  munition  effectiveness  data, 
which  is  input.  This  data  was  originally  generated  to  support 
munition  effectiveness  studies  and  is  the  result  of  explosive 
tests  of  single  unit  munitions.  It  is  the  only  known  source  of 
information  concerning  near-field  estimates  of  munition  fragment 
size,  number  and  initial  velocity.  However,  since  it  has  been 
collected  to  be  utilized  in  weapon  effectiveness  studies,  it  is 
primarily  concerned  with  the  fragments  which  are  effective  within 
the  applicable  range  of  the  munition .  This  has  normally  led  to 
a  set  of  data  which  has  a  high  degree  of  resolution,  in  terms  of 
weight  intervals,  where  the  greatest  number  of  fragments  are  con¬ 
centrated.  This  unfortunately  is  at  a  rather  low  fragment  weight 
(e.g.,  below  300  grains).  The  remaining  fragment  weight  of  the 
munition  is  quite  substantial,  but  because  it  does  not  break 
down  into  very  many  fragments  and  is  not  always  projected  into 
the  designed  zones  of  munition  effectiveness,  its  recorded 
resolution  is  usually  quite  poor. 

Another  inadequacy  of  recorded  munition  effectiveness  data 
is  concerned  with  its  use  in  representing  the  basis  for  multiple 
unit  munitions  fragment  hazard  analysis.  Here,  the  primary 
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concern  is  whether  the  munition  fragment  size,  number  and  initial 
velocities  will  be  similar  for  munitions  in  single  and  multiple 
units . 


In  the  present  study  an  attempt  has  been  made  to  overcome 
the  first  of  these  deficiencies  in  a  conservative  manner.  That 
is,  existing  munition  effectiveness  data  have  been  altered  to 
adequately  resolve  higher  weight  fragments  in  a  statistical 
sense.  Recently  reduced  data,  developed  at  the  Naval  Weapons 
Laboratory,  tend  to  support  these  alterations;  however,  the 
best  way  to  resolve  this  problem  would  be  the  design  and  use 
of  an  experimental  procedure  aimed  at  obtaining  arena  data  for 
hazard  analysis. 

The  problem  in  assuming  similar  fragment  characteristics 
for  multiple  and  single  unit  stacks  is  a  much  more  difficult 
problem  to  resolve.  A  number  of  detonation  tests  of  stacked 
munitions  have  been  conducted  in  the  past  where  resulting 
fragments  have  been  collected.  In  some  cases  the  fragments  have 
also  been  sized  and  number  and  weight  distributions  computed. 
Results  of  these  studies  indicate  that  thinwall  "bomb  type" 
munitions  tend  to  fragment  into  similar  size  fragments  for  both 
multiple  and  single  units.  However,  it  is  becoming  quite  apparent 
t;.at  this  is  not  the  case  for  thickwal!  "shell  type"  munitions. 
Here,  fragment  weight  and  number  distributions  from  multiple 
units  ar-e  quite  different  from  single  unit  munitions. 

In  light  of  the  input  deficiencies  enumerated  above,  the 
following  recommendations  are  made: 


•  To  take  care  in  utilizing  results  obtained  in  this 
study  for  single  unit  munitions,  in  projecting 
fragment  hazards  associated  with  multiple  units  of 
similar  munitions.  This  is  especially  true  of 
shell  type"  munitions. 


®  7cnC?^Pfreuthe  analytic  results  for  the  single  unit 
/OO  lb  bomb  obtained  in  the  present  study  with  expcri 
mental  multiple  unit  results  obtained  in'  the  NWC- 
China  Lake  Tests  of  March,  1970.  Such  a  comparison 
will  serve  to  validate  our  analytic  procedures  and 
the  extension  of  our  results  for  estimating  multiple 
unit  bomb  fragment  hazards. 
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•  To  characterize  the  resulting  fragment  number  and 
weight  distributions  obtained  from  the  June,  1970 
155  mm  shell  tests  at  Yuma  and  the  corresponding 
155  mm  shell  tests  at  China  Lake  in  December  of 
1971,  These  tests  are  expected  to  be  dissimilar 
amongst  both  themselves  and  as  compared  to  single 
unit  results.  However,  such  comparison  will 
document  these  differences  and  the  resulting  dis¬ 
tributions  can  be  utilized  by  the  analytic  model 
to  estimate  the  fragment  hazard  associated  with 
both  these  cases. 
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appendix  a 

PROGRAM  USER’S  MANUAL 


APPENDIX  A 

PROGRAM  USER'S  MANUAL 


The  computer  program  for  the  fragment  hazard  model  has 
been  written  in  such  a  manner  as  to  accept  a  problem-oriented 
input  language.  The  following  discussion  describes,  in  detail, 
the  various  control  and  data  statements  required  to  execute 
the  program.  An  example  of  the  use  of  these  statements  in  a 
sample  problem  is  included. 

Control  Cards 

All  control  cards  start  with  column  1  =  '$'.  The  remainder  of 
the  card  is  free  format.  Only  columns  1-72  may  be  used  for  con¬ 
trol  text;  columns  73-80  are  not  examined  and  may  be  used  for 
anything. 

Control  Statement  Form 
Control  statements  are  of  the  form: 
name  fieldl  field2  . . .  fieldn 

where  'name'  identifies  the  control  statement,  and  the  'field's 
are  parameters  whose  form  depend  on  the  particular  control  state¬ 
ment.  name  and  the  'field's  are  separated  from  one  another  by 

1)  one  or  more  blanks,  or 

2)  a  comma,  padded  on  either  side  by  one  or  more  blanks. 
Examples:  $PRINT  CON, DATA 

$TAPE  4,SRCH=01100,BKSP 
$ST0P 

If  desired,  comments  preceded  by  a  '$'  may  appear  after  the  last 
field. 

Example:  $ST0P  $  END  OF  RUN 

If  ®  control  statement  will  not  all  fit  on  one  card ,  it  may  be 
continued  to  additional  cards  in  the  following  way: 

1)  place  a  comma  after  the  la  t  field  on  the  first  card. 
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2)  start  the  second  card  with  a  '$*  and  a  1 (padding 
with  blanks  if  desired) . 

3)  place  remaining  fields  after  the  '$'  and  ','  on  the 
second  card. 

4)  as  many  continuation  cards  as  necessary  may  be  used. 

Example:  $ORDNANCE  FORMAT-2 .REDUCE .REZONE .NORM, SMOOTH, 

$  , READ-3 .LIST  $  READ  FROM  TAPE  3 

Parameter  Form 

Control  statement  parameters  may  be  of  three  forms: 

1)  Positional:  A  value  which  must  appear  in  its  proper 
order  on  a  control  statement,  as  the  first  parameter, 
third  parameter,  etc. 

Examples:  3,  14.197,  T,  'TITLE  A' 

2)  Flag:  A  name,  or  the  two  characters  'NO'  prefixed  to 

a  name.  A  flag  may  appear  anywhere  in  a  control  state¬ 
ment  after  the  positional  parameters  (if  any).  A  flag 
is  associated  wit1  a  logical  value:  this  value  is  TRUE 
if  the  flag's  name  is  specified,  or  FALSE  if  'NO'  plus 
the  flag's  name  is  specified. 

Examples:  LIST,  NOLIST,  BCD,  BIN 

3)  Keyword:  A  name,  followed  by  either  a  BCD  (3-8  punch) 
or  an  EBCDIC  (6-8  punch)  equal  sign  (-) ,  which  may  be 
padded  with  blanks,  followed  by  a  value. 

A  keyword  parameter  may  appear  anywhere  in  a  control 
statement  after  the  positional  parameters  (if  any). 

The  variable  represented  by  the  name  is  set  to  the  pro¬ 
vided  value. 

Examples:  ORDER-2 ,  Z-5.5,  FLAGS-XY ,  TITLE- 'TITLE  A ' 

Value  Form 

There  are  four  types  of  values: 

1)  Logical:  a  string  of  one  or  more  characters,  not  con¬ 
taining  any  of  the  following:  dollar  sign  ($)  com- 
n®  (»)»  equal  sign  (-)  ,  blank,  or  apostrophe  (').  If 
a  T  appears  in  the  string  before  an  F  appears,  the 
value  is  TRUE.  If  an  F  appears  before  a  T  appears,  or 
if  neither  an  F  nor  a  T  appear,  then  the  value  is  false. 

Examples:  T,  .TRUE.,  TRUFFLE  and  TRUE  are  all  TRUE. 

F,  .FALSE.,  AFTER,  FALSE  and  NO  are  all  FALSE. 
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2)  Integer:  one  or  more  digits,  optionally  preceded  by 
a  +  or  -  sign. 

Examples:  0,  -1234,  +77111 

3)  Real:  a  real  number.  Decimal  point  and  exponent  may 
be  used.  The  exponent,  if  present,  must  be  of  one  of 
the  following  forms : 

En,  E+n,  E-n,  +n,  -n 
where  n  is  one  or  two  digits. 

Examples:  0,  -1234,  +77111,  3.1416,  6.0238E+23,  1.-5, 
-.1+10,  51E6 

4)  Alphabetic:  two  forms  are  allowed. 

•  a  string  of  one  or  more  characters,  not  containing 
any  of  the  following:  dollar  sign  ($) ,  comma  (,), 
equal  sign  (=) ,  blank  or  apostrophe  ('). 

Examples:  ABC,  123,  MACH-1 

•  a  string  of  zero  or  more  arbitrary  characters,  en¬ 
closed  in  apostrophes  (').  Within  the  string,  one 
apostrophe  is  represented  by  a  pair  of  apostrophes, 
cituer  tue  bCD  (4-3  punch)  or  EBCDIC  (5-8  punch) 
apostrophe  may  be  used. 

Examples:  'ARTHUR',  'WHICH  WAY? ' ,  'D0N''TC0', 

'TITLE  A,  "  (a  null  string) 

Notation 


When  describing  control  cards,  some  possibly  unfamiliar  notation 
is  used.  This  can  be  explained  with  an  example: 


$TAPE 


_  LbcdI  r 


REW] 


The  use  of^^means  that  only  one  of  the  arguments  listed  may  be 
used.  If  one  of  the  arguments  is  underlined,  that  one  will  be 
assumed  if  none  of  the  group  are  specified.  (In  the  example,  BIN 
is  assumed  unless  BCD  is  used.  BIN  and  BCD  may  not  both  be  used.) 
The  use  of  [  ]  means  that  the  enclosed  argument  is  not  required; 
it  may  be  used  or  not  used. 
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$PRIN1  .  ,CON][  ,DATA] 

Print  controls 

CON  Cause  control  cards  to  be  printed. 

DATA  Cause  data  cards  to  be  printed 


$STOP 


End  of  run;  execution  is  terminated, 


$TIME 


Print  elaosed  time  since  beginning  of  execution, 
and  since  last  $TIME  statement. 


,REWJl  ,SKIP-k]|;x|JgJ^\  ,  BKSP]  [  ,WE0F1 


n 

BCD 

BIN 

REW 

SKIP“k 

SRCH^u 


XSRCH-a 


BKSP 


Tape  file  manipulations.  If  more  than  one  of 
the  operations  (REW  through  WEOF)  are  specified, 
the  operations  take  place  in  the  order  REW, SKIP, 
SRCH  or  SXRCH,  BKSP, WEOF,  regardless  of  the  order 
in  which  the  operations  are  specified. 

Tape  unit  number 

Tape  is  formatted  (BCD) 

Tape  is  unformatted  (binary). 

If  neither  BCD  nor  BIN  is  specified,  BIN  is  assumed. 

% 

Rewind  unit  n. 

Skip  k  records  on  unit  n. 

Search  unit  n,  starting  at  its  present  position, 
for  a  sentinel  record  whose  key  is  a  (1  to  8 
characters).  Terminate  if  no  such  sentinel  is 
found  before  the  end-of-file. 

Proceed  as  with  SRCH,  but  if  an  end-of-file  is 
encountered,  rewind  unit  n  and  search  the  entire 
file.  Terminate  if  end-of-file  is  again  reached 
without  finding  the  proper  sentinel. 

Backspace  unit  n  one  record. 


WEOF  Write  a  terminal  sentinal  record  and  an  end-of- 
file  mark  on  unit  n. 


$ORD NANCE  FORMAT=n[ ,NSETS=n] [ .REDUCE] [ .REZONE] [ .NORM] [ .SMOOTH] 

[ ,ORDER-n][ ,READ-n] [ .LIST] [ .KWIKPLOT] [ .SUMMARY] 

Cause  a  title  card  and  a  set  of  ordnance  data 
to  be  read. 

FORMAT=n  Ordnance  format  code.  =1  or  2. 

NSETS*n  Number  of  ordnance  components  (fuze,  casing,  etc.) 
If  £0  or  omitted,  NSETS»1  is  assumed. 


REDUCE 


Halve  the  number  of  mass  categories  by  combining 
each  pair  of  categories. 

REZONE  Transform  data  from  N+l  sets  of  values  at  the 

boundaries  of  N  polar  zones  to  N  sets  of  values 
at  the  N  polar  zone  midpoints. 

NORM  Normalize  data,  given  as  total  number  of  frag¬ 

ments  per  mass  category  per  polar  zone,  to 
number  per  unit  area  on  a  unit  sphere  surrounding 
the  ordnance. 

SMOOTH  Fill  in  gaps  in  data,  and  (if  ORDER>0)  apply  a 
smoothing  function  to  the  ordnance  data. 

ORDER*n  Use  an  nth  order  Fourier  series  to  smooth  data 
(if  SMOOTH  is  specified). 

READ=n  Read  ordnance  data  from  unit  n,  a  BCD  card  image 
unit.  If  n°5  or  if  R£AD*n  is  omitted,  ordnance 
data  is  assumed  to  follow  the  $ ORDNANCE  statement. 

LIST  List  ordnance  data  in  tabular  form. 

SUMMARY  List  data  summary  information:  total  mass  per 
mass  category,  per  polar  zone,  etc. 

KWIKPLOT  Produce  printer  plots  of  velocity  curve,  and  of 
mass  and  number  curves  for  each  mass  category, 
all  as  a  function  of  polar  angle. 

An  ordnance  title  card  is  read  immediately  after  a  $ORDNANCE  state¬ 
ment  is  encountered.  Columns  1-72  contain  a  description  of  the 
ordnance . 

Two  basic  formats  are  defined  for  ordnance  data  (FORMAT^l  and  2). 
Within  the  context  of  each  format,  several  data  conditioning  op¬ 
tions  are  available  (REDUCE,  REZONE,  NORM,  SMOOTH,  ORDER«n) . 

Ordnance  data  is  read  from  cards  if  the  READ  field  is  omitted,  or 
if  READ=5.  If  a  READ  field  specifies  some  other  I/O  unit,  input 
is  read  from  that  unit  in  card  image  form.  This  unit  is  assumed 
to  be  properly  positioned. 

The  first  card  (or  card  image)  of  a  set  of  ordnance  data  is  as  fol¬ 
lows,  regardless  of  the  type  of  ordnance  data. 
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mis 

FORMAT 

NAME 

DESCRIPTION 

1-5 

15 

NMORD 

Number  of  mass  categories. 

If  NM0RD>  30  (maximum  number  of  mass 

categories) ,  REDUCE  must  be  specified 
to  cut  the  number  of  mass  categories  in 
half. 

6-10 

15 

NVORD 

Number  of  measurement  positions  along  a 
meridian  from  nose  to  tail.  Measurements 
may  be  made  either  at  the  center  or  at 
the  edges  of  equi-spaced  polar  zones.  In 
the  latter  case,  REZONE  must  be  specified 
NVORD<37. 

11-1- 

15 

IDORD 

Ordnance  i.D.  number  0<IDOR£^99 . 

16 

(ignored) 

17 

Al 

IVO 

Ordnance  modification  code.  If  left 
blank,  IVO“'0'  is  assumed. 

18-20 

(ignored) 

Average  fragment  drag  factor  (prains/in. 

21-30 

E10.0 

XKORD 

rormaL 

1  Ordnance 

Data 

Data  of 

format  1 

consists 

of  NVORD  groups  of  cards,  each  containing 

•  \ NMORD/4 ]*  cards,  in  (4 (2F5 . 1 ,5X) )format ,  containing  NMORD 
pairs  of  values:  the  average  fragment  mass  (grains)  and 
the  average  number  of  fragments  Tor  each  mass  category, 
for  one  polar  zone . 

•  one  card,  in  (50X.E10.1)  format,  containing  the  average 
fragment  initial  velocity  (fps)  for  one  polar  zone. 

Format  2  Ordnance  Data 

Data  of  format  2  is  split  into  two  parts. 

Part  1  contains  NSETS  of  cards,  each  consisting  of  fNMORD/4]  groups 
of  NVORD  cards.  Each  card  is  in  (HE10.0)  format  and  contains 
four  pairs  ol  values:  the  average  fragment  mass  (grains)  and 
the  average  number  of  fragments  for  four  mass  categories,  for  one 
polar  zone. 

[X>  meu iib  the  smallest  integer  not  less  than  X. 

Examples:  r3.14]-4,  r 14] -14 ,  [7 .00001]- f7 .9999]-8. 

**Fragment  number  information  in  the  form  of  a  count  of  the  total 
number  of  fragments  in  a  polar  zone  may  be  used,  provided  that 
the  NORM  parameter  is  specified  on  the  $0RDNANCE  statement. 
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Part  2  contains  NSETS  sets  of  cards,  each  consisting  of  NVORD  cards 
in  (50X,E10.0)  format,  each  of  which  contains  the  average  fragment 
initial  velocity  (fps)  for  one  polar  2one. 

$BOOM  [  ,FLAGS-c.][  ,NBAR-n][  ,ORDER-n][  ,Z-h][  ,DRNG«r][  ,NRNG-n] 

:  ,NEL-n][  ,NAX-n] 

Generate  a  fragment  distribution  using  ordnance 
data  read  according  to  the  prior  $ORDNANCE  state¬ 
ment.  Write  the  fragment  distribution  field , 
with  a  sentinel  record  on  binary  unit  4. 


FLAGS*a  i  consists  of  one  or  two  characters.  If  a  is  one 
character,  the  second  flag  character  is  assumed 
to  be  7.ero.  If  the  FLAGS  field  is  omitted,  both 
flag  characters  are  assumed  to  be  zero.  The  flag 
characters  are  used  in  the  sentinel  I.D.  for  the 
fragment  field  output. 

NBAR=n  Number  of  barriers  placed  in  the  vicinity  of  the 

ordnance.  If  omitted,  NBAR"0  is  assumed.  Barrier 
description  cards,  if  any,  are  read  after  the  frag¬ 
ment  field  title  card,  NBAR<1. 

4=h  height  of  target  plane  (in  feet)  above  ordnance. 

If  Z<0,  the  ordnance  is  above  the  target  plane. 

DRNG=r  spacing  of  range  points,  in  feet. 

NRNG^n  number  of  range  points  on  an  azimuth  ray,  NRNG  <  20 . 

NEL“n  Number  of  elevation  angles  to  be  considered  (high 
register  fragments),  NEL<18. 

NAZ=n  number  of  azimuth  rays  in  fragment  field  (a  semi¬ 
circle),  NAZ<36. 

The  following  cards  are  read  immediately  after  a  $B00M  statement 
:s  encountered: 

•  A  title  card.  Columns  1-72  contain  a  description 
of  the  fragment  field. 

•  If  NBAR>0,  NEAR  barrier  description  cards  are  read. 

The  format  of  each  card  is: 
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COLS 


FORMAT 


NAME 


DESCRIPTION 


1-5 

15 

IBTYP 

Barrier  type  code. 
l«barrier  is  a  circular  arc,  with 
ordnance  at  center. 

2*barrier  is  straight  and  is  closest 
to  the  ordnance  at  its  midpoint. 

5-10 

(ignored) 

11-20 

E10.0 

BCPH 

Azimuth  angle  (deg)  of  barrier 
midpoint 

21-30 

E10.0 

BWPH 

Extent  of  barrier  in  azimuth  (deg) 
on  either  side  of  midpoint. 

31-40 

E10.0 

BHAL 

Angular  height  of  barrier  (deg) ,  as 

seen  from  the  ordnance.  If  IBTYP*2, 
this  angular  height  is  measured  at 
the  midpoint  of  the  barrier. 


i 


Tail  1 

4  0. 

Nose  1 


\ 

02 

I 

*2 

/ 


*  1 


Tail 

Nose 


V0, 


— 


A 


I 


!  i 

I  . 


01-BCPH 

02-BWPH 

a-BHAL 


V  a 


V  a 


Circular  Barrier 


Straight  Barrier 
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$ OUTPUT  < 


,  TABLES 
,  PA  RAMS 
.LIMITS 

,EXEC[ .PLOT] [ .KWIKPLOT] 

.RANGE 

.SOJAC 


[.LIST] 


Read  function  definitions  or  compute 
and  plot  functions  of  the  fragment 
field  variables  (velocity,  striking 
angle,  and  number  per  square  foot,  as 
functions  of  range  and  azimuth) . 


The  fragment  field  is  read  from  binary 
unit  4 ,  which  is  presumed  to  be  prop¬ 
erly  positioned. 


TABLES  Read  Damage  Threshold  Velocity  Tables 

or  Formula  Coefficients. 

Between  two  (2)  and  five  (5)  cards 
are  read  for  each  Table  or  Formula. 
The  formats  of  these  cards  are  given 
below.  The  end  of  input  is  marked  by 
a  card  containing  blanks  or  zeroes  in 
columns  1  and  2. 


PARAMS  Read  a  title  card,  and  fragment  thresh¬ 

old  and  target  description  cards  for 
each  fragment  field  function. 

Between  two  (2)  and  four(4)  cards  are 
read  for  each  function.  The  formats 
of  these  cards  are  given  below.  The 
end  of  input  is  marked  by  a  card  con¬ 
taining  blanks  or  zeroes  in  columns  1 
and  2 . 


LIMITS  Read  an  output  parameter  card  for  each 

fragment  field  function. 

The  format  of  this  card  is  given  below. 
The  end  of  input  is  marked  by  a  card 
containing  blanks  or  zeroes  in  columns 
1  and  2. 


The  formula  used  is  the  empirical  relationship  derived  under 
project  THOR. 
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EXEC 


Compute  and  plot  specified  functions 
of  a  previously  computed  fragment 
field.  Functions  are  specified  on  the 
data  card  following  this  control  card. 

The  format  of  this  card  is  given  below. 

The  fragment  field  is  read  from  binary 
unit  4,  which  is  presumed  to  be  properly 
positioned. 

The  functions  are  specified  using  two 
digit  codes,  whose  meanings  are: 

01  total  number  of  fragments  (per  sq  ft) 

02  total  fragment  mass  (lb  ) 

03  total  fragment  momentum  (lb-sec/ft  ) 

04  total  fragment  kinetic  energy 
(ft-lb/ft2) 

05-07  (unused) 

08  average  fragment  impact  velocity 
(ft/sec) 

09*  average  fragment  impact  angle 
(radians) 

lj  number  of  damaging  fragments, 
using  table  j. 

2]  probability  of  damage,  using  table  j. 

3j  compute  and  plot  lj  and  2j  together 
(this  is  cheaper  than  specifying  lj 
and  2j  separately) 

4j  number  of  damaging  fragments,  using 
Thor  coefficient  set  j . 

5j  probability  of  damage,  using  Thor 
coefficient  set  j. 

6j  compute  plot  4j  and  5j  together 
(this  is  cheaper  than  specifying 
4j  and  5j  separately) 

7 j - 9 j  (unused) 

Up  to  eight  (8)  functions  may  be  com¬ 
puted  and  plotted  at  one  time.  To  plot 
more  than  eight  functions,  the  fragment 
field  file  must  be  repositioned,  and 
another  set  of  plots  requested. 


Functions  08  and  09  must  both  be  specified  if  either  is,  and  must 
be  the  last  function  codes  specified. 
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PLOT 

KWIKPLOT 

RANGE 

SOJAC 

LIST 


Note  that  a  function  code  of  3j  or  6j 
causes  two  plots  to  be  generated ,  and 
that  specification  of  functions  08 
and  09  counts  for  3  functions ,  even 
though  only  two  plots  are  generated. 

cause  function  values  to  be  written  to 
the  plot  file  (file  2)  for  later 
processing  by  a  contour  plotting  program. 

generate  contour  plots  of  functions 
values  on  the  printer. 

read  plot  range  parameters  from  data 
card  following  this  control  card.  The 
format  of  this  card  is  given  below. 

read  characters  to  be  used  for  printer 
plotter  (see  KWIKPLOT)  from  data  card 
following  this  control  card.  The  format 
of  this  card  is  given  below. 

list  data  read  with  this  control  card. 


Data 

five 

cards  read 
cards  are 

after  a 
read  for 

$ OUTPUT , TABLES  statement.  Between  two  and 
each  table  or  formula  coefficient  group. 

4  - 

COLS 

FORMAT 

NAME 

DESCRIPTION 

Heading  Card 

1 

11 

IT 

type  code.  If  IT=1,2  or  3,  table  IS  is 
to  be  read.  If  IT=4 ,5  or  6,  coefficient 
group  IS  is  to  be  read. 

*  * 

IF  IT=0  and  IS=0,  the  end  of  this  group 
of  data  cards  has  been  reached. 

2 

11 

IS 

table  or  coefficient  group  number. 

0<  IS^9  • 

«  t 

3-5 

(ignored) 

m  > 

6-10 

15 

NTB 

(used  only  for  tables)  number  of  M-V 
pairs  to  be  read.  NTB<14. 

11-15 

15 

JDUM 

(used  only  for  tables)  interpolation 

mode.  All  Cable  values  are  read  in 
true  form,  but  linear  interpolation  of 
the  table  during  processing  may  require 
either  a  log  or  linear  scale,  according 
to  JDUM: 

=00  M  linear,  V  linear 

=01  M  linear,  V  log 

=10  M  log,  V  linear 

=11  M  1 og ,  V  1 og 

Coefficients  (formula  coefficients  only) 

1-70  7E10.0  (COEF(l) , 1=1 , 7)  -  Thor  formula  coefficients, 

group  IS . 

Fragment  Mass  Values  (tables  only) 

NTB  masses  are  read,  7  per  card. 

1-70  7E10.0  (XTB(I) ,1=1 ,7)  -  Fragment  mass  values,  (grains) 

for  table  IS. 

Damage  Threshold  Velocity  Values  (tables  only) 

NTB  velocities  are  read,  7  per  card. 

1-70  7E10.0  (YTB(I) , 1=1 , 7)  -  Damage  threshold  velocities 

(ft/sec)  for  table  IS. 


j 

i 

J 
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Data  cards  read  after  a  $  OUTPUT ,  PA  RAMS  statement.  Between  two  and 
four  cards  are  read  for  each  fragment  field  function. 

COLS .  FORMAT  NAME  DESCRIPTION _ _ 


Heading  Card 
1  II  IT 


2  II  IS 


3 

4  AI  IVP 


5 

6-10  15  NF 


Function  type.  If  IT"0  and  IS“0 ,  the 
end  of  this  group  of  data  cards  has  been 
reached.  If  IT*0  and  IS>0  ,  then  the 
function  requires  neither  a  table  nor  a 
Thor  formula ,  and  the  function  type  is 
given  by  IS.  IF  IT>0,  then  IT  deter¬ 
mines  the  function  type. 

“1  number  of  damaging  fragments  per 
sq  ft,  using  table  IS. 

=2  probability  of  damage ,  using  table  IS. 

=4  number  of  damaging  fragments  per  sq  ft 
using  coefficient  set  IS  in  the  Thor 
formula . 

=5  probability  of  damage  using  coeffi¬ 
cient  set  IS  in  the  Thor  formula. 

table  number  (if  IT“1  or  2) ,  coefficient 
group  number  (if  IT=4  or  5) ,  or  function 
type  (if  IT“0)  : 

“1  total  number  of  fragments  per  sq  ft 
=2  total  fragment  mass  (lb)  per  sq  ft 
*3  total  fragment  momentum  (lb-sec) 
per  sq  ft 

=4  total  fragment  kinetic  energy  (ft-lb) 
per  sq  ft 

=8  average  fragment  impact  velocity  (ft /sec) 
-9  average  fragment  impact  angle  (radians) 

(ignored) 

Function  variant  code.  A  blank  is  treated 
as  a  'zero'  character.  IVP  is  used  to  dis¬ 
tinguish  plots  of  the  same  function,  but 
with  different  parameters. 

(ignored) 

Number  of  parameters  (0<NF4l4)  If  NF<14 , 
parameters  not  read  are~set  to  zero. 
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Title  Card 
1-72  12A6 


(ITTLF(I) ,1*1,12)  -  function  title,  which  will 
appear  on  all  plots  of  this  function. 


Parameter  Card(s) 

NF  parameters  are  read,  7  per  card.  If  NF*0,  no  cards  are  read. 

1-70  7E10.0  (F(I)  ,  1*1 ,NF)  -  parameters  affecting  function 

performance . 

Parameters  1  through  7  have  the  same  meaning  for  all  functions: 

F(l)  miminum  fragment  weight  (grams).  All  lighter  frag¬ 
ments  are  ignored. 

F(2)  minimum  fragment  velocity  (ft/sec).  All  slower 
fragments  are  ignored. 

F(3)  minimum  fragment  momentum  (lb-sec).  All  fragments 
whose  momentum  is  too  small  are  ignored. 

F(4)  minimum  fragment  kinetic  energy  (ft-lb).  All  frag¬ 
ments  whose  kinetic  energy  is  too  small  are  ignored. 

F(5)  -  F(7)  (reserved) 

Parameters  8  through  14  are  used  only  if  IT>0. 

F(8)  target  plan  area  (ft2) 

F(9)  average  target  elevation  area  (ft  ) 

F(10)  -  F(ll)  are  used  only  if  IT=4  or  5. 

F(10)  target  thickness  (in.) 

F(ll)  target  hardness,  where  applicable. 

F(12)  -  F(14)  (reserved) 
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Data  cards  read  after  a  $OUTPUT .LIMITS  statement.  One  card  is  read 
for  each  function. 


FORMAT 

DESCRIPTION 

1 

11 

IT 

Function  code  (see  PARAMS  discussion 
above) 

2 

12 

IS 

subcode  or  table  code  (see  PARAMS  discus¬ 
sion  above) 

Note  that  if  IT=0  and  IS=0  the  end  of 
this  group  of  data  cards  has  been  reached 

3-10 

(unused) 

11-14 

14 

ISM 

Plot  smoothing  code.  IF  ISM=0 ,  do  no 
smoothing.  IF  ISM=1  to  5,  smooth  by  re¬ 
placing  each  value  by  the  average  of  the 
values  in  a  2*ISM+1  raster  square  cen¬ 
tered  on  that  value. 

15 

11 

ISC 

Plot  scale  code.  ISC*0  to  request  a 
linear  plot.  ISC=1  to  request  a  plot  of 
the  log  of  the  function 

16-20 

(unused) 

21-30 

E10.0 

OZMIN 

minimum  value  to  be  plotted. 

31-40 

E10.0 

OZMAX 

maximum  value  to  be  plotted. 

If  0ZMIN>0ZMAX,  the  plot  range  is  set 
interna lTy. 
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COLS .  FORMAT 


NAME 


DESCRIPTION 


Data  card  read  after  $OUTPUT,EXEC  statement.  See  discussion  of 
the  EXEC  parameter  for  the  list  of  valid  function  codas. 

1-2  12  first  function  code 

3-5  (ignored) 

Subsequent  function  codes  go  in  columns  6-7,  11-12,  etc. 


Data  card  read  after  $OUTPUr ,SOJAC  statement. 


1-5 

(ignored) 

6-10 

15 

N2 

number  of  function  value  ranges  to  be 
plotted  on  printer.  NZ<50 

11-19 

(ignored,  leave  blank) 

20-69 

50A1 

(CH(i),r 

=1,NZ)  -  plot  characters  for  each  func¬ 
tion  value  range. 

Data  card  read 

after  ^OUTPUT , RANGE  statement. 

1-5 

(ignored) 

6-10 

15 

NX 

number  of  resolution  increments  in  X 
direction  (tail  to  nose).  NX<81. 

11-15 

15 

NY 

number  of  resolution  increments  in  Y 
direction  (laterally  from  waist  of  muni¬ 
tion).  Normally  NY= (NX- l)/2+l.  NX<41. 

16-20 

(unused) 

21-30 

E10.0 

XMIN 

minimum  X  value  (ft) 

31-40 

E10.0 

YMIN 

minimum  Y  value  (ft).  Normally  YMINc0. 

41-50 

E10.0 

DX 

X  increment  (ft).  Normally  NX , XMIN  and  DX 
are  set  so  that  XMAX=-XMIN  where  XMAX 
is  XMIN+DX* (NX- 1) . 

51-60 

E10.0 

DY 

Y  increment  (ft).  Normally  NY  and  DY 
are  set  so  that  YMAX=XMAX  where  YMAX 
is  DY* (NY- 1)  if  YMIN=0. 
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Sample  Data  Deck 

the  deck  listed  on  the  next  page  is  set  up  to  do  the  following 
job: 

1)  Read  munition  data  for  munition  No.  4  (mod  1). 

Gaps  in  the  data  are  to  be  filled  in,  and  the 
data  is  to  be  listed  neatly  in  tabular  form. 

2)  A  fragment  field  is  to  be  computed,  on  a  polar 
grid  consisting  of  8  ranges  spaced  250  feet 
apart,  and  18  azimuth  rays,  spread  evenly  over 

a  half-circle  (at  azimuths  5,  15 . 175  deg). 

After  the  fragment  field  has  been  written  onto 
tape  4,  an  end  of  file  is  written  and  the  tape 
is  rewound. 

3)  Output  specifications  are  read.  These  include 

a.  the  printer-plotter  character  set, 

b.  the  size  and  resolution  of  the  plot, 

c.  the  trivial  (0-velocity)  fragment  thresh¬ 
old  velocity  table, 

d.  the  function  limits  and  scale  (all  are  to 
be  plotted  in  log  units) ,  and 

e.  the  function  titles  and  parameters. 

4)  Plots  are  generated.  The  function  specifica¬ 
tions  01  and  30  cause  functions  01,  10  and  20 
to  be  generated  and  plotted. 
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iPRINT  CONTROL*CATA 
J ORDNANCE  t'0RMAT«2#  NORM,  SMOOTH,  LI  ST 
MUNITION  04  MOQ  1 

56  36  4-1  660. 


(The  munition  data  goes  here.) 


**  ^4*1M ,  W-us^'sO.  .';HNG*8  *  2000  FOOT  RADIUS,  50  DEC  A Z  SECTORS 

GROUND  LFVLl  FRAGMENT  1-JtLJ 
4T !  **E 

4TAPE  4,»TQF 

4TaPE  4,RF.*I\.' 

■iOijTP'j  r  sOwAC  -1ST 

*5  “123456789+ 

SOt'TP'7  ^A'.-Ofe  u!ST 

n  -2000.  j,  SO.  SO. 

iOUTpl'T  T  Aril  tS  LIST 

in  20 

0.  lpnocn. 

0 .  0 . 

t‘:o 

iOUTPUT  u  t !  5  S  i.  IST 

>'1  1  .00016667  .  16667 

12  1  .0U016667  ,16667 

1  ,0001  .1 

»;*  d 

iOUTpnl  P/ii<Afl(-  Tt^S  LIST 
01  4 

ARf;AL  iT  NS  1 TY  OF  ALL  FRAGMENTS  (TARGET  IS  SPHERE  OF  UNIT  CROSS-SECTION) 
j  *  C .  3 , 

10  9 

A  RE  A  L  ■TNGITV  of  Oa'UGING  FRAGMENTS  (K.F,  GT  58  FT-LB) 
n*  -♦  0.  bH , 

1.33  9 .  C 

20  9 

PROPAIMLITY  CF  H I T  f?  Y  UAMAGING  FRAGMENT  (K.E,  GT  58  FT-LB) 
n*  0.  0.  58, 

1.33  9.0 

END 

iOuTPUT  tVLC  LiSf  rwJkPLOT 
01  30 

4T  I 
iSTPP 
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Sentinel  Records 


The  munition  data  file  (if  one  is  used),  the  fragment  field  file, 
and  the  output  function  file  (if  one  is  used)  each  consist  of 
several  groups  of  data.  Each  group  is  preceded  by  a  sentinel 
record  which  identifies  the  group,  as  described  in  the  following 
section.  In  addition  a  special  sentinel  record  is  written  after 
the  last  data  group. 

A  sentinel  record  exists  in  two  forms,  one  for  formatted  files 
(the  BCD  munition  data  file)  ,  and  one  for  unformatted  files  (the 
binary  fragment  field  file  and  the  binary  output  function  file). 

Formatted  sentinel  record: 
char.  1-6  "''HEAD*' 

char.  7-14  an  8-character  search  key.  (If  fewer 

than  8  characters,  blanks  are  added.) 

Search  for  a  formatted  data  group  using  the  statement: 

$TAPE  n.BCD.SRCH-key  ,BKSP 

Unformatted  sentinel  record: 

word  1“  '*HEAD*' 

word  2  an  8-character  search  key.  (If  fewer 

than  8  characters,  blanks  are  added.) 

Search  for  an  unformatted  data  group  using  the  statement: 

$TAPE  n,SRCH=key  ,BKSP 


Two  words  are  needed  when  using  a  computer  with  four 
per  word. 

Two  words  are  needed  when  using  a  computer  with  four 
characters  per  word. 


characters 


or  six 
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Sentinel  Record  Keys 


1.  A  3-character  key  of  the  form 

XXI 

is  used  for  munition  data.  (BCD  tape) 

XX  ■  munition  ID  number.  00£XX<99 
I  «  a  modification  code.  Normally  I“0. 

2.  A  5-character  key  of  the  form 

XXIJK 

is  used  for  fragment  field  tables.  (Binary  tape  4) 

XX, I  as  above 

J,K  *  fragment  field  modification  code  to  reflect 

changes  in  resolution,  target  plane  altitude, 
barrier  placement,  etc.).  Normally  J^K^O. 

3.  An  8-character  key  of  the  form 

XXIJKYYL 

is  used  for  output  function  tables.  (Binary  tape  2) 

XX  ,1  ,J  ,K  as  above 

YY  "  output  function  code.  (See  ^OUTPUT  discussion.) 

L  =  output  function  modification  code(to  reflect 

changes  in  threshold  or  target  parameters,  etc.). 
Nonna lly  L**0. 

4.  The  sentinel  record  which  should  end  a  file  has  an  8-character 
key  which  is 

99999999 

A  sentinel  record  may  be  written  with  the  statement 
$TAPE  n[,BCD],WEOF 
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y-*z=rrr  '-ruaaim 


Timing 


The  generation  of  the  fragment  field  is  the  most  time  consuming 
part  of  the  program.  Several  parameters  affect  timing  in  this 
phase . 

NM  number  of  mass  categories  into  which  munition 
data  is  divided 

NAZ  number  of  azimuth  angles 

NEL  number  of  elevation  angles 

DRNG  range  increment  (ft) 


All  operations  are  performed  for  each  mass  category  at  each  azi¬ 
muth.  Low-register  fragment  trajectories  are  computed  for  ranges 
R^“DRNG*i ,  out  to  >  which  corresponds  to  an  initial  eleva¬ 

tion  angle  of  a  .  High-register  fragment  trajectories  are  com¬ 
puted  for  elevations  a^*=(i-l/2)^a ,  where  Aa*B90°/NEL>  and  where 

a  <a.<90°  holds, 
max  i 

Thus  the  computation  time  for  low  register  fragment  trajectories 
increases  as  DRNG  decreases,  and  the  computation  time  for  high 
register  fragment  trajectories  increases  as  NEL  increases.  So 
the  expected  computation  time  is  given  by 


T"A*NM*NAZ* ( 1+B/DRNG+C*NEL) 


Because  all  runs  done  for  this  project  used  the  same  values  of  NAZ, 
DRNG  and  NEL,  the  constants  A,  B  and  C  cannot  be  determined  at  this 
time.  However,  tne  approximate  relation  (in  sec) 


T=7  x  NM 


and  has  been  observed  on  the  Univac  1108,  with  NAX“18 ,  DRNG*250 
and  NEL=18. 
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APPENDIX  B 

CONTOURS  OF  FRAGMENT  NUMBER  DENSITIES 
AND  INJURY  PROBABILITIES 


B-l 


Reproduced  from 
best  available  copy 


Reproduced  from 
betf  available  copy 


Fig.  B2  750  LB  BOMB  M11/A2 
(TRITIONAL  LOAD) 


Reproduced  from 
best  available  copy, 


0  500 

fc*ni«t  (ft) 


Fig. 


155  MM  HOWITZER  SHELL  M107 
(COMP.  B  LOAD) 
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CONTOURS  OF  TOTAL  FRAQCNT 
HUM  UR  DENSITY 


ir.DO  i\0  0  SO 0  1000  15UO 


Min:c,  (ft) 


- - - - • - - - - - , - *  - - 

1500  1000  SOO  0  500  lOOO  1500 

Mnjt.  (ft) 

Note  till 


Fig.  B5  175  MM  GUN  SHELL  M437A2 
(COMP.  B  LOAD) 
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APPENDIX  C 

AVERAGE  CURVES  OF  FRAGMENT  NUMBER  DENSITIES 
AND  INJURY  PROBABILITIES 


C-l 


too 


Fig.  Cl  500  LB  LOW  DRAG  BOMB  MARK  82  MOD  1  (H-6  LOAD) 


Fig.  C2  750  LB  BOMB  M117A2  (TRITIONAL  LOAD) 


Fig ,  C3  105  MM  HOWITZER  SHELL  Ml  (COMP.  B  LOAD) 


Fie.  C4  155  MM  HOWITZER  SHELL  M107  (COMP.  B  LOAD) 


175  MM  GUN  SHELL  M437A2  (COMP.  B  LOAD) 


/55  PROJECTILE  MARK  25  (EXPLOSIVE  D  LOAD) 


8"/55  PROJECTILE  MARK  25  (EXPLOSIVE  D  LOAD) 


APPENDIX  D 

COMPUTER  PROGRAM  LISTINGS 
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